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1. INTRODUCTION 

Over the past several years our group has been 
studying Biological shape in the emerging new 
discipline of Computational Anatomy (CA) [ 11. 
CA consists of several components: (i) the con- 
struction of coordinatized anatomical manifolds, 
(ii) comparison of anatomical manifolds, and (iii) 
inference of morphometric change on anatomi- 
cal manifolds. In this paper we focus on (ii) the 
comparison of anatomical shapes and structures 
in imagery via metric mapping. Our group has 
been studying natural shapes in imagery using 
the diffeomorphisms [2, 3, 4, 1,  5, 61 the nat- 
ural extension of the finite dimensional matrix 
groups. Shapes and imagery are studied as an 
orbit via the action of diffeomorphic transforma- 
tion. 

Define the diffeomorphisms g E 9 on the 
background space X c Rd generated via the 
flows go = id,  g = 91. gt satisfying 

The anatomical orbit or deformable template is 
constructed via the action ofthe group according 
to 

(2) 

ofientime 1,'s are called the exemplars or tem- 
plates, with the orbit the deformable template. 

The anatomical orbit or deformable template 
is made into a metric space with a metric dis- 
tance p : 3 x 7 + R+ by solving for the geodesic 

3 = 9 . 1  = { I =  I ,  o g , g  E 9 ) ;  
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flow connecting two images in the orbit, and mea- 
suring it's length or square-root energy: 

(3) 
where 11 . / / L  dominates an appropriate Soholev 
norm to ensure that the solutions are suficiently 
smooth to generate a diffeomorphism [4, 31. 

This is a principal focus in Computational 
Anatomy, the study of shape via high dimen- 
sional transformations generated via the flows 
of Eqn. 1. The notion of studying large de- 
formations via the ODE of equation l was orig- 
inally put forward by Christensen and Rahhitt 
[2]; introducing the metric structure and the as- 
sociated variational problem of minimizing over 
all flows connecting images was first studied in 
[4,3]. The metric is definedaccording to / . / / ~  = 
(L. ,  .)2, with L a differential operator; the finite- 
ness of norm implies sufficient differentiability 
(smoothness) ensuring that the ODE integrates 
and is a flow of diffeomorphisms. 

The purpose of this paper is to examine the 
generation of the geodesics associated with the 
metric from several points of view, the first the 
Euler equation describing the geodesic diffeo- 
morphic flow, and the second the variational for- 
mulation of the geodesic in terms of the mini- 
mizing flow of vector fields which generate them. 
As we show,it is the property of the vector fields 
describing the geodesic flow which links us to 
the notions of geodesic normal evolution of the 
image. This ofcourse links our work on geodesics 
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to the rapidly growing community working in 
level set methods. Interestingly, as we show, it is 
not the vector fields ut, t E [O; 11 which are asso- 
ciated with normal geodesic motion, but rather 
it is Lvt, t E [O; 11. As we shall see, the nor- 
mal geodesic motion Lvt: t E [0,1] implies the 
velocity of motion wUt, t € [0,1] of the shape be- 
ing supported over the entire background space, 
thereby giving the global property that the re- 
sulting integrated vector field generates a diffeo- 
morphism on the entire extrinsic space. This 
cames the smooth submanifold diffeomorphi- 
cally. 

1.1. Euler equation for diffeomorphisms ' 

The Euler equation was first derived in [7] and' 
subsequently in [6] using the calculus of varia- 
tions directly. To ensure that the 0.D.E.s gener- 
ate diffeomorphisms Dupuis 141 and Trow6 [3] 
have shown that a sufficient amount of smooth- 
ness required is that the fields be at least 1-times 
continuously differentiable, compactly supported 

The construction therefore depends on the choice 
of the inner product (., . ) I ,  = (L., .)2 so that the 
norm 1 1 . 1 1 ~  < 03dominatesthesupnormII.IIp,,. 
for at least p = 1 derivative (See [4, 21). 

Proposition 1. Let the 11~112 = (Lv, U ) *  satisfy 
the p = 1 condition so that there exists some 
constant c such that for some p 2 1 and all v E 
V ,  (Lv: w)2 2 ~ I I w l l ~ , ~ .  The geodesics ofthat 
equation 3 are solutions of the Euler equation 

i3Lv - + (Dv)*Lv + div(Lv 8 U )  = 0 ,  at 

with II~4l1,m = SUPZGX IW(.)l+CL l&(4l. 

(4) 

with D a Jacobian matrix, divergence operator 
divv = V*v = E$, and d i v ( l v  8 U )  = 
(DLv)v  + (divv)Lv. 

Pmof: See [6] .  0 

1.2. Euler equation for Matrix Groups 

To interpret the infinite dimensional Euler equa- 
tion setting, examine their direct analogue of the 

Euler equation for the metric length in the fi- 
nite dimensional matrix Lie groups. Define the 
matrix valued group elements g, h E GL(d), 
and the minimal geodesics connecting g, h E 
GL(d) with tangent norm l1&gr1 = vt ( (M min- 
imizing Ji Ilvtl12nrdt. For the matrix groups then 
vt E Rdxd satisfying gt  = wtgt, and define the 
norm according to 

Ilt~ll& = ( M U ,  W ) W d x d  = traceMvv' , ( 5 )  

with (.)* denoting transpose. The minimal geodesics 
connecting g, h E GL(d) with tangent norm 
Ilbtg;' = vtllM minimizing Jo llvt112,dt satis- 
fying g = vg, U ,  g E W d x d  matrices with go = 
g, g1 = h are solutions of the Euler equation: 

I 

Notice the similarity between equation 4 and 6. 

2. NORMAL VECTOR FIELD MOTION 

The Euler equation describes the properties of 
the flow of the group element; now we focus 
on the properties of the vector fields in the Lie 
algebra. First we establish that it is a general 
property that the vector fields satisfies a normal 
property to the smooth level sets. 

2.1. The Normal Motion property 

Start with a smooth image, represented by a func- 
tion IO defined on X, 11 in the orbit of Io for 
the group G of diffeomorphisms. Assume the 
geodesic path exists connecting Io to I I ;  the fact 
that g = (gt) is a geodesic path induces a con- 
straint on the initial vector field vo. Indeed, let 
g = (9:) be such a solution. We consider a first 
order expansion of the solution around t = 0 to 
deduce a normality constraint on the initial mo- 
mentum LWO. 

At first order around t = 0, Se(%)  N z + 
~ 7 1 ~ ( 2 )  sothat& = I~og;~(z) N 10-~(VIO> W O ) L  

and the cost to go from IO to I ,  is (still at first 
order) ~ l v o l ~ .  However, any U E g such that 
(VIo, 1L)pd = (VIo, v ~ ) ~ d ,  will lead to the same 
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I ,  so that the least deformation cost from I to I ,  
is e)pr,,(uo)( where pr,(vo) the unique solution 
of the minimization problem: 

(?) { inf I I u I I L  subject to: 
U65 

(7)  

( ( U 0  - U)(.), vIQ(Z))Rd = 0, VZ E x 
Now, since (y")t  is geodesic path minimiz- 

ing the deformation cost from IQ to I I ,  it mini- 
mizes also the deformation cost from 10 to 1, so 
that 

WO = pro (woo) . (8) 

i f u l o  = { 11, E g I (VIQ(z), h ( z ) ) , d  = 0, tiz E 
Clearly pro is an orthogonal projection. Indeed, 

X }, the constraints of ? can be written U - 

~ J Q  E V, so that p[,(u) is the orthogonal pro- 
jection of on grf, i.e. the orthogonal space 
of Bra. Hence, equality (S), translates to Vh E 
g such that for all x E X ,  

(010(z), h(z) )  = 0, we have (110, h ) ~  = 0 .  
(9) 

Now we state the following rigorous results 
for normal motion. Denote for all t E [O, 11, 
pr, (u t )  the solution of (7) applied at time t .  

Theorem 1 (Geodesic Normal Motion). Assume 
that IQ is C ' ( X ,  W) and that the vectorfields are 
smooth (continuously embedded in C ' ( X ,  Wd)). 
Let y = (gr ) be a geodesic path solution. Then, 
.for almost all t E [0,1] 

ut = PIt ( 7 4  . 
Pmof: Denote ht ut - prt (ut)  and define for 
any t E [0, 11, U ;  = ut + ~ h t ,  and gg = g f .  We 
first show that for any 0 5 t 5 1 I,, o gt,o = 
IQ 0 YE,", then 

since by definition of the projection p I , ( u t ) ,  we 
have for any z E X ,  (ht(z) ,  V I t ( z ) ) w d  

= (%(z), V l t ( z ) ) R d - ( p r , ( u t ) , V l t ( z ) ) I R d  = 0 .  

Then, we get IO o gt,o o g6,, = IQ ie Io o 
gt,o = IO o y&,.  Considering E = 1 and t = 1, 
we deduce that I1 = Io o gi,o. However, since 

ht ( ( i  = [1vtll2 + llhtlli. Since t + wt leads to 
the paths with lowest kinetic energy from IQ to 

U 

( h t , u t ) ~  = ( v t - ~ r ~ ( v t ) , ~ t ) r ,  =O,wegetJJut+ 

11, we deduce that s,' llhtlli = 0. 

2.2. The Variation Problem in the Vector Fields 

The general form for the vector fields associated 
with the geodesic motion must be normal to the 
level sets for smooth images. Now examine the 
particular form for the normal motion so that the 
vector fields describing the geodesics connect- 
ing particular images IO and I1 in the orbit. For 
this we use the approach taken by Faisal Beg [SI 
for examining direct variation of the minimum 
problem in the space of vector fields (in contrast 
to the Euler equations describing the geodesic 
diffeomorphic flow). 

Proposition 2 (Faisal Beg 181). Let the template 
I be continuously differentiable with V ( I  09) = 
( D y ) * V I  o g. and data I1 with the matching 

frrnctional energy as given by 

with norm 11~112 = (Lu. v)2, then the minimizer 
with respect to variations of the vectorfields U --t 

v + E$ of the energy satisjies the Euler equation 

0 

3. THE NORMAL MOTION CONDITION 

Equation 11  is normal property of momentun 
which at the origin takes the form 
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Figure 1 illustrates the geodesic motion at the 
origin La, generated via the Beg algorithm [SI. 
Panel 3 shows comparisons between the LWO mo- 
tion generated by the Beg algorithm and the gra- 
dient of the image VIo. Shown superimposed at 
every point in the grid are the arrows depicting 
the direction vector of each. Notice they snper- 
impose and are concentrated near the boundary. 
Thus we see that Lvo is supported and normal 
to the level sets (which are concentrated at the 
boundary), and in the same direction as the nor- 
mals. Panel 4 shows that WO has full support over 
the entire background space. Panels 3 and 4 em- 
phasize that while the normal geodesic motion 
LUO are highly localized, the velocity WO of mo- 
tion extends over the entire object. This is be- 
cause to guarantee the existence of diffeomor- 
phisms, L is a power of differential operators 
and L-’ is a smoothing kernel extending over 
the full background space. 

Io I1 

LVoversusVIo 

Fie. 1. Panels 1 and 2 show the two mitc 
I 

dria shapes l o ,  11. Panel 3 shows Lwo versus 
VI0 superimposed; panel 4 shows V,. 
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