
Monte Carlo maximization of likelihood� A

convergence study

Laurent Younes

CMLA� ENS de Cachan

�� av� du Pr�esident Wilson

�� 	
� Cachan CEDEX

younes�cmla�ens
cachan�fr

Abstract We propose a rigorous study of an ierative maximization algo�
rithm introduced by Geyer and Thompson for maximum likelihood estimation
of Markov random �elds� One step of the algorithm consists in a Monte�Carlo
approximation of the likelihood� followed by a local maximization in the neigh�
borhood of the current parameter� We study convergence properties of the
induced process� and bound the computational complexity of the procedure�
The main tool involved in the stochastic analysis are deviation inequalities and
concentration of measure bounds applied to empirical processes�
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� Introduction

In this paper� we study a numerical scheme which has been proposed in ��� for
maximum likelihood parameter estimation of exponential families� The frame�
work is the following	 let 
 be a �nite set of very large cardinality �typically�

 � FN �where F is �nite and N is of order of hundreds or thousands
� The
considered models are indexed by � � IRd� and de�ned by

���x
 �
�

Z�
e�h� �H�x�i� x � 


where H 	 
� IRd is a function and h� � �i is the usual inner�product on IRd�
The computation of the maximum likelihood for such models is an intricate

numerical problem� since it requires �nding the solution ofX
x��

H�x
e�h� �H�x�i � H�x�

X
x��

e�h� �H�x�i

both terms being impossible to compute because of the overwhelming cardinality
of 
� Feasible solutions to this problem pass by Monte�Carlo sampling and
probabilistic numerical approximations�

�



There are essentially two ways for introducing such an approximation� The
�rst one is to work on the gradient descent algorithm� and estimate the gradient
step by Monte�Carlo simulations� This approach provides a Robbins�Monro
stochastic approximation procedure� which has been studied in ����� ���� and
����� Other references for practical applications of this approach are ���� �����
����� ����� � � �
The other point of view is to directly approximate the log�likelihood

f��
 	� log���x�
 � � logZ� � h� � H�x�
i�
by Monte�Carlo sampling� More precisely� if X�� � � � � Xk are random samples of
a distribution �� � � on 
� f��
 can be estimated by

�h� � H�x�
i � log �
k

kX
q��

e�hH�Xq� � �i

���Xq


and maximized by standard deterministic methods� The issue of course is how
good this approximation can be� for reasonable �feasible
 values of k� Finding
a good probability �� is the subject of importance sampling theory� It is easy
to show that the best choice� for a �xed � �the one for which the variance of

kX
q��

e�hH�Xq� � �i

���Xq


is the smallest
 for independent samples X�� � � � � Xk with law �� is provided by
���x
 � ���x
 for all x� This is however useless for our purposes� since f��
 has
to be maximized in �	 the distribution �� must provide a small variance for all
��
However� because of this result� it can be expected that� for � � IRd the

distribution �� � �� will provide good approximations of f��
 for � close to ��
This yields the algorithm proposed in ���� �an ancestor of which being in ����
in the case of spatial points processes
� which consists in iteratively maximizing
an approximate log�likelihood in the neighbourhood of some current parameter
�n� to obtain the update �n���
The object of this paper is to study this algorithm� and in particular to

enlight the trade�o� between the expected precision of the estimations and the
overall numerical complexity of the algorithm� This will be the subject of section
�� Technical results will be obtained before this� in sections � and �� The
former will contain deterministic results related to the convergence of this kind
of algorithm� under the hypothesis of a uniform control of the di�erence between
the exact gradient of the likelihood and its stochastic approximation� Section
� is devoted to the estimation of the probability of validity of such a uniform
control� and is based on rough application of results on the speed of convergence
of empirical processes�
Throughout this paper� we make the simplifying assumption that the sam�

ples �Xq � q � �� � � � � k
 which are used for the estimation of the likelihood are

�



independent� This is almost never the case in practical experiments� in which
they typically follow a Markov chain controlled by the current parameter �n�
We describe how our results can be extended to this framework in section ��
We consider� however� that most of the interesting features of the analysis al�
ready appear in the simpli�ed setting� while requiring less technicalities than
what would be needed in the Markovian case� We therefore restrict to it in the
main line of the paper� For the same reason� we work with rough bounds in the
application of the theorems on empirical processes� some details on how getting
better bounds being also provided in section ��

� Algorithm

We �x the notation� and give the precise de�nition of the algorithm under study�
Let 
 be a �nite space and H a function H 	 
 � IRd� For each � � IRd� for
each x � 
� let

���x
 �
e�h� �H�x�i

Z�

where Z� �
P

x�� e
�h� �H�x�i�

The algorithm proposed in ��� aim at maximizing ���x�
 for a given x� � 

using a probability renormalization approach� Fix x� and let H� � H�x�
� Set

f��
 � �h� � H�i � logZ�
This function is concave in �� and we shall assume� in the following� that it
is strictly concave� and that it admits a unique maximum �� � IRd� These
assumptions are discussed in ���	 strict concavity is equivalent to the fact that
there is no u � IRd such that x �� hu � H�x
i is constant� and the existence of
the maximum to the fact that H� lies in the interior of the convex hull of the
points fH�x
� x � 
g � IRd�

If � � IRd� a straightforward computation yields

f��
 � �h� � H�i � logZ� � logE�

h
e�h��� �Hi

i
��


where E� refers to the expectation with respect to ��� Thus� if X�� � � � � Xk is
a sequence of iid variables with distribution ��� f��
 can be approximated by

�f��k��
 � �h� � H�i � logZ� � log �
k

kX
p��

e�h��� �H�Xp�i

For any �xed �� and for large k� this converges to f��
� Moreover� it can be

shown that� if �k is a maximizer of �f��k �� being �xed
� and the sequence �k
is bounded� then� it converges� when k tends to in�nity� to ��� the maximizer
of f �see ���
� However� for �xed k� �f��k��
 is a good approximation of f��

only for � in a neighborhood of �� the size of this neighborhood depending on

�



the number of samples� k� For a given precision� it appears that k should grow
exponentially with the norm j� � �j� so that the computations would become
intractable when �� is too far away from ��
For this reason� the authors in ��� have introduced a recursive algorithm

which only performs local maximizations of �f��k� This can be described as

follows	 �x �� � IRd� the starting point� Fix also two sequences	 a�� a�� � � � of
positive real numbers� and k�� k�� � � � of positive integers� At time n� let �n be
the current parameter� and de�ne �n�� such that

�f�n�kn��n��
 � maxf �f�n�kn��
� j� � �nj � ang ��


where �f�n�kn is computed like in ��
� using X
n
� � � � � � X

n
kn
� a sequence of iid sam�

ples of ��n �
We study convergence properties of this algorithm� More precisely� we try to

answer the question whether the parameter �n will eventually pass in a neigh�
borhood of ��� Note that we are not interested in letting kn tend to in�nity�
which would be too costly� nor letting an tend to �� because the algorithm will�
in the end� be equivalent to a stochastic Newton algorithmwhich can be studied
using the methods of ����� Also� the practical advantage of the algorithm lies in
the fact that maximization is performed with positive an� hopefully as large as
possible� and reasonably large values of kn�
The study of the behaviour of the sequence ��n
 is split in two parts	 we

�rst analyze the consequences of the concavity of f to prove that a control of

supfj �f ��n�kn��
 � f ���
j 	 j� � �nj � ang
is enough to ensure convergence� and then try to bound the probability that
this supremum is small�

� Deterministic bounds

In this section� we use the concavity of f and �f��k to show how a uniform

control of the approximation of f ���
 by �f ��n�kn��
 can be used to show that the
algorithm eventually approaches a neighbourhood of ��� the maximumlikelihood
estimator� This is essentially contained in the next lemma� For � � IRd and
a � �� we let

ga��
 � inf fjf ���
j 	 j� � �j � ag
We have

Lemma � Let ��p� p � �
 be generated by ���� Fix n � � and let

�n � supfj �f ��n�kn��
 � f ���
j 	 j� � �nj � ang
and

gn � gan��n
 � inf fjf ���
j 	 j� � �nj � ang
Assume that 	n 	� gn � ��n � �� then f��n��
 � f��n
 � 	nan�

�



Proof� By concavity� we have	

f��n��
 � f��n
 � hf ���n��
 � �n�� � �ni
� �

f ��n�kn��n��
 � �n�� � �n
�� an�n

The fact that 	n � � implies that jf ��n�kn��
j � gn � �n � � for j� � �nj � an�
which implies that �n�� cannot be a global maximizer of f ��n�kn and therefore
that j�n�� � �nj � an� Thus� because �n�� is a maximizer� f ��n�kn��n��
 must
be colinear to �n�� � �n �which is normal to the ball centered at �n
� and more
precisely

hf ���n��
 � �n�� � �ni � jf ���n��
jj�n�� � �nj � �gn � �n
an

so that f��n��
 � f��n
 � 	nan� ut

Corollary � Assume that
P

n an � ��� Assume that for some n� � � and
some constants a and �� one has �n 
 � and an 
 a� for all n � n�� De�ne

q� � inf fga��
 	 f��
 � �g

Then� if q� � �� � �� there exists n� � n� such that f��n
 � � � jHja for all
n � n�� where

jHj � maxfjH�x
�H�y
j� x� y � 
g

Proof� Set U� � f� 	 f��
 � �g� By the previous lemma� if q� � ��� the sequence
�n may only stay a �nite time in U�� since� if �n� � � � � �n�p stay in U�� f��n�p
�
f��n
 � �q� � ��


Pn�p��
i�n ai �by de�nition of q�
� and the lower bound can be

made arbitrary large�
So� there is an integer n� such that f��n� 
 � �� In addition� each time a

�n goes back to U�� the sequence f��n�p
 increases until �n�p goes out of U��
Since jf��n
 � f��n��
j � jHjj�n � �n��j � ajHj� for any n � n�� f��n
 can
never become smaller than �� jHja� as announced� ut
Let �� � max�f
 � f���
� The set U c

� � IRd n U� for � 
 �� is an open
neighborhood of ��� The previous corollary implies then that� if the errors �n
are small and a is small� the sequence ��n
 will stay close to �

��

� Stochastic bounds

Fix � � IRd� Our next step is to bound the probability

P
�
sup

n
j �f ���k��
 � f ���
j 	 j� � �j � a

o
� �

�
in function of k� � and a� This will provide a con�dence estimate for the validity
of lemma �� More precisely� we prove

�



Theorem � For � � IRd�

P
�
sup

n
j �f ���k��
 � f ���
j 	 j� � �j � a

o
� �

�

� �d exp
�
� �
K

k� � v�a

p
k

b�a

log

�
� �

k� � v�a

p
k

kb�a


�	

with b�a
 � eajHj�jHj � �
 � � and v�a
 � �K��
p
djHj�jHj� �
eajHj where K

and K�� are universal constants�

Here� we have used the notation jHj � max
H�i��x
�H�i��y
 	 i � �� � � � � d� x� y � 
��
The proof uses deviations inequalities for empirical processes which are recalled
in the next section�

��� Deviations inequalities

We use a concentration of measure theorem� proved by Talagrand	

Theorem � �Talagrand� Let Y�� � � � � Yn be independent random variables on
a probability space 
� Let F be a countable family of functions f 	 
 � IR�
Denote by Z the random variable

Z � sup
f�F

�





nX
i��

f�Yi








�

Then�

P �Z � E�Z� � t� � � exp
�
� �
K

t

C
log

�
� �

Ct

��

��
��


where C � supf�F kfk��

�� � E

�
sup
f�F

nX
i��

f�Xi

�

	

and K is a universal constant�

Note that� since �� � kC�� the weaker bound is valid

P �Z � E�Z� � t� � � exp
�
� �
K

t

C
log

�
� �

t

kC

��
��


which will be enough for our purposes�
To use this theorem� one must also control the value of the expectation E�Z
�

We handle this with the following estimate �see� for example� ���� for a proof
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Theorem � �Dudley� Let �Yt� t � T 
 be a family of random variables indexed
by a metric space T � provided with a distance 
� such that

	s� t � T� 	� � �� P �jYs� Ytj � �
 � � exp
�
� ��


�s� t
�

�
��


One has� for all �nite subset F � T

E sup
t�F

Yt � K�

Z �

�

p
logN �T� 
� �
d� ��


where N �T� 
� �
 is the maximal number cardinality of the subsets of T which
contain only elements at distance larger than � on of each other� and K� is a
universal constant�

Since the right�hand term in ��
 in independent of F � the left�hand term can be
replaced by

sup

�
E sup

t�F
Yt 	 F � T� F �nite

�

which will is equal to E supt�T Xt as soon as an approximation argument by
a denumerable dense subset can be used �for example if t �� Xt is continuous�
which will be the case when we shall apply this theorem
�

��� Proof of theorem �

We have

�f ���k��
 �

Pk

p��H�Xp
e�h��� �H�Xp�iPk

p�� e
�h��� �H�Xp�i

�H�

and

f ���
 � E��H
�H� �
Z�
Z�

E��He�h��� �Hi��H�

Letting H�i� be the ith component of H 	 
� IRd� we have

P
�
sup

n
j �f ���k��
 � f ���
j 	 j� � �j � a

o
� �

�

� P

�
sup

�





Pk

p��H�Xp
e
�h��� �H�Xp�iPk

p�� e
�h��� �H�Xp�i

� E��H







 	 j� � �j � a

�
� �

�

� dmax
i

P

�
sup

�





Pk

p��H
�i��Xp
e�h��� �H�Xp�iPk

p�� e
�h��� �H�Xp�i

�E��H







 	 j� � �j � a

�
� �

�

We now �x i and set T� � e�h��� �Hi and S� � H�i�T�� Let

A�k� a� �
 � P

�
sup

�





Pk

p�� S��Xp
Pk

p�� T��Xp

� E��S�


E��T�







 	 j� � �j � a

�
� �

�

�



We have

A�k� a� �
 �

P

�
sup

j���j�a

�




E��T�

kX

p��

S��Xp
� E��S�

kX

p��

T��Xp







� �E��T�

kX

p��

T��Xp


	
� �

�

� P

�
sup

j���j�a

�
E��T�


kX
p��

S��Xp
 �E��S�

kX

p��

T��Xp
� �E��T�

kX

p��

T��Xp


	
� �

�

� P

�
sup

j���j�a

�
E��S�


kX
p��

T��Xp
 �E��T�

kX

p��

S��Xp
� �E��T�

kX

p��

T��Xp


	
� �

�

Letting

U�
� �x
 �

S��x


E��T�

� E��S�


E��T�


T��x


E��T�

� �

T��x


E��T�

� �

and

U�
� �x
 �

E��S�


E��T�


T��x


E��T�

� S��x


E��T�

� �

T��x


E��T�

� �

this can be written

A�k� a� �
 � P

�
sup

�
kX

p��

U�
� �Xp
 	 j� � �j � a

�
� k�

�

�P

�
sup

�
kX

p��

U�
� �Xp
 	 j� � �j � a

�
� k�

�
�

Since E��U
�
� 
 � E��U

�
� 
 � �� we now are in position to apply theorem �	 let

Z� � sup

�
kX

p��

U�
� �Xp
 	 j� � �j � a

�

By theorem ��

P �Z� � k�� � � exp
�
� �
K

t

C�
log

�
� �

t

kC�

��

where t � k��E�Z�
� C� � sup


U�
� �x
� x � 
� j� � �j � a

�
� Since t

C�
log

�
� � t

C�

�
is decreasing in C� and increasing in t � k� � E�Z�
� we need upper bounds
for C� and E�Z�
� For C�� we have

U�
� �x
 �

Z�
Z�

H�i��x
e�h��� �H�x�i � E��H
�i�


Z�
Z�

e�h��� �H�x�i ��


��

�
�� Z�

Z�
e�h��� �H�x�i

�

�
Z�
Z�

e�h��� �H�x�i
�
H�i��x
� E��H

�i�
� �
�
� �

�



We have

jlogZ� � logZ� � h� � � � H�x
ij � j� � �j�jHj ��


since the di�erential of the left hand term is E��H
�H�x
� We thus get

jU�
� �x
j � b�a


with b�a
 � eajHj�jHj� �
 � �� which gives an upper bound for C��
We now provide an upper�bound for E�Z�
� based on theorem �� We apply

this theorem to T � f� 	 j� � �j 
 ag� and to Y� �
Pk

p�� U
�
� �Xp
� We �rst

show that ��
 is true for 
��� ��
 � Lj� � ��j for a suitable constant L� Indeed�
we have

Lemma � For all x � 
� U�
� �x
 is a Lipschitz function of �� the Lipschitz

constant over f� 	 j� � �j 
 ag being bounded by jHj�jHj� �
eajHj�

Proof� The fact that U�
� is Lipschitz is obvious� since it is di�erentiable in �� so

we only need to estimate the derivative� Fix �� �� in the ball with center � and
radius a� We have� using ��
 in the �rst estimate



 dd�

�
Z�
Z�

e�h��� �H�x�i

�



 � jE��H
�H�x
jZ�
Z�

e�h��� �H�x�i � jHjeajHj





 dd�E��H
�i�






 � Var��H�i�
 � jHj�

which implies� using equation ��
� that the derivative of U�
� �x
 is uniformly

bounded by
�jHj�jHj� �
eajHj

ut
Let � � � be given� We now apply Hoe�ding�s inequality	 if V�� � � � � Vk are

iid centered random variables such that jVij �M almost surely then

P �







kX
i��

Vi






 � �
 
 � exp

�
� ��

�kM�

�
��


This can be applied to Yp � U�
� �Xp
 � U�

�� �Xp
� taking M � �jHj�jHj �
�
eajHjj� � ��j� This yields

P �jY� � Y�� j � �
 � � exp
�
� ��

�kM�

�

Let L � �
p
�kjHj�jHj��
eajHj� We have ��
� and thus ��
 for 
��� ��
 � Lj����j�

Moreover�

N �T� 
� �
 � max
�
��

�
L

�

�d	

�



so that theorem � yields

E�Z�
 � K�

Z L

�

r
�d log �

L

� �K�
p
dL

Z �

�

p
� log �d�

and thus

E�Z�
 � �K��
p
�kdjHj�jHj� �
eajHj ���


for the universal constant K�� �
p
�K��

We thus have� letting

v�a
 � �K��jHj�jHj� �
eajHj
p
�d

P �Z� � k�� � � exp
�
� �
K

k� � v�a

p
k

b�a

log

�
� �

k� � v�a

p
k

kb�a


�	
�

Since the same inequality is obviously true for Z�� this yields theorem ��

� Return times in a neighborhood of �


In this section� we assume that the algorithm is run with �xed a and k� and
consider the sequence ��n� n � �
 generated by ��
� This sequence is a Markov
chain� since it can be written

�n�� � F ��n� X
n
� � � � � � X

n
k 


with Xn
� � � � � � X

n
k independent� with distribution ��n � and

F ��n� x�� � � � � xk
 � argmax
n
�f�n��
 	 j� � �nj � a

o
with

�f�n ��
 � �h� � H�i � logZ� � log
kX

p��

e�h��� �H�xp�i �

Recall the notation

g��
 � inffjf ���
j 	 j� � �j � ag
Proposition � Let V be a neighborhood of �� such that

inf fg��
� � �� V g � � �
Then there exists a constant kV such that� if k � kV � the sequence �n returns
to V in�nitely often�

��



Proof� This proposition therefore states that the Markov chain ��n
 is recurrent
in the considered neighborhood� V � Notice that this neighborhood is small when
a is small�
Denote by Ap

n the event that �n stays out of V at least p times before step
n	

Ap
n �

�
nX

q��

�	�n ��V 
 � p

	

Fix � � � such that� inf fg��
� � �� V g � ��� so that� if � �� V � g��
��� � ��
De�ne the events

Ui �
h
sup

n
j �f ��i�k��
 � f ���
j 	 j� � �ij � a

o
� �

i
and

Bp
n �

�
nX
q��

�Ui � p

	

We �rst prove ��x� being the integer part of x � IR
	

Lemma � Assume that �� � V � There exists � � � such that Ap
n � B

	�p

n for

all n and p

Proof� Introduce the random times	

�� � minfq � � 	 �q �� V g

and for p � �
�p � minfq � �p�� 	 �q � V g

and
�p � minfq � �p 	 �q �� V g

Let pn be such that �pn � maxf�p 	 �p � ng� Lemma � implies that� if �q � V
and �q�� �� V � then

supfj �f ��q�k��
 � f ���
j 	 j� � �q j � ag � �

This already implies that� for each p � pn� the event U�p is true� We now
give a lower bound of the number of times Ui is true for �p 
 i 
 minf�p� ng�
Again from lemma �� if �q �� V � then either

supfj �f ��q�k��
 � f ���
j 	 j� � �q j � ag � �

or f��q��
 � f��q 
 � �a� Since jf ���
j 
 jHj� we have� in any case� f��q��
 �
f��q 
 � �jHja� Setting rp � minf�p� ng� and �p the number of q between �p
and rp such that Uq is true� we have

f��rp 
� f���p 
 � �rp � �p � �p
�a � �pjHja

��



Let fV � maxff��
� � �� V g	 we have f��rp 
 � fV�ajHj and f���p 
 � fV �ajHj
which yields

�ajHj � �rp � �p
�a � �p�� � jHj
a
or

�p � � � �rp � �p
� � �jHj
� � jHj � �rp � �p


�

� � jHj
which yields� since �p � � � ���p � �


�p � � � �

��� � jHj

Now� assume that As

n is true� which yields

s �

pnX
p��

�rp � �p


The number of occurences of Ui between � and n is t � pn �
Ppn

p�� �p and we
get	

t � �

��� � jHj
s

which yields the lemma with � � 	

��	�jHj� ut
This yields an upper bound on P �Ap

n
� Indeed� a direct application of theo�
rem � and of the Markov property for �n yields the fact that

P �Bp
n
 �

�
n
p

�
��k
p

with

��k
 � �d exp

�
� �
K

k� � v
p
k

b
log

�
� �

k� � v
p
k

kb

�	

b and v being given in theorem �� This yields

P �Ap
n
 �

�
n
���p

�
�	�
p

In particular� we can take p � ��n� for some � ���� ��� From Stirling�s

formula�

�
n
���p

�
is equivalent to

�

��n���� �

�n

with � � �� and

� � exp ���� � �
 log��� �
� � log��

��



If we take k large enough such that

� log ��k
 � ��� �
 log��� �
� � log � 
 �

then� for some � 
 ��

� log ��k
� ��� �
 log��� �
� � log� 
 �

�with � � ��
� This implies that P �A
	
n

n 
 tends to � at exponential speed�

From Borel�Cantelli lemma� this implies that� almost surely� A
	
n

n is true for a

�nite number of n� and thus that for n large enough� the proportion of instances
of �p � V for p � n is larger than ��� �
n� ut

� Comparison of strategies and cost optimiza�

tion

Because

jsup ff��
 	 j� � �j � ag � sup ff��k��
 	 j� � �j � agj
� a sup

n
j �f ���k��
 � f ���
j 	 j� � �j � a

o
�

theorem � implies that� when k tends to in�nity� and for a � j�� ��j� the prob�
ability for the Monte�Carlo supremum to be far from the maximum likelihood
decreases exponentialy fast� However� the values of k for which this bound be�
comes small increases exponentially fast in a� as does b��a
	 thus� for large a�
the required number of samples is likely to be untractably large for inducing a
reasonnably accurate estimation�
Iterating small steps� as suggested in ���� seems to be a better choice from the

point of view of our estimates� In fact� we shall see that the computational cost
of the algorithm increases only as a polynomial in jHj if a is selected adaptively�
A strategy� for algorithm � is the choice of a number of steps n� and of

the values of ap and kp at each step� We write S � �n� a�� � � � � an� k�� � � � � kn
�
Several notions can be associated to S� De�ne its range to be the maximal
distance which can be covered by the algorithm� that is

R�S
 �
nX

p��

ap

The computational cost of the strategy can be de�ned by

��S
 �
nX

p��

kp

Finally� de�ne the accumulated risk at level � by

�	�S
 �
nX

p��

���� kp� ap


��



with

���� k� a
 � �d exp

�
� �
K

�k� � v
p
k
�

b
log

�
� �

�k� � v
p
k
�

kb

�	

v � v��� a
 and b � b��� a
 being given in theorem ��
One may ask the following natural question	 given a maximal acceptable

value � for �	 and a �xed value r of R�S
 �based� for example� on the maximal
distance the starting point of the algorithm is expected to be from ��
� what
strategy S will provide the minimal cost ��S
 � Answering this question in full
generality seems quite intractable� To simplify� we assume� here again that the
values of ap and kp are �xed to a and k for all p	 in this case� we have r � na�

 	� Ga�S
 � nk� We thus have n � r�a� k � �
�r
a and

�	 �
r

a
����




r
a� a


Clearly� k should be larger than the minimal value for which the evaluation
of �	 is e�cient� namely� k� � v

p
k � �� this yields


 � 
��a
 �
r

a

�
v

�

��

So� take 
 � 
��a
�� � 	
 for some 	 � �� We have� since k � �
�r
a

k� � v
p
k � 
�a�r �

p
�
a�r
v

�
v�

�
�� � 	 �p

� � 	


and

k� � v
p
k

kb
�

v�

�kb
�� � 	 �p

� � 	


�
�

b
��� �p

� � 	



so that� for such a 
� letting g�	
 � �� � 	
�p
� � 	�

r

a
����




r
a� a
 � exp

�
�g�	
v

�

�b
log

�
� �

�

b
��� �p

� � 	



�
� log�a�r


�

so that� for any value of a� 	 should be selected such that

g�	

v�

�b
log

�
� �

�

b
��� �p

� � 	



�
� � log�a�r
� log�	

Noting that g�	
 � 	��� the condition can be further simpli�ed in

	 log

�
� �

�

b
��� �p

� � 	



�
� ��b

v�
�log�a�r
 � log�	
 ���


��



Since the left�hand term in increasing in 	� a suitable value 	� can be selected�
An upper bound for 	 can be taken to be �for any q ���� ��


	 � max�
�

��� q
�
� ��� �b

v� log�� � q��b

�log�a�r
 � log�	



which yields an explicit expression of 
 which can be plotted as a function of a�
in order to select the minimum value� Of course� because the constants in our
bounds are far from being optimal �in particular for the estimate of E�Z�

� the
numerical values of the obtained numerical costs are too high to be practical�
However� the plots presented in �gures � and � provide a qualitative picture of
the situation� showing� in particular� the existence of an optimal value for a� and
that variations in the choice of a can dramatically a�ect the required numerical
cost for a given risk � �which was �xed to ����
�
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Figure �	 Plots of the minimal values of 
 in function of a for two choices of
values for jHj� r� �	
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Figure �	 Plots of the optimal a �left
 and 
 �right
 in a log�scale in function of
jHj

Figure � shows that the optimal computational cost 
 grows at most as a
polynomial of jHj� This can be readily checked by computation� This is very

��



important� since� for �xed a� this cost should grow exponentially fast	 tuning a
correct value of this parameter is essential for the e�ciency of the algorithm�

� Re	ning the estimates

As noticed before� our estimates in theorem � are too rough to yield more than
a qualitative analysis� which was enough for our purposes� However� based on
other standard inequalities� they can be signi�cantly improved� As indicated
by the computations of the previous sections� the main room for improvement
does not lie in the use of the concentration of measure theorem �theorem �
 but
on the estimation of the expectation of the supremums� and thus on the use of
theorem �� Using� for example� better estimates for ��� or the sharp constants
provided by Massart in ����
� would not do us much good unless we signi�cantly
improve the estimation of the expectations�
Controling the expectations by subgaussian inequalities like ��
� is� when ��


is obtained by Hoe�ding�s inequality ��
� the easiest choice� In fact� as soon as
an exponential inequality of the kind

	s� t � T� 	� � �� P �jYs� Ytj � �
 � K exp

�
� 

�
�


�s� t


��

is available� in which  is an increasing convex function� an estimate of the
expectation of the supremum can be obtained by a chaining argument �see ����
�
together with a control of the Orlicz norm associated to  �see ����
� When the
variance of Ys�Yt can be controled as a function of d�s� t
� sharper inequalities
than Hoe�dings are available �cf� ����� ���
� like Bennett�s or Bernstein�s� Note
that� in general� the control of this variance by explicit constants is far from
obvious in the setting in which we are using these inequalities� but computer
evaluations can be devised for a given model� It is not sure� however� that even
with these re�ned inequalities� one would be able to obtain pratical estimates�
which could be used directly while designing an experiment�

Another direction into which our results should be generalized in order to
correspond to the actual contexts in which ��
 is used in practice� should be the
case when the generated samples Xn

� � � � � � X
n
kn
are dependent �typically forming

a Markov chain
� In fact� generating independant samples of ��� which we have
choosed to assume for the simplicity of the exposition� is most of the time
untractable� for the same reasons for which the maximum likelihood estimator
cannot be computed by deterministic methods�
However� a machinery similar tothe one we have used for independent sam�

ples is available for Markov chains	 concentration inequalities for empirical pro�
cesses have been proved in ���� �see also ���
� Inequalities similar to Hoe�ding�s
or Bernstein�s can be found in ���� ���� ��� or ����� In fact� exactly the same line
of proof can be applied to this more realistic setting� to yield almost similar
results� To be more precise� let us quote the theorems which would replace
theorem � and inequality � in the context of Markov chains�

��



Start with deviation inequalities� and �x some notation� Let the sequence
Y�� � � � � Yk be generated by an ergodic and aperiodic stationary Markov chain
with transition P on 
 �the invariant distribution is uniquely de�ned and pro�
vides the law of X�
� As before� let F be a countable family of functions
f 	 
� IR and

Z � sup
f�F

�





nX
i��

f�Yi








�

then

Theorem � �Samson� 	�
�� There exists a constant ��P 
 such that

P �Z � E�Z
 � t� � exp
�
� �

���P 

min

�
t

C
�
t�

���

��
���


where C � supf�F kfk��

�� � E

�
sup
f�F

nX
i��

f�Xi

�

	

The constant ��P 
 is related to the mixing properties of the Markov chain� If
� 
 � and � � � are such that� for all x� y � 
� and for all p � �

kP p�x� �
� P p�y� �
k � ��p ���


�the norm being the total variation norm
� then one may take �see ����


��p
 �
�

�� �p
�
�

The following estimate of the probability of deviation for a single variable
may be found in �����

Theorem 
 �Rio� Let F�� � � � �Fk be an increasing sequence of � � algebras
Let V�� � � � � Vk be a sequence of real	valued random variables such that� for some
sequence M�� � � � �Mk�

sup

�
kXik� �

������Vi
jX

k�i��

E�VkjFi


����� 	 j � i� � � � � n

�
�Mi ���


Then� for all � � ��

P �jV� � � � �� Vkj � �
 � p
e exp

��x����M� � � � ��Mk

�

���


If X�� � � � � Xk is a stationary Markov�chain on a �nite state� with transition
probability P satisfying ���
� and Vk � U �Xk
 � E�U 
 for some real�valued

��



function U � where the expectation refers to the invariant distribution � of the
chain� and if Fi is the ��algebra generated by X�� � � � � Xi� we have

E�VkjFi
�x
 �

Z
U �y
P k�i��� dy
�

Z
U �y
P k�i�x� dy
��dx


so that kE�VkjFi
k� � �jU j�k�i� This implies that� in this case� one can take

Mi �
��max�jU j�� �


�� �

which implies

P �jV� � � � �� Vkj � �
 � p
e exp

�
� x�

�jU j 

�� �

�

�
���


It is clear that the proof of theorem � can be carried on exactly the same way
when X�� � � � � Xk in the de�nition of �f��k is an ergodic Markov chain in station�
ary regime� with invariant distribution ��� satisfying ���
 for some constants
�� and �� � yielding

Theorem � For � � IRd�

P
�
sup

n
j �f ���k��
 � f ���
j 	 j� � �j � a

o
� �

�

� �d exp
�
� ���

p
��
�

��
min

�
k� � v�a� �


p
k

b�a

�
�k� � v�a� �


p
k
�

�kb�a
�

�	

with b�a
 � eajHj�jHj��
�� and v�a� �
 � �K��
p
d��jHj�jHj��
eajHj�

p
�� ��

where K and K�� are universal constants�

In addition to the the di�erent form taken by Samson�s deviation inequality
compared to Talagrand�s� which have little qualitative impact� the essential new
feature for Markov chains is that the bound now has to depend on the mixing
speed of the chain� that is on the constants �� and ��� If the mixing speed were
uniformly bounded in �� this would have no consequence� but it is typically not
the case in the standard practical situation when the sampled distribution is a
Gibbs �eld	 one should rather expect �� to degenerate and tend rapidly to �
when � tends to in�nity �typical available estimates are �� � ��exp��K�H
j�j

for large �� where K�H
 is a constant which depends on H
� This implies that
it would not be possible to obtain proposition �� using �xed k and a� at least
with the inequalities we have proved so far� In fact� it should be necessary to
assume that k adapts to �k� yielding a condition od the kind

p
k�� �p

��k
 � k�

for a large enough constant k�� This is similar to the results which have been
obtained in ���� in the case of stochastic gradient estimation�

��
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