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ABSTRACT 

We propose an algorithm achieving the matching o f  two 
point sets with unknown correspondence via the joint clus- 
tering of the two sets and estimation of a diffeomorphism 
linking the cluster centers via geodesic splines. 

1. INTRODUCTION 

Computing point correspondences i s  a recurrent prohlem in 
image processing, and has generated an importmt literature 
(eg. [I, 2, 3, 4, 51). In [6]. a new point of view on the 
correspondence prohlem is introduced, in which the qual- 
ity of the matching is estimated by clustering the two sets 
of points and estimating a global deformation with spline 
matching techniques ((71). 

Th is  method inherited the drawbacks of spline dcfor- 
mation methods which i s  to creatc ambiguities in the inter- 
polated matching in presence o f  large deformations. Re- 
cent achievements o f  large-deformation landmark matching 
[8, 9, IO] provide mathematical tools and algorithms to es- 
timate smooth and unambiguous landmark matching inter- 
polations, even in the presence of very large deformations. 
In  this paper, we provide a novel algorithm which comhines 
the cluster-based approach o f  [6] and the geodesic splines 
derived in [9]. 

We wil l  first model a matching energy (section 2) com- 
bining a clustering term (2.1) and a deformation te rm (2.2). 
We wil l  then design an energy minimization algorithm (sec- 
tion 3) as an iteration of two steps (3. I and 3.2) embedded in 
a deterministic annealing procedure. Results wi l l  he shown 
in section 4. 

2. DEFINITION OF A MATCHING ENERGY 

Let X = (XI, .  . . ,XK) and Y = (Yl, .  . . ,Y&) he two 
point sets to match in Rd. We simultaneously cluster these 
point sets and, following the principles o f  large-deformation 
landmark matching, estimate an optimal set o f  trajectories 
hetween [he centers of thcse clusters. More precisely, Ictting 
N be the number o f  clusters, we introduce N d-dimensional 

Fig. 1. Clusters trajectories 

trajectories (or an Nd-dimensional trajectory) under the form 
t H C( t )  = (C,(t) ,  . . . ,C,v(t)), f o r t  E [0,1], such that 
C(0) provides the centers o f  the clusters in the first point 
set, and C(l) those for the second point set (see fig. I ) .  

2.1. Data-Clusters Fitting Energy 

Introduce hIY (resp. AI‘) the 6 x N (resp. L x N )  
membership matrix o f  points of X (resp. Y )  to clusters in 
C(0)  (resp. C(1)): hl?; is the degree of membership o f  
point Xk in cluster n. Obviously we have the constraints : 
V k , C ,  hf;, = 1 (resp. ‘d,xnhI: = 1). The cluster 
energy i s  composed with two terms, the first measuring the 
cluster dispersion: 

&,AsteTs(Al’y, hI’’,C(O)>C(l)) = 

C A f ~ ~ l l X h  - G ( O ) l l * + ~ ~ ~ ~ I l K  -Cn(l)llz 
h,n Ln  

and the second i s  an entropy term controling the fuzziness 
of matrices MI“ et Ady : 

Ee,,t.oppl/(’%f~~,hl~) = (CM; 1 0 g h l ~ L + ~ h f ~ l o g h l ~ )  
k , n  1,n 

( 1 )  
where i s  a temperature parameter. Matrices MI” and M y  
converge to binary matrices when the temperature parame- 
ter decreases to 0. 
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2.2. Diffeomorphism Energy landmark trajectories, wheras we propose here to fully in- 
tegrate the geodesic deformation within the clustering pro- 
cess. This yields a formulation which is more compact, and 
a simpler algorithm. 

This energy arises from the geodesic spline theory [9]. It 
involves a time dependent vector field t H ~ ( t ,  .) assuming 
to belong to a self reproducing kernel Hilbert space V ,  and 
is given by 

3. ENERGY MlNIMIZATION 

3.1. Cluster Assignment Step 
I 2 

We proceed as in [ 6 ] .  First compute the matrices $I.y et 
$Iy minimizingtheenergywith f ixedCandrr :  +E/ n 0 1 1 %  - ' u ( t ' c n ( t ) ) l l  dt 

We denote G the reproducing kerncl of V .  In general, G is 
a matrix kernel hut, for the sake of simplicity, we consider 
it as deriving from a scalar kernel i.e. G = g . I d ,  where g is 
a function fmm Rd x W" to R. The relation between G and 
the Hilbert space V is that, for all v E V (thcrefore taking 
values in &id) and for all a E Rd, for all z E Rd. 

$12; = exp (- 
$IC = exp (- 

Then normalize the rows of $Ir and $Iy so that they sum 
up to 1. This yields the updated matrices M.' and MY. 

32. Deformation Step 

atv(z) = (u ,G(. ,z)a) ,  

with the implicit consequence that for all n t Bd,  for all 
z E Rd, the vector field d.. zh belonps to V .  This vields a 

I ,  I - 
simpler form of the energy, depending only on the kernel y 
and on N finite dimensional trajectories t H ,,(t) E Rd : 

deformation step can be divided inlo steps 

We now discuss an energy minimization algorithm for 
EC1,,,,,,, + E,,,,,,, + This will proceed by al- 
ternating a clustering step and a series of gradient descent 
steps for the deformation energy. For the last purpose, it is 
important to notice that. contrary to [9], the extremities of 
the trajectories C,, are not fixed. 

2.3. Remarks 

1. Using the fact that the minimized diffeomorphic energy 
can be seen as a geodesic distance in the set of landmark 
configurations, an equivalent formulation is to minimize 

EcL.",,,,,(l~I-~, MY, Cs,Cv) 

+ Ee,,tTopy(Mr, My) + d(C.y,CCv)' 

where C.y and C y  are the N cluster centers for X and Y 
and d is the geodesic distance on landmarks, defined by 

d(C.y,Cy)' = min{E,lifj(u,C) : C(0) = C,y:C(l) = C y }  

2. A procedure with similar goals and a different approach 
has been proposed in [ I  I] .  This paper introduces interme- 
diate energy terms to force the centers to be close to the 

A(tlT = ( i ( t ) , . . . ,  ~ ( t ) )  
C(tlT = (cl(t)>...>cN(t)) 

the pan of the energy involving the deformation (i.e. with- 
out the clusters part) becomes : 

and, similarly to [9], the minimization of the energy reduces 
to solving this linear system in A for a11 t : 

A ( t )  + F( t )A( t )  - C'(t)  = 0 (5 )  

3.2.2. Trajectory Step 

We use a gradient descent to update the cluster trajectories. 
This requires computing the gradient of the energy E at C. 
To simplify the computation, we will let : 
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Let H ( t )  = E(C + E D )  and compute the derivative : 

We assume that the gradient step is performed immediately 
after the deformation step so that : Vm, Z,,, = nL (cf. 
eqn. (5)). If we also use the symmetry of  the kernel G and 
i f  we integratc the last term by part, the expression of the 
derivative becomes : 

J” n,.n 

One deduces the gradient from the last expression : 

3.3. Algorithm 

Here is the algorithmic scheme : 

Compute the spline matrices F ( t )  
InitialiLe vectors ””(t) 
repeat 

repeat 
Update deformation ( ) by least squarer 
algorithm 
Update cluster trajectories C,, with one 
gradient step 
Update spline matrices F ( t )  

until A s  < E 

Update cluster membership matrices MY 
and M y  
Decrease temperature by factor d 

until < 1 

4. RESULTS 

In our applications, we use a time discretization of T = 10 
steps and a gaussian kernel. We first show the superiority 
of the geodesic splines with respect to the classical splines 
(which comespond to T = 1 time step). The input data are 
vectorizations fig. 2(a) and 2(h) and the retrieved deforma- 
tions are shown in fig. 2(c) and 2(d). One can note that the 
diffeomorphic constraint yields the expected deformation in 
fig. 2(c) whercas the deformation in fig. 2(d) is clearly not 
a diffromorphism. The final energy (E = 0,22G124) in the 
geodesic case is less than the final energy in the classical 
case (E = 0,450852). 

We also test our algorithm on vectorizations of fig. 3(a) 
and 3(b) (K = 521, L = 474, N = 100) The clusters at 
t = 0 are shown in fig. 3(c) and 3(e) and the clusters at 
t = 1 and corresponding deformation in fig. 3(d) and 3 ( @  
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(c) Geodesic splines (d) Classical splines 

Fig. 2. Gcodesic splines vs. classical splines 
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(c) Clulcr crnlen 
C(0) with N = 100 

(d) Cluter ce”tepi C(1) 
with N = 100 

(e) Clurercenten C(0)  
with N = 50 

F 

(0 Cluter centers C(1) with 
N = 50 
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