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Abstract We propose a rigorous study of an ierative maximization algo-
rithm introduced by Geyer and Thompson for maximum likelihood estimation
of Markov random fields. One step of the algorithm consists in a Monte-Carlo
approximation of the likelihood, followed by a local maximization in the neigh-
borhood of the current parameter. We study convergence properties of the
induced process, and bound the computational complexity of the procedure.
The main tool involved in the stochastic analysis are deviation inequalities and
concentration of measure bounds applied to empirical processes.
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1 Introduction

In this paper, we study a numerical scheme which has been proposed in [5] for
maximum likelihood parameter estimation of exponential families. The frame-
work is the following: let © be a finite set of very large cardinality (typically,
Q = F¥ where F is finite and N is of order of hundreds or thousands). The
considered models are indexed by 6 € IRY, and defined by

1
mo(x) = —e (0 H@) zeQ
Zy
where I : Q — IR is a function and (., .) is the usual inner-product on RY.
The computation of the maximum likelihood for such models i1s an intricate
numerical problem, since 1t requires finding the solution of

Z H(l,)e—(e,H(x» = H(x) Z o= (8, H(e))
€N z€EQN

both terms being impossible to compute because of the overwhelming cardinality
of Q. Feasible solutions to this problem pass by Monte-Carlo sampling and
probabilistic numerical approximations.



There are essentially two ways for introducing such an approximation. The
first one is to work on the gradient descent algorithm, and estimate the gradient
step by Monte-Carlo simulations. This approach provides a Robbins-Monro
stochastic approximation procedure, which has been studied in [17], [18] and
[20]. Other references for practical applications of this approach are [7], [10],
[11], [19], ...

The other point of view is to directly approximate the log-likelihood

F(0) :=logmg(xg) = —log Zo — (6, H(z0)),

by Monte-Carlo sampling. More precisely, if X;,..., X are random samples of
a distribution 7, > 0 on Q, f(#) can be estimated by

1 Fy e (H(Xy), 6)
—(0, H(zo)) — log 7 Z qu)
g=1
and maximized by standard deterministic methods. The issue of course is how
good this approximation can be, for reasonable (feasible) values of k. Finding
a good probability m, is the subject of importance sampling theory. It is easy
to show that the best choice, for a fixed # (the one for which the variance of

—(H(Xq),0)

e )
Z T (Xg)

g=1

is the smallest) for independent samples X, ..., X with law 7, is provided by
7. (2) = mg(x) for all #. This is however useless for our purposes, since f(f) has
to be maximized in #: the distribution 7. must provide a small variance for all
6.

However, because of this result, it can be expected that, for ¥ € R? the
distribution 7. = my will provide good approximations of f(#) for & close to .
This yields the algorithm proposed in [4], (an ancestor of which being in [12]
in the case of spatial points processes), which consists in iteratively maximizing
an approximate log-likelihood in the neighbourhood of some current parameter
f,, to obtain the update 6, 1.

The object of this paper is to study this algorithm, and in particular to
enlight the trade-off between the expected precision of the estimations and the
overall numerical complexity of the algorithm. This will be the subject of section
6. Technical results will be obtained before this, in sections 3 and 4. The
former will contain deterministic results related to the convergence of this kind
of algorithm, under the hypothesis of a uniform control of the difference between
the exact gradient of the likelihood and its stochastic approximation. Section
4 1s devoted to the estimation of the probability of validity of such a uniform
control, and is based on rough application of results on the speed of convergence
of empirical processes.

Throughout this paper, we make the simplifying assumption that the sam-
ples (Xg,¢ = 1,..., k) which are used for the estimation of the likelihood are



independent. This is almost never the case in practical experiments, in which
they typically follow a Markov chain controlled by the current parameter 8,,.
We describe how our results can be extended to this framework in section 7.
We consider, however, that most of the interesting features of the analysis al-
ready appear in the simplified setting, while requiring less technicalities than
what would be needed in the Markovian case. We therefore restrict to i1t in the
main line of the paper. For the same reason, we work with rough bounds in the
application of the theorems on empirical processes, some details on how getting
better bounds being also provided in section 7.

2 Algorithm

We fix the notation, and give the precise definition of the algorithm under study.
Let Q be a finite space and H a function H : @ — R®. For each 0 € RY, for
each z € Q, let

6_<€ ) H(x»

mo(x) = Z

Where Z€ = erﬂ 6_<€ ,H(l‘)> .
The algorithm proposed in [5] aim at maximizing mg(xg) for a given zy € Q
using a probability renormalization approach. Fix z¢ and let Hy = H(#q). Set

F(0) =—(0, Hy) — log Zs

This function is concave in #, and we shall assume, in the following, that it
is strictly concave, and that it admits a unique maximum 6* € IR?. These
assumptions are discussed in [5]: strict concavity is equivalent to the fact that
there is no v € R® such that = — (u, H(x)) is constant, and the existence of
the maximum to the fact that Hy lies in the interior of the convex hull of the

points {H (), z € Q} C R
If € R%, a straightforward computation yields

f(g) = _<6a H0>—10gZ¢ —IOgE¢ |:e_<€_¢7H>i| (1)

where Ey refers to the expectation with respect to my. Thus, if Xy,..., X} is
a sequence of iid variables with distribution 7y, f(#) can be approximated by

k
$ em(0=8,5X,)
p=1

For any fixed @, and for large &, this converges to f(#). Moreover, it can be

ﬁ/}yk(g) = _<97 H0> - IOgZ¢ — log

| =

shown that, if 85 is a maximizer of ﬁp,k (¢ being fixed), and the sequence 6
is bounded, then, it converges, when % tends to infinity, to 8*, the maximizer
of f (see [4]). However, for fixed k, fwyk(ﬁ) is a good approximation of f(6)
only for # in a neighborhood of v, the size of this neighborhood depending on



the number of samples, k. For a given precision, 1t appears that & should grow
exponentially with the norm |6 — 1|, so that the computations would become
intractable when 6~ is too far away from .

For this reason, the authors in [5] have introduced a recursive algorithm
which only performs local maximizations of ﬁﬁyk. This can be described as
follows: fix 6y € Rd, the starting point. Fix also two sequences: ag,aq,... of
positive real numbers, and kg, k1, ... of positive integers. At time n, let 8, be
the current parameter, and define 8,1 such that

for ko (Ong1) = max{fs, 5, (0),10 — 0,] < an} (2)

where femkn is computed like in (1), using X7, ... , Xi , asequence of iid sam-
ples of my_ .

We study convergence properties of this algorithm. More precisely, we try to
answer the question whether the parameter 8, will eventually pass in a neigh-
borhood of 8*. Note that we are not interested in letting &, tend to infinity,
which would be too costly, nor letting a,, tend to 0, because the algorithm will,
in the end, be equivalent to a stochastic Newton algorithm which can be studied
using the methods of [20]. Also, the practical advantage of the algorithm lies in
the fact that maximization is performed with positive a,, hopefully as large as
possible, and reasonably large values of &,,.

The study of the behaviour of the sequence (6,) is split in two parts: we
first analyze the consequences of the concavity of f to prove that a control of

sup{|f, 5, (6) = /' (0)] : 10 = 6 < an}

is enough to ensure convergence, and then try to bound the probability that
this supremum 1s small.

3 Deterministic bounds

In this section, we use the concavity of f and feyk to show how a uniform

control of the approximation of f/(6) by fén k, (0) can be used to show that the
algorithm eventually approaches a neighbour}lood of 8%, the maximum likelihood
estimator. This is essentially contained in the next lemma. For ¢ € R? and
a > 0, we let

ga() = inf {|f'(0)] : [0 — | < a}
We have

Lemma 1 Let (8,,p > 0) be generated by (2). Fiz n > 0 and let

M = sup{|fp, 1, (6) = [/(0)] : 10 — 0] < an}

and
gn = Ga, (0n) = inf {| [/ (0)] : 10 — 0,] < an}
Assume that oy := gn — 2nn, > 0: then f(0n41) — f(0n) > dnan.



Proof: By concavity, we have:

f(6n+1) - f(gn) <f/(6n+1) ; 9n+1 - 6n>

<fén,kn(9n+1) Ops1 —0,) — apny

The fact that §, > 0 implies that |f; . (0)] > gn —nn > 0 for [0 — 0,] < an,
which implies that 6,41 cannot be a élobal maximizer of fén %, and therefore
that |6,4+1 — 0] = an. Thus, because 6,41 is a maximizer, fén kn(9n+1) must
be colinear to 0,41 — 0, (which is normal to the ball centered at 6,), and more
precisely

2
2

(F'(Ong1), Ongr = 0n) = [F' (Ong1)|0ns1 = 0n] > (gn — 1n)an
so that f(0n41) — f(0n) > dpan. a

Corollary 1 Assume that 3", a, = +oo. Assume that for some ng > 0 and
some constants a and 1, one has n, < n and a, < a, for all n > ng. Define

g = inf{ga(0) : f(0) < a}

Then, if qo — 2n > 0, there exists ny > ng such that f(0,) > o — |H|a for all
n > ny, where

|H| = max {|H(z) — H(y)|,z,y € 2}

Proof: Set U, = {0 : f(#) < «}. By the previous lemma, if ¢, > 21, the sequence

6, may only stay a finite time in Uy, since, if ,, ..., 0p4p stay in Ua, f(Onyp) —
F(0n) > (qa — 27) Z?:tf_l a; (by definition of ¢4), and the lower bound can be

made arbitrary large.

So, there is an integer ny such that f(6,,) > «. In addition, each time a
6, goes back to Uy, the sequence f(f,4,) increases until 6,4, goes out of U,.
Since |f(0n) — f(Ons1)] < |H||0p — Opy1| < alH|, for any n > ny, f(f,) can
never become smaller than o« — |H|a, as announced. a

Let o = max(f) = f(0*). The set US = R\ U, for a < o* is an open
neighborhood of §*. The previous corollary implies then that, if the errors 7,
are small and a is small, the sequence (6, ) will stay close to 6*.

4 Stochastic bounds
Fix ¢ € R?%. Our next step is to bound the probability
P (sup {17,.4(0) = 1/(0)] : 10— v| < a} > )

in function of k&, n and a. This will provide a confidence estimate for the validity
of lemma 1. More precisely, we prove



Theorem 1 For vy € Rd,
(sup {I55.4(0) = (@)1 : 19 = ¥ < a} > )

1 kn—v(a)\/z kn—v(a)\/z
< 6dexp l I,Tlog (1—1— T@))]

with b(a) = e (| H| + n) + n and v(a) = 2K"Vd|H|(|H| + n)e®H! where K
and K" are universal constants.

Here, we have used the notation |H| = max{H(i)(x) —HO(y):i=1,...,d,x,y€ Q}
The proof uses deviations inequalities for empirical processes which are recalled
in the next section.

4.1 Deviations inequalities

We use a concentration of measure theorem, proved by Talagrand:

Theorem 2 (Talagrand) Let Y, ...,Y, be independent random variables on
a probability space Q. Let F be a countable family of functions f : Q — IR.
Denote by Z the random variable

= sup
JEF

PIZ > E[Z]+1] < 3exp [—%%log (1+%)] 3)

Then,

where C' = sup ez || fllco,

o’ =F

and K is a universal constant.

Note that, since 02 < kC?, the weaker bound is valid

PZ > E[Z] +1] < 3exp [_%51% (1 + E)] (4)

which will be enough for our purposes.
To use this theorem, one must also control the value of the expectation E(7).
We handle this with the following estimate (see, for example, [16] for a proof):



Theorem 3 (Dudley) Let (Yi,t € T) be a family of random variables indered
by a metric space T, provided with a distance ~, such that

/\2
VS,tET,VA>OaP(|YS_Yt|>A)SQexp <_'Y(5,t)2) (5)

One has, for all finite subset F C T

EsupV, < K’/ V0og N(T,~,€)de (6)
0

teFr

where N(T,7,€) is the marimal number cardinality of the subsets of T which
contain only elements at distance larger than ¢ on of each other, and K' is a
universal constant.

Since the right-hand term in (6) in independent of F, the left-hand term can be
replaced by

sup {Esqut FCTF ﬁnite}
teF

which will is equal to E'sup,.p X; as soon as an approximation argument by
a denumerable dense subset can be used (for example if t — X; is continuous,
which will be the case when we shall apply this theorem).

4.2 Proof of theorem 1

We have ~ X))
: Sy H (X, el
fwk() = 1k o — Ho
szle (8-, H(X,))
and
/ Zy —(0—y , H)
f(0) = Fo(H)— Hy = Z€E¢[He e

Letting H{) be the ith component of H : Q — R, we have

@mﬂﬁﬁH—-TWIW—MSG}>@

> X,)e (=¥, H(Xp))
:P(Sup{‘ B 1 16 —{#=¢, H(Xp)) — Eg(H)| |0 —¢]<ap>n
P

ot (0=, H(X,p))
< dmax P (sup{‘Zp : ( n)e —EQ(H)‘:|6—1/)|§G}>7])

—(0-y, H(X,))

We now fix i and set Tp = e~ {#=¥ H) and Sy = HOTy. Let

ST SEIE T YETIPIO FO




We have

Ak, a,n) = _

P (|€Eil|)<a Ew(Te)Zse(Xp) - Ew(Se)ZTe(Xp) —nE¢(T9)ZT9(Xp)] > 0)
=7 (|efil|)< By (Th) ZSQ(X”) — By (%) ZTG(XP) — nEy(Ty) ZTG(XP)] > 0)
o (|efil|)< By (55) ZTG(X”) — By (T3) ZS€(XP) — nEy(Ty) ZTG(XP)] > 0)

Letting
iy = 6@ Py(Se) Ty(x)  Ti(e)
U = BTy T B @ BT T BT T
and
U (o) = Do) To@)  Si@) | Tol@)

Ey(Ty) Ey(Ts)  Ey(Ts) " Ey(Th)

this can be written

Alk,a,m) < P (SUP{Z U (Xp) 10— 9| < a} > k’n)

p=1
k
+P (sup {Z Uy (Xp) 16—y < a} > kn) :
p=1

Since Ew(U;') = Fy(Uy ) =0, we now are in position to apply theorem 2: let

k
Z% :sup{ZU;'(Xp) 20—y < a}

p=1

By theorem 2,

KO+ kC+

where t = kn—F(Z%), CT = sup {U;'(x),x e, 8-y < a}. Since Ct—+log (1 + Ct—+)
is decreasing in C't and increasing in ¢t = kn — F(Z%), we need upper bounds
for C* and F(Z71). For C*, we have

P[Z+Zk77]§3exp[ L ! log(l—l—L)]

Z 7 —{6— T 7 Z —{0— T
Ut(e) = Z_ZH()(x)e (6—y, H( )>_E€(H())Z_je (0=, H(x)) (7)
Z
+n (1 Dty ,H<x>>)

_ Lo (-, H) () (i)
= S (HO @) = BEo(HD) =) +9



We have
log Zy —log Zg — (6 — ¢, H(x))| < |0 — ¢[.|H| (8)
since the differential of the left hand term is Eo(H) — H(x). We thus get
U5 ()] < ba)

with b(a) = e (|H| + n) + n, which gives an upper bound for Ct.

We now provide an upper-bound for E(Z%), based on theorem 3. We apply
this theorem to 7' = {6 : |0 — ¢| < a}, and to Yy = 22:1 U (X,). We first
show that (5) is true for v(6,0") = L|# — #'| for a suitable constant L. Indeed,
we have

Lemma 2 For all z € Q, U;'(x) 1s a Lipschitz function of 8, the Lipschitz
constant over {0 : |0 — | < a} being bounded by |H|(|H|+ n)e?l .

Proof: The fact that U€+ 1s Lipschitz 1s obvious, since it is differentiable in 8, so
we only need to estimate the derivative. Fix 6,6’ in the ball with center ¢ and
radius a. We have, using (8) in the first estimate

4 (Zy (9, H@) 24 (09, H(x) alH]
) — ) <
d9< e |Eg(H) — H(z)| X |H |e

d
de

T —
which implies, using equation (7), that the derivative of U (2) is uniformly

bounded by
2\H|(|H |+ n)e !

O
Let A > 0 be given. We now apply Hoeffding’s inequality: if V1,... Vj are
iid centered random variables such that |V;| < M almost surely then
P Vil > A) <2 - 9
(34> 0 < 2050 (~5370) Q

This can be applied to Y, = US(X,) — U} (X,), taking M = 2|H|(|H]| +
n)e® 16 — ¢'|. This yields

/\2
P(|Ys — Yor| > A) < 2exp <_2kM2)

Let L = 2v/2k|H|(|H |+n)e? . We have (5), and thus (6) for v(0,60") = L|6—0'|.

Moreover,
NG
N(T,~,€) < max [1, (—) ]
€



so that theorem 3 yields

L
E(Z%) < K’/ J—dlog <
0 L
1
= 2[(’\/EL/ V/— log ede
0
and thus
E(Z%) < 2K"\2kd|H|(|H| + n)e®!H (10)

for the universal constant K" = /7 K’.
We thus have, letting

v(a) = 2K"|H|(|H |+ n)ed1V/2d

Since the same inequality is obviously true for Z~ | this yields theorem 1.

5 Return times in a neighborhood of 6*

In this section, we assume that the algorithm is run with fixed a and %k, and
consider the sequence (6,,n > 0) generated by (2). This sequence is a Markov
chain, since it can be written

Oppr = F(0,, X7, ..., XP)

with X7, ..., X} independent, with distribution 7, and
F(lp, 21, ... ,25) = argmax{fgn(ﬁ) 26— 0, < a}
with
i k
Jo.,(0) = —(0, Ho) —log Zy —log y e~ #=¢ - Hlwn)),
p=1

Recall the notation
g(¥) = inf{[f/(O)] |0 — | < a}
Proposition 1 Let V' be a neighborhood of 0, such that

inf {g(¢), ¥ ¢V} >0.

Then there exists a constant ky such that, of k > kv, the sequence 0,, returns
to V infinitely often.

10



Proof: This proposition therefore states that the Markov chain (6,,) is recurrent
in the considered neighborhood, V. Notice that this neighborhood is small when
a is small.

Denote by AP the event that 8, stays out of V' at least p times before step

AL =

n
Z g, qv12p
q=0

Fix n > 0such that, inf {g(¢), ¢ &€ V} > 3n, so that, if ¢ € V, g(¢))—2n > 7.
Define the events

Ui = [sup {15, 4(0) = F'(O)] :10 = 6,] < a} > n)

and

BE =

n
> 1, >p
g=0

We first prove ([«] being the integer part of » € IR):

Lemma 3 Assume that 6o € V. There exists p > 0 such that AL C BLpp] for
all n and p

Proof: Introduce the random times:
oop=min{g >0:0, &V}

and for p > 0
T =min{q > op_1 : 6, €V}

and
op =min{g > 7, : 0, ¢V}

Let p, be such that ¢,, = max{o, : 6, < n}. Lemma 1 implies that, if 8, € VV
and G441 ¢ V, then

sup{[fj, x(6) = J' ()] : 10 = 0] < a} >

This already implies that, for each p < p,, the event U, is true. We now
give a lower bound of the number of times U; is true for ¢, < ¢ < min{7,, n}.
Again from lemma 1, if , € V, then either

sup{[fj, x(6) = J' ()] : 10 = 0] < a} >

or f(8441) — f(84) > na. Since |f'(0)| < |H|, we have, in any case, f(f441) —
f(8y) > —|H|a. Setting r, = min{7,,n}, and v, the number of ¢ between o,
and r, such that U, is true, we have

f(grp) - f(gop) > (rp —0p — Vp)na - Vp|H|a

11



Let fy = max{f(0),0 € V' }: wehave f(0,,) < fv+a|H|and f(0,,) > fv—alH]|
which yields
2a|H| 2 (rp — op)na —vp(n + [H])a

or

n
> — _
- (rp Up)7]+|H|

which yields, since v, +2 < 2(v, + 1)

n
1> ———
T )

Now, assume that A} is true, which yields

The number of occurences of U; between 0 and n is t = p, + Zgio vp and we
get:
n
t> —————s

~ 20+ |H])
which yields the lemma with p = Mﬁl) O

This yields an upper bound on P(AP). Indeed, a direct application of theo-
rem 1 and of the Markov property for 6, yields the fact that

Py < (1)

P
with
_ 1 kn— wk kn— vk
(k) = 6dexp l—ﬁTlog (1 + 0

b and v being given in theorem 1. This yields

P(AD) < ( [p?p ) rlr

In particular, we can take p = [An] for some A €]0,1[. From Stirling’s

formula, ( n ) 1s equivalent to
[plp

1

2rna(l — a)

Bn
with @ = Ap and

B=exp[—(1 —a)log(l — a) — aloga]

12



If we take k large enough such that

ploge(k) — (1 — p)log(l — p) — plogp <0
then, for some A < 1,

aloge(k) — (1 —a)log(l —a) — aloga < 0

(with @ = Ap). This implies that P(AB”]) tends to 0 at exponential speed.

From Borel-Cantelli lemma, this implies that, almost surely, AE‘”] 1s true for a
finite number of n, and thus that for n large enough, the proportion of instances
of 6, € V for p < n is larger than (1 — A\)n. O

6 Comparison of strategies and cost optimiza-
tion
Because
[sup {f(6) : 10 — ¥ < a} —sup {fyx(0) : |0 — ¥| < a}|
< asup{1f}(0) = F(0)] : 10— v| < a}

theorem 1 implies that, when k tends to infinity, and for a > |¢» — 6.|, the prob-
ability for the Monte-Carlo supremum to be far from the maximum likelihood
decreases exponentialy fast. However, the values of k for which this bound be-
comes small increases exponentially fast in a, as does b((a): thus, for large a,
the required number of samples is likely to be untractably large for inducing a
reasonnably accurate estimation.

Iterating small steps, as suggested in [5], seems to be a better choice from the
point of view of our estimates. In fact, we shall see that the computational cost
of the algorithm increases only as a polynomial in |H| if a is selected adaptively.

A strategy, for algorithm 2 is the choice of a number of steps n, and of
the values of a, and k, at each step. We write S = (n,a1,..., a5, k1,...,ky).
Several notions can be associated to S. Define its range to be the maximal
distance which can be covered by the algorithm, that is

n

R(S) = Z ap

p=1

The computational cost of the strategy can be defined by

I'(s) = Zn: kp

Finally, define the accumulated risk at level n by

n

() = 26(77’ kp,ap)

p=1

13



with

e(n, k,a) =bdexp | -——"—""— —_—

1 (kn—vV/k)T (kn — oVk)*t
K b log (1 R )]

v =wv(n,a) and b = b(n, a) being given in theorem 1.

One may ask the following natural question: given a maximal acceptable
value ¢ for £, and a fixed value r of R(S) (based, for example, on the maximal
distance the starting point of the algorithm is expected to be from 6.), what
strategy S will provide the minimal cost T'(S) ? Answering this question in full
generality seems quite intractable. To simplify, we assume, here again that the
values of a, and &, are fixed to @ and k for all p: in this case, we have r = na,
v := Ga(S) = nk. We thus have n = r/a, k = (v/r)a and

roo
z, = a€(77, ~a, a)

Clearly, k should be larger than the minimal value for which the evaluation
of X, is efficient, namely, kn — vk > 0; this yields

7> 0(a) = = (2)2

a\n
So, take ¥ = yg(a)(1 + ¢) for some § > 0. We have, since k = (y/r)a

kn—ovk = vyna/r—+/(ya/r)v
- %(1+5—¢1+—6)

and

. 2
bi—wk s TR

kb nkb
= Tu ! )
b V1446

so that, for such a v, letting ¢(9) = (1 +9) — V1 + 4,

" a0y = exp [-o00) 1o (14 20 - — L) —togtasr)

so that, for any value of a, § should be selected such that

v? i 1
o16) S 10g (14 1= <L) > —togta/) ~ oo

Noting that g(6) > d/2, the condition can be further simplified in

7 1 2b
Jlog (1 + 3(1 — \/1-1-—5)) > —v—z(log(a/r) + logoy) (11)

14



Since the left-hand term in increasing in §, a suitable value §; can be selected.
An upper bound for § can be taken to be (for any ¢ €]0, 1])

1 X 2%
(1-¢? 7 wv?log(l+ qn/b)

which yields an explicit expression of 4 which can be plotted as a function of a,
in order to select the minimum value. Of course, because the constants in our
bounds are far from being optimal (in particular for the estimate of E(Z71)), the
numerical values of the obtained numerical costs are too high to be practical.
However, the plots presented in figures 1 and 2 provide a qualitative picture of
the situation, showing, in particular, the existence of an optimal value for a, and

J = max(

(log(a/r) +logay))

that variations in the choice of a can dramatically affect the required numerical
cost for a given risk ¢ (which was fixed to 0.01).

x10’ x10°

o 002 004 006 008 01 012 014 016 018 02 o 001 002 003 004 005 006 007 008 009 01

Figure 1: Plots of the minimal values of + in function of a for two choices of
values for |H|,r, o,

Figure 2: Plots of the optimal a (left) and v (right) in a log-scale in function of
| H|

Figure 2 shows that the optimal computational cost v grows at most as a
polynomial of |H|. This can be readily checked by computation. This is very
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important, since, for fixed a, this cost should grow exponentially fast: tuning a
correct value of this parameter is essential for the efficiency of the algorithm.

7 Refining the estimates

As noticed before, our estimates in theorem 1 are too rough to yield more than
a qualitative analysis, which was enough for our purposes. However, based on
other standard inequalities, they can be significantly improved. As indicated
by the computations of the previous sections, the main room for improvement
does not lie in the use of the concentration of measure theorem (theorem 2) but
on the estimation of the expectation of the supremums, and thus on the use of
theorem 3. Using, for example, better estimates for o, or the sharp constants
provided by Massart in ([9]), would not do us much good unless we significantly
improve the estimation of the expectations.

Controling the expectations by subgaussian inequalities like (5), is, when (5)
is obtained by Hoeffding’s inequality (9), the easiest choice. In fact, as soon as
an exponential inequality of the kind

Vs, t € T,YA > 0, P(|Ys — Y| > A) < Kexp (—\I! (L))
(s, 1)

is available, in which ¥ is an increasing convex function, an estimate of the
expectation of the supremum can be obtained by a chaining argument (see [16]),
together with a control of the Orlicz norm associated to ¥ (see [13]). When the
variance of Y; —¥; can be controled as a function of d(s,t), sharper inequalities
than Hoeffdings are available (cf. [13], [6]), like Bennett’s or Bernstein’s. Note
that, in general, the control of this variance by explicit constants is far from
obvious in the setting in which we are using these inequalities, but computer
evaluations can be devised for a given model. It i1s not sure, however, that even
with these refined inequalities, one would be able to obtain pratical estimates,
which could be used directly while designing an experiment.

Another direction into which our results should be generalized in order to
correspond to the actual contexts in which (2) is used in practice, should be the
case when the generated samples X{',... X}’ are dependent (typically forming
a Markov chain). In fact, generating independant samples of my, which we have
choosed to assume for the simplicity of the exposition, is most of the time
untractable, for the same reasons for which the maximum likelihood estimator
cannot be computed by deterministic methods.

However, a machinery similar tothe one we have used for independent sam-
ples is available for Markov chains: concentration inequalities for empirical pro-
cesses have been proved in [15] (see also [8]). Inequalities similar to Hoeffding’s
or Bernstein’s can be found in [1], [3], [2] or [14]. In fact, exactly the same line
of proof can be applied to this more realistic setting, to yield almost similar
results. To be more precise, let us quote the theorems which would replace
theorem 1 and inequality 9 in the context of Markov chains.
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Start with deviation inequalities, and fix some notation. Let the sequence
Y1,...,Ys be generated by an ergodic and aperiodic stationary Markov chain
with transition P on € (the invariant distribution is uniquely defined and pro-
vides the law of X;). As before, let F be a countable family of functions

f: Q2 — R and
7 = sup
JeF

Theorem 4 (Samson, [15]) There exists a constant T'(P) such that

PIZ> E(Z) + 1] < exp (-Wlmmm (é%)) (12)

where C' = sup ez || fllco,

then

supi ]

fe}-z 1

The constant T'(P) is related to the mixing properties of the Markov chain. If
p < 1 and g > 0 are such that, for all z,y € Q, and for all p > 0

1PF(x,.) = PPy, )| < pp” (13)

(the norm being the total variation norm), then one may take (see [15])

_ H
L

The following estimate of the probability of deviation for a single variable
may be found in [14].

Theorem 5 (Rio) Let Fy, ..., Fy be an increasing sequence of o — algebras
Let Vi, ..., Vi be a sequence of real-valued random variables such that, for some
sequence My, ... My,
sup{HXiHoo—l— 2V; Z (Vie| i) :j:i,...,n}gMi (14)
k=14+1
Then, for all A > 0,
P(Vi+- 4+ Vi| > A) <Veexp (—2?/(2M1 +...2My)) (15)
If Xy,..., Xy is a stationary Markov-chain on a finite state, with transition

probability P satisfying (13), and Vi = U(Xy) — E(U) for some real-valued
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function U, where the expectation refers to the invariant distribution 7 of the
chain, and if F; is the o-algebra generated by X1,...,X;, we have

BOGEN ) = [ TP i) = 0P e dyyn(a

so that ||E(Vi|Fi)||oo < p]U]p"~%. This implies that, in this case, one can take

o Zma(U 1)
L=p
which implies
P([Vit -+ Vi >A) <e ( v xl"’) (16)
L4+ Vi <eexp|———x —F
U1 p

It is clear that the proof of theorem 1 can be carried on exactly the same way
when X1, ..., X} in the definition of ﬁp,k is an ergodic Markov chain in station-
ary regime, with invariant distribution my, satisfying (13) for some constants
py and py, yielding

Theorem 6 For ¢ € Rd,
P (sup {17,4(0) = £/(0)] : 10 = ¥ < a} > n)

(L=vp)® [ kn—va, )VE (k= v 0)VE)?
< 6dexp [— 1 min ( b(a) , k() )]

with b(a) = ¢V (|H |+n)+n and v(a, ) = 2K\ /dpy | H|(|H|+n)e* 1/ \/T=py

where K and K" are universal constants.

In addition to the the different form taken by Samson’s deviation inequality
compared to Talagrand’s, which have little qualitative impact, the essential new
feature for Markov chains is that the bound now has to depend on the mixing
speed of the chain, that is on the constants py and gy . If the mixing speed were
uniformly bounded in v, this would have no consequence, but it is typically not
the case in the standard practical situation when the sampled distribution is a
Gibbs field: one should rather expect py to degenerate and tend rapidly to 1
when ¢ tends to infinity (typical available estimates are py < 1—exp(—K(H)|¢|)
for large ¢, where K(H) is a constant which depends on H). This implies that
it would not be possible to obtain proposition 1, using fixed k and «a, at least
with the inequalities we have proved so far. In fact, it should be necessary to
assume that & adapts to 8, yielding a condition od the kind

V(1 = \/pa,) > ko

for a large enough constant ky. This is similar to the results which have been
obtained in [20] in the case of stochastic gradient estimation.
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