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ABSTRACT

This paper deals with designing incoherent sparsifying dic-
tionaries. A new framework is proposed, in which the sparse
representation error and mutual coherence are embedded. An
alternating minimization method is developed for solving the
optimal dictionary problem. One of the significant features
of the proposed approach is that the dictionary is directly up-
dated with each atom being normalized. A gradient-based
algorithm is derived for this purpose. Experiments are car-
ried out and the results show that the proposed approach out-
performs some prevailing ones in terms of minimizing sparse
representation error and mutual coherence.

Index Terms— Dictionary learning, equiangular tight
frame, incoherent dictionary, sparse representation

1. INTRODUCTION

Sparse and redundant representations look for the best ap-
proximation of a signal vector with a linear combination of
few atoms from an over-complete set of well-designed vec-
tors [1]. This topic is closely related to the sparsifying dictio-
nary learning [2], [3] and the compressed sensing (CS) [4] -
[6], in which the sparsity of the signals to be recovered is a
prerequisite.

The I,-norm of v € RNV *!

is defined as !

N

[oll, £ (X o(n)|P)/7, p> 1. 1)
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For convenience, ||v||o is used to denote the number of non-
zero elements in v. Let y € RY*! be the signal under con-
sideration and assume

L
y=Y s = 0s )
=1
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"Throughout this paper, MATLAB notations are adopted: v(n) denotes
the nth entry of the vector v; Q(m,:), Q(:, k) and Q(3, j) respectively de-
note the mth row, kth column, and (¢, §)th entry of the matrix Q.

where ¥ € RV*L is usually called a dictionary and is said
over-complete if N < L and s is the coefficient vector. Such
a model, referred to as synthesis model, has been vastly used
in many applications such as denoising and compression.
The optimal vector s for a given y is determined with

s = argmin ||y — W3[5 s.t. ||5]o <& 3)
S

where the dictionary W is assumed to be given and x is a
prescribed sparsity level. The problem defined in (3) can be
solved using the orthogonal matching pursuit (OMP) [7]-[9].
LetY:[yl e Ym yJ]G%NXJbethe
data matrix formed by a collection of J observed signal vec-
tors. The traditional sparsifying dictionary learning can be
stated mathematically as
A . =
(T, 5)= arg min Y —us|%
TeRNXL SeRLxJ 4)
st. [|SG,m)||o < K, Vm

where ||.|| r denotes the Frobenius norm.

By nature, sparsifying dictionary learning is a matrix fac-
torization problem [10]-[12]: Y ~ W.S. There exists an infi-
nite number of solutions to (4). No analytical solutions have
been found so far and given that (4) is highly non-convex, a
practical approach used to attack such a problem is the alter-
nating minimization strategy [13], leading to a class of al-
gorithms [14] - [17] such as the method of optimal direc-
tion (MOD) [14] and the K-singular value decomposition (K-
SVD) [15].

The approaches mentioned above focus on minimizing the
sparse representation error || — W.S||%. The concept of mu-
tual coherence of matrix A, denoted as 11(A), plays an impor-
tant role in numerical analysis. On the one hand, it was shown
in [18] that a dictionary ¥ has well conditioned sub-matrices
formed with columns of ¥ when p() is small. On the other
hand, as shown in [2], [7], any x-sparse coefficient vector sg
can be exactly recovered from the observation/measurement
y = Wsq via (3) as long as

ﬁ<%[1+—]. )



(5) suggests that a dictionary with small mutual coherence
can enlarge the signal space in which the coefficient vector
s can be achieved exactly. Therefore, it is desired to design
the dictionary with mutual coherence taken into account. This
leads to the so-call incoherent sparsifying dictinary learning
(ISDL). Recently, an alternative formulation was proposed
for ISDL in [19], where the two-stage alternating minimiza-
tion approach is adopted, consisting of the sparse coding fol-
lowed by a dictionary update. To the latter, two separated
steps are employed: i) atoms decorrelation; ii) dictionary ro-
tation. More details of this approach will be given in the next
section.

Note that in the approach proposed in [19] the atoms
decorrelation and minimization of sparse representation error
are performed independently as they are under two different
frameworks, making the algorithm converge slowly or may
even diverge. Besides, simulations showed that such an ap-
proach leads to a quite large sparse representation error due to
too much emphasis made on the mutual coherence reduction.
In this paper, we propose a new framework for ISDL, under
which both sparse representation error and mutual coherence
of the dictionary are embedded in the same cost function.
An algorithm for solving the optimal dictionary design is
derived with guaranteed convergence. Simulations show that
the dictionary obtained using the proposed approach outper-
forms those by the traditional MOD and K-SVD as well as
the method proposed in [19] in terms of reducing mutual
coherence and sparse representation error.

2. PROBLEM FORMULATION

The mutual coherence of a matrix A € RY*L is defined as

s AG,i)T A )
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where T represents the transpose. Roughly speaking, 1(A)
measures the maximum linear dependency possibly achieved
by any two columns of matrix A and it can be shown [20] that

M m <u(4) <1 (7

where p is the Welch bound of matrix A.

Let A be a unit-norm frame (i.e., ||A(:, )| = 1, ¥ ).
Such a frame is said equiangular if |A(:,1)T A(:,5)| =
¢, V1 # j, where c is some positive constant. An equiangular
tight frame (ETF) is a unit-norm frame which is tight and
equiangular [20]. Furthermore, a unit-norm frame A achieves
w(A) = p if and only if A is an ETF [20].

Based on the fact that an ETF achieves the minimal mu-
tual coherence, the optimal ISDL was formulated in [19] as
(4) but with an extra constraint () < p0, where po > i is
a fixed target mutual coherence level and such a problem was

addressed in [19] with the algorithm outlined below:

Alg{I,P R_ISDL using iterative projections and rotations
Initialization: Set the training data matrix Y, the number of
iterations N, and the parameter (i; Initiate U with a ran-
domly generated ¥y € RV*E,
Begin: k=1,2---, Njte
e Step I: Sparse coding - to update S via
JAN . a2
Sy = arg ming [[Y — ¥r_15]||%
_ (®)
st ||S(,m)||o < K, Vm

which can be solved by a greedy algorithm like OMP.

e Step II: Dictionary update - to update ¥ via

¥, 2 arg min ||V — US,[/%.
WeRN XL
e Step III: Atoms decorrelation using

A ~ ~ ~
U, = |H-979)% )

arg min
TERN XL

. r _ . _ = T = 2 .
subject to H = Arg Min 7 gers [|H — W) W||% with
S;ff being the set of relaxed ETF Grams:

1>

St {H eR*t: H=H" H(,1)=1,VI

max [H (i, 7)] < &} (10
i#]

e Step VI: Dictionary rotation to complete the dictionary
update with ¥, = VW, where

vEa argmin |[Y =V, Sk||% st. VIV = In. (11)
%

End
Outputs: ¥ = ¥y, and S = Sy;,,, -

As mentioned in the previous section, Alg{pp R has some
weak points. The main problem in this algorithm is that the
atoms decorrelation and sparse representation error reduction
are not considered in the same framework. This motivates us
to consider an alternative approach in which the cost function

takes the two into account in the same framework.

ite

3. AN ALTERNATIVE FRAMEWORK FOR ISDL

The problem we encounter here is actually to design such a
dictionary U that yields a small sparse representation error
and has its atoms incoherent. To deal with such a multi-target
problem, we consider the following measure for ISDL:

A

o(¥, 8, H) = (1-p)Yy - vs|%

+B||H — v |3 (12)

where H € S;tf and 0 < 8 < 1 is a weighting factor to
balance the importance of the two terms.



The corresponding optimal ISDL is then formulated as

(U,S,H) £ arg min o(¥,3, H)
v,S,H
s.t. I:IGng, I1S(:,m)||o < &, Ym
G0 =1,V 1. (13)

Remark 3.1: It should be pointed out that the /5-based nor-
malization in (13) is used for the term ||[H — ¥7 ¥||2 to
have the intended physical meaning of coherence difference
between the target Gram and that of the dictionary.

Now, let us consider the optimal dictionary design prob-
lem (13). As realized, g(fi),éﬂfrf ) is a highly non-convex
function of <i>, 5, and H. To address such a problem, we pro-
pose the following alternating minimization-based algorithm
that has been popularly adopted in sparse dictionary learning:

Alg$°P - Gradient-based ISDL
Initialization: With a normalized dictionary ¥, randomly
generated, set a prescribed iteration number N;.

Begin For k =1 : Ny
o Step I: With U = W._1, update H with the solution of

(13) which is equivalent to

Hy, 2 argmin ||[H — G _1||% st H € SIe_Itf
H

where Gj_1 2 \IJle\I/ t—1. The solution to the above
is obtained by applying the following shrinkage opera-
tion [13]to Gj_1:

i g, |t <€
it lr>¢ 9

where 7 = Gj_1(4, j), sign(.) is the sign function, and
£ is the parameter characterizing the space of relaxed
ETF Grams via (10).
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e Step II: With U = U;,_; and the obtained H = Hj, S
is updated with the solution of (13), which is actually
equivalent to the standard sparse coding (8).

e Step III: With Hj; and S) obtained above, update the
dictionary ¥ with Wy, the solution of

min o(¥, S, Hy) st. ||[C, D2 =1, VI.  (15)
w

End For loop
Output: ¥V = Uy, .

Here, we present an approach to attack (15). The key to
the success of this approach is the following parametrization
of the dictionary

¥ = XDy (16)

where D x = diag(dy, -+ ,dj, -+ ,dp) with

A _
Dx(I,1)=d = | X, D|3", VI (17)

Clearly, the columns of such U are inherently /s-normalized
as long as X has no zero columns. It then follows from (16)
- (17) that the problem of updating dictionary using (15) is
converted to a unconstraint minimization of form

Xop = argmin o(X Dy, S, H) (18)

where S = Sk.,f{ = Hy.
The problem defined by (18) can then be addressed using
the following iterative procedure:

0
Xn=Xn1 _)‘87)@(|X:Xn—1 (19)

where A > 0 is the step-size and with an initial X, € RV*E

(of no zero-columns) given, say the X, such that Uy_; =
XoDx,, run (19) and lim, 4. X, yields an estimate of
Xopt. Clearly, the updated dictionary at the kth iteration of
Alg%SD is given by ¥y, = X1 Dx,,, -

The expression for g—)‘; has been derived and will not be

presented due to the limited space.

Remark 3.2: As the OMP can yield a solution almost equal
to the true one of (8) and the gradient-based algorithm can en-
sure a solution Uy, better than Wy, _; even if it may be different
from the one defined by (15), the proposed algorithm can en-
sure o(Uy, Sk, Hr) < 0(¥g_1,Sk—1,H—1) and hence the
convergence of the iterative procedure is guaranteed given
that the cost function is positive. So, our proposed algorithm
is numerically much more stable than that in [19]. More inter-
esting features of this algorithm will be demonstrated in the
next section.

4. SIMULATION RESULTS

The setup is as follows. We generate a dictionary U € $30x60

randomly, then {y,}2990 with each ¥, being sparse with
k=4in W and ||y’,||2 = 1. The actual signal y,, is given by
Ym = Y, + €m, ¥ m, where €, is an additive Gaussian noise
with standard variance o. This setting is the same as used in
[1]. Note that ;1 = /1/59 = 0.1302 and .(¥) = 0.55.

We compare our proposed Algg°” with Algl/OP [14],
AlgESVD [15], and AlglPF [19] in terms of average repre-

sentation error & = |Y — 9.Skllr/VJN, percentage of re-
covered atoms 7 (U}, ) to be defined below, mutual coherence,
and average mutual coherence fiq, (¥} ), defined as

& L = U0

ﬂav(\l/k) L(L— 1)



where U}, is the normalized version of ¥y, We say an atom
W (:,1) in the true dictionary U is recovered in ¥y, if

min(1 — Uk (;,n)TW(:,1)]) < 0.01. (20)

Denote L, as the number of recovered atoms in W,. The per-

centage of the recovered atoms is defined as (Uy,) = Ly/L.

We perform 30 iterations of (19) for solving (15) in
Algg®P. In the legends of Fig.s 1,2, we refer to the algo-
rithms AlgG>P Algh O AlghESVP and AlglPR as GSD,
MOD, KSVD and IPR, respectively.

Fig. 1 shows the performance of each of AlgG*?, AlglP %,
AlgKSVD and AlghOP with o = 0.1 and for different val-
ues of ¢ (that is used in Alg§*P and AlglPF). While Fig. 2
presents the same things but for o = 0.

o. 0.21

02| 02|
\ 019},

---GSD,£=013
——GSD,£=055
-="MOD
—K-SVD

IPR, £ =0.13
IPR, £ = 0.55

o
2
&

018}

°
>

0.17] et e h i
---GSD,£=013
—GSD,£=055
- =:MOD
—K-SVD
IPR, £ =0.13
IPR, € = 0.55

°
2
=

Average Mutual Coherence

o
0
°
5

Average Representation Eror

o
ol

0 10 20 30 40 50
Iteration
1
09|
04|
807
g
---GSD,£=0.13 306
2
——GSD, £ =055 s
--‘MOD 205
fesvo E ---GSD,£=013
IPR, £=0.13 = 0.4 &=
IPR.£=055 —GSD,£=055
. 03}|-- mMoD
—K-SVD
02| IPR, £ =0.13
IPR, & =055
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, 01l
(] 10 20 30 40 50 0 10 20 30 40 50
Iteration Iteration
© (d)

Fig. 1. Evolution of the four indicators: (a) - &; (b) -
fav(Pr); (€) - 7(Uk); (d) - w(¥y). Here 0 = 0.1 and
& = p, () for both AlggS? and Algi/ .

Remark 4.1

e As observed from Figs. 1,2(a-b), the indicators & and
flaw(P) decay steadily for AlgG° ", which implies the
convergence of our proposed algorithm. In AlggS?,
there is a tradeoff between sparse representation error
and mutual coherence. By choosing /3, we can balance
this tradeoff depending on the particular application. In
the experiments, for £ = pu, weset 5 = 0.8 wheno = 0

and 8 = 0.9 when o = 0.1.

e As seen, our Algg°? outperforms the others in terms

of & and r(¥) when there exists an additive noise,
while when the signal is purely sparse (i.e., o = 0),
AlgESVP and AlgG*P yield the best performance in
terms of these two indicators.
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Fig. 2. Evolution of the four indicators: (a) - &; (b) -
Ban(Pr); (©) - 7(Pg); (d) - wu(¥Pg). Here 0 = 0 and
& = p, p(¥) for both Algg>? and Algi/ .

o It should be pointed out that in the KSVD code we use,
a new atom will be generated randomly to replace the
present one if the latter has coherence larger than 0.99
with another atom. The sharp change caused by this ac-
tion can be observed from Fig 2(d). This step is enough
for KSVD (but not enough for MOD algorithm) to es-
cape the coherent solution in the noiseless case.

e It is interesting to note that no matter there is an addi-
tive noise or not, AlgiP'® performs poorly when ¢ is
set to a small value. This is suspected due to the fact
that much effort has to be made to reduce the mutual
coherence and hence no much room left for reducing
the sparse representation error. We can observe when
& is set to be close to u(¥), which is practically not
available, AlgfI,P R yields a better performance, while
our Alg$ P always has better results than AlgZ”? does

when we just choose £ = p.

5. CONCLUSIONS

A novel framework has been proposed for ISDL and an al-
ternative minimization-based algorithm has been derived for
solving the optimal dictionary design. Experiments have
shown that the proposed approach outperforms the prevailing
ones for ISDL.

In the proposed algorithm, the dictionary update is done
using a gradient-based method. More efficient algorithms are
needed for speeding up the convergence and further enhanc-
ing the performance of the dictionary.
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