ON THE CONVERGENCE OF MARKOVIAN STOCHASTIC ALGORITHMS
WITH RAPIDLY DECREASING ERGODICITY RATES

LAURENT YOUNES

ABSTRACT. We analyse the convergence of stochastic algorithms with Markovian noise when the
ergodicity of the Markov chain governing the noise rapidly decreases as the control parameter
tends to infinity. In such a case, there may be a positive probability of divergence of the algorithm
in the classic Robbins-Monro form. We provide modifications of the algorithm which ensure
convergence. Moreover, we analyse the asymptotic behaviour of these algorithms and state a
diffusion approximation theorem.

1. INTRODUCTION

Stochastic algorithms of Robbins-Monro type with Markovian noise form a category of processes
for which almost sure convergence cannot be obtained in general. The reason is that the ergodicity
of the Markov chain governing the noise may decrease when the control parameter tends to infinity,
and trap the algorithm within an exploding regime. In this paper, we study rigorously a natural
strategy in which more time is spent for estimating the variations of the control parameter for large
values of this parameter. In particular, we give conditions under which this strategy converges.

We consider the following framework. Let Q be a probability space, and (mg, 0 € ]Rd) a family
of probability distributions on € indexed by a parameter 0. Let also, for all 8, f(6,.) = fa(.) be a
function defined on ©Q with values in Rd, and :

(1) h(O)= [ f(0,x)me(dz).
Q
0

The problem is to solve the equation h(f) =
For this purpose (especially when h(f) is the gradient of a function L to maximize), one may
follow the dynamical system

(2) 0 = h(0)
with discretized form
(3) €n+1 = gn + Vh(gn) s

where v is the time discretization step. Stochastic algorithms for the solution of (1) are needed when
the function h cannot (for numerical reasons, or because my is unknown) be efficiently computed,
but when samples from 74 can easily be obtained (by simulation or experiments). Robbins and
Monro ([18]) considered the case when at step n of the algorithm (3), a sample X"*t! of the
distribution 7, is given, and propose an updating rule of the kind

(4) Ong1 = Op + 'Yn+1f(6n;Xn+l) .

It is necessary, in this case, to use a time discretization which depends on n. Under quite general
conditions on 7,, f and my, it can be shown that this procedure almost surely converges to an
asymptotically stable point of (2) when such a point exists.
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However, there can be situations when a sample of my_, cannot be obtained at each step of the
procedure. This happens when my cannot be directly simulated, generally for the same numerical
reasons for which A(f) could not be computed. Instead (and this is the case we consider here), a
feasible dynamical simulation procedure may be available for my, which means that it is possible to
construct a Markov chain on €2, associated to some transition probability P, which is ergodic and
converges in distribution to mg. In such a case, one can use a procedure in which the updating of
0, is the same as in (4), but in which the sample X"*+! is no more assumed to be drawn from
but from the distribution Py (X™,.). Even in the case when (2) admits an asymptotically stable
point, convergence cannot be obtained in general if the ergodicity of the Markov chain governed
by P, decreases too fast when 6 tends to infinity. Convergence results are provided in [1] under
hypotheses which more or less assume that such a phenomenon does not occur.

Note that a necessary condition under which the sequence 7, is a time discretization of [0, +o00|

is

A typical condition needed for almost sure convergence (for example in the Robbins-Monro case)
is 45 < oo for some o > 1. But, in the present case, one can exhibit situations (cf. paragraph
6.3) for which divergence may occur even with v, = a/n, if the constant a is too large. In fact,
it is shown in [21] (in a special context) that a sufficient condition for almost sure convergence is
Yn = a/n with a small enough. An important ingredient for this result was the fact that f(0,.)
was bounded, which yielded useful a priori bounds on the norm of #,,. However since these bounds
were a priori, they necessarily were very rough, and the value of the constant a which was provided
in [21] was too small to be used in practice. In fact, good practical results have been obtained with
larger values of a.

Note that almost sure convergence results are often given under the additional hypothesis of
boundedness of the sequence (0,). In practice, it is always possible to use a projection procedure
on some compact set, which therefore ensures boundedness. However, the choice a priori of the
compact set on which the projection is done is, in many cases, not obvious, especially when the
dimension of 8, is large. To know that almost sure boundedness is true even without projection is
valuable, for both theoretical and practical reasons.

In this paper, we study a modification of (4) in which several iterations of the simulation
procedures are performed before updating 6,, the updating being done using the average of the
values of f(0,,.) which have been obtained. Such an approach is very often used in practice, and
our purpose is to check how this can help for convergence.

More precisely, we will study the following scheme. Let 6, and X" be the current parame-
ter and state. Let k, be an integer, which may depend on 6,. We generate a Markov chain
yrtLo o yntLEe in Q by YntL0 = X7 and P(Y?tLE ¢ | yntbh-l = 3) = By (2, .). Fi-
nally, we define the recursion

k
. 1 <& .
14 _ n+1k
(5) Ont1 = On + Yot HZf(en,Y )
k=1
and
(6) Xn+1 — Yn-l-l,k‘n )

Such a scheme has been studied in [8], in the case where the transition (0,, Y"+1k-1) — ynt+lk
only depends on #,,. In such a situation, almost sure convergence is true under mild hypothesis,
and the problem is whether convergence can be accelerated.

This paper is organized as follows. In the next section, we describe some examples which fall
into the framework we consider. We then list a series of hypotheses relative to the algorithm, and
show that under these hypotheses, almost sure convergence is true. We end the paper by a theorem
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stating that the algorithm also has a Gaussian behavior when it approaches convergence, which
can provide hints for designing numerical strategies in practice.

2. EXAMPLES

A typical example is the problem of the maximization of an expression of the kind

L(0) :LF(e,x)ng(x)y(dx)

for some real valued function F(6,.) ; v is a fixed probability measure on Q and mg > 0 v-almost
everywhere. If ' and log mg are differentiable in 6 (and if the interchange between derivative and
integral is valid), one may set h(0) = VoL (0), and in this case fy = Vo F + F(0,.)Vglog .

Another case is when mg can be written as
mo(z)v(de) = [exp(—A(0, 2))/Zs]v(dz)

and the aim is to maximize {(0) = logmg(z0) for a fixed zg € . One has in this case
h(@) = VQI(Q) = / [VQA(G, l’) - VQA(H, ;l‘o)]ﬂ'g(d;l‘) .
Q

This corresponds to the maximum likelihood procedure in statistical inference. In the particular
case when A is a linear function of # (exponential model), the function f is independent of 6.

An important example of occurence of this situation is the case when my is a Gibbs distribution
on a configuration space Q = 'S, where F' (“state space”) and S are finite sets. Considering the
model

7 6_<9 ’ H(l‘))
(7) mo(z) = 7,
H being some given function defined on ©Q, with values in R, and (., .)standing for the Euclidean

product in R?. The maximization of log s (20) leads to take
f0,z) = f(z) = H(z) — H(zo).

In this context, €2 is a finite set, but with enormous cardinality, so large that any sum made over
all elements of Q (such as the one which is implicit in Zy, or in the computation of expectations)
goes far beyond the ability of computers. The fact that mg(z) is not computable implies that
a direct (“static”) simulation of my cannot be performed. However, there exist many dynamical
simulation procedures for Gibbs distributions: Gibbs sampler, Metropolis algorithm and variants,
clusters algorithms... (see [19], [10] and references within). All these procedures provide transition
probabilities with the property that, for all distribution v on Q,

llv. Py —moll < CoAy

for some Ay < 1. In other terms, the Markov chains associated to Py are Doeblin-ergodic. However
when @ tends to infinity, the convergence rate Ag tends very rapidly to 1. In fact, for large 8, Ag
can be taken equal to 1 — exp(—Kjp
with respect to ) can even be provided in some cases (see [15], for example). This is a case of
rapidly decreasing ergodicity rate (at exponential speed), of the kind we are dealing with in this
paper. Note that, in this situation, a (non-optimal) value of Ag can always be explicitely computed
(cf, for example [11]).

6]), and sharp estimates of the value of Ky (which is bounded
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3. HYPOTHESES

3.1. Basic assumptions. The almost sure convergence result partially relies on some a priori
estimates which may be done on the sequence (6,). These estimates are based on assumptions on
the function f(f,z), and we will separate two cases, in which the basic assumption is that f is
uniformly bounded in @, for the first case (case (U)), and that the growth of f is at most linear in @
in the second case (case (L)). All along this paper, we shall trace in parallel two sets of hypotheses
relative to each of these cases. They will be refered as (UO0),..., (U6) and (L0),...,(L5). We thus
first let

Hypothesis (U0) There exists a constant Dy such that, for all 8,
sup |f(0,2z)| < Dy .

Hypothesis (LO) There exists a constant Dy such that, for all 0,
sup |f(0,z)| < Ds(1+19]).

Although the basic assumption (U0) implies (L0), the whole set of hypotheses related to case
(L) do not boil down to the hypotheses of case (U), even when (UOQ) is true. Both cases yield
different theorems, but with similar proofs, so that it is more convenient to carry them together.

3.2. Hypotheses on the transition probabilities Py.

3.2.1. Case (L). For a function W on Q, with values in IR, we let AW be the maximal oscillation
of W over Q, ie

(8) AW = max (W(z) - W(y)).

We set PyW (z) = [ W(y)Ps(z,dy) and mgW = [ W (y)mg(dy).
Hypothesis (L1)

a) We assume that, for all 0, a transition probability Py is given such that the associated Markov
chain is ergodic, with limit distribution mg, and exponentially fast convergence ; more precisely, we
assume that , for all 0, there exist a function (.(6) > 1 and a positive number Ay < 1 such that,
for all initial distributions v and v’ on Q, we have
(9) lvPg' — V' PR < Ce(0)A3[lv — /||
where

1) vPy(A) = fﬂ Py(z, A)v(dz) and v.P} = (VPG”_I).PQ.

i) the norm used to compare probability measures is the norm in variation:

v —vll = sup(v(4) — v'(A)).

b) We also assume that for all W, PyW is a differentiable function of 0. More precisely, denote
by [V Py] the operator which associates to a function W on 2 the function Vo(PsW). We assume
that there exists a function Cp(0) > 1 such that, for all W (such that AW is finite),

(10) sup | [VP[W (@) | < Cp (0)AW,

Similarly, we let [Vmg] be the functional which associates to a function W on Q the derivative
of mgW. We assume

(11) [[Vme]W | < Cp(0)AW,

Equation (9) is equivalent to (cf. [7]): for all W,
(12) A(PPW) < C.(0)N AW
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3.2.2. Case (U). We need to be a little more specific concerning the expression of Ag in case (U).
Hypothesis (U1) We assume (L1) and that there exist constants Dy and Ky such that,

(13) 1— X > Kye~PrI0l,

3.3. Additional hypotheses on f(0,.) and 7(0,.). Hypothesis (U2-L2) We assume that, for
all y € Q the functions mg fo and Py fo(y) are differentiable with respect to 6 and that there exists
a function {y > 1 such that
Vo(mofe) < (r(0)
Vo(Pofo(y)) < s (0)

3.4. Hypotheses on the sequence v, and k,. These hypotheses are the main differences be-
tween cases (U) and (L).

3.4.1. Case (U). Hypothesis (U3) a) v, = a/p for some a > 0.
b) Let ¢; > 0. Let l, = [n“’c‘ ] where [.] holds for the integer part. Then, for all n,
kp < kpyr, forlny <p<ln41.
¢) ky is larger than the integer part of (0,) where k() = exp a’|f].
d) For some constants C' and C', we have

C'la" +Cla>1.

3.4.2. Case (L). In case (L), we use loose hypotheses on =, and more stringent one on ky.

Hypothesis (L3)
a) (yn) ts decreasing, > v, = +oo and Y 72 < 400
b) There erist an increasing sequence l,,n > 0 of integers, and a sequence ¥,,n > 0 such that

1 1

<

5
5

p—1

unless there exists some n such that p = l,,. Moreover, these sequences satisfy
Z 7”777, < oo
n

and

Z"}’ln < 0.
n

¢) ky is larger than the integer part of k(6,) where k(0) is a function which satisfies, for constants
@w>0and q. >0

14 (0 (1 = 20)™?] < pr(0
a4 oot By (O = 2007 < pen(B).
and

(15) Vo log ] < s,

for 6 € R4, with ¢, = (2 max((p,(s).

Note that hypotheses b) and c) are true for the choices of 4, and k, which have been made in
case (U), with the exception of condition (14). Note however that in both cases, we have, (6,)
being any sequence generated by (5), for some constant fi,

(16) [CH(H)(l — )\9)—2] < ﬁ.ﬁ(ﬁp)e(QDA_5)+|9p| ’

max
|0_€P|S|0P+1_9P|
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with § = @’ in case (U), § = 2D, in case (L), and {,;(6) = 1 in case (U). This comes directly from
(14) in case (L), and from the fact that |f,41 — 6,| is uniformly bounded in case (U).

3.5. Stability hypotheses for § = h(f). Hypothesis (U4)-(L4) We assume the existence of
a function § — L(0) which is twice continuously differentiable such that, for all § € R?

(17) mﬂax|£”(6)| =D <00,
(18) (VL) h(6)) <0
and

(19) 14+ L£(0) > cr|0)?

for some ¢, > 0.

Hypothesis (U5)-(L5) We assume (U4) and that there exists § such that (18) is strict for 6 # 0,
and L£(0) = 0 if and only if 6 = 0.

If we integrate equation (17), we get (maybe with another constant, but that we still denote by
Dy), for all 6,

(20) 1£'(0)] < DL(1+19]) .

3.6. Polynomial growth of { in case U. Hypothesis (U6) There exists a constant r such
that, for all R > 0

sup max((;(0),Cp)C(0)? < De(1+ |0])"
[o|<R

Remark: The assumptions {.,(p,(; > 1 are there merely for convenience. They clearly do not
restrict the generality.

4. CONVERGENCE THEOREM

Theorem 1. 1) Assume conditions (U0) to (U4) and (U6). Then, there exists constants Co and
C}, such that, if C > Cy and C' > C§ in (U3), the sequence 8, associated to the algorithm (5), (6)
1s bounded with probability 1.

2) If the asymptotic stability condition (U5) is added, 0,, converges almost surely to 0.

Theorem 2. 1) Assume conditions (L0) to (L4). Then, the sequence 0, associated to the algo-
rithm (5), (6) is bounded with probability 1.

2) If the asymptotic stability condition (L5) is added, 0, converges almost surely to 0.

5. PROOF

5.1. Preamble. The proofs of both theorems share large common parts and therefore may be
held in parallel.

In both cases, the proof of 2) is, by well-known results in stochastic approximation theory, a
consequence of 1) (see [16], or [1], for example).

The proof of 1) relies on the following basic decomposition of the algorithm

kn

Ot = On + Yng1h(0n) + 7};“ > (00, Y1) — h(0,)].

g=1
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The equatiqn Opt1 = On + Yns1h(0y) is a discretization of the ordinary differential equation
(mean ODE) 6 = h(#). The algorithm in (5) therefore is a perturbation of this discretization, the
“noise” term being

fnt1 = 1= Z[f YLy — h(0,)].

The main part of the proof is to show that the contribution of the &, altogether is not too large.

In the following, we will let DD be an generic constant, for which we shall not trace the value,
which may change from line to line although we keep the same notation. If some emphasis needs
to be made on the dependence of D with respect to some quantities (say R), we will write D(R).

We let n = 0 in case (U) and n = 1 in case (L) so that (U0) and (L0) can be simultaneously
written

sup |f(0,2)] < Dy (1 +10])"

5.2. A priori bounds. The following easy lemma is crucial. For k > 0, we set

p+k
5(p,p+k) Z Vol -

p'=p+1
Lemma 1. If (U0) is true, we have
(21) |0p+x — 0p| < Dyd(p, p+ k)
and if (LO) is true
(22) 0p+r — Op| < (1+ 10, [)[exp(Dyé(p,p+ k) — 1]
Proof of lemma 1. Indeed, (21) is trivial from
(23) 0n+1 — 0| < Y41 Dy
and (22) may be proved by induction. O

Thus, under condition (U3), in which y,41 = a/(p+ 1), we have, in case (U)
(24) |0n] < aDylog(n+1).

We will also use a simple lemma on the sequence k,,:
Lemma 2. Under condition (L3)-b, we have

(25) Z Tp

pP=no

<ot X WV +2 D N

q>no lq2n0o

\/_ \/—

Note that, since (U3)-b implies (L3)-b with 5, = 0, we also get an upper bound in case (U).

1 1 ~

h .
- \/E—i—'ypw en p1s

Proof of lemma 2 Under (L3)-b i1s smaller than

-1 _ 1
NN
equal to no {,,. If if p = I, for some n, we may write, since k, > 1:

1 1
\/E V kp—l

This implies that we can bound

1

\/— Vi

1

| Ve k1

pP=no

Z%(

pP=no

)+pr+2 >

q.no<lg<n
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The first sum is equal to

n

1 Yno Tn+1
ot1 = W)=+ ==~ =<
p:znu ' ! kp kno—l k" ’
since v, is decreasing and k, > 1, which yields (25). O

5.3. Solution of the Poisson equation for Py. Following [1], we introduce the solution pg of
the recursive equation

po — Paps = go
where gg(2) = f(0,2) — h(0). More precisely, we let
(26) po(z) =Y (Pfgs)().
k=0

We check that this expression converges. Indeed, by (12),
A(Pge) < Ce(0)(1+01)" X .

Moreover, we have mg(Pyge) = 0 and this implies
sup | Pyge(z) | = sup | Pygs(x) — mo(Pyge) | < A(Pggs).
xr xr
Moreover,

Lemma 3. We have, for some constant D,,
(27) Apo < DypCe(0)(1+10)7(1 = Xg) ™
withn = 0 in case (U) and n =1 in case (L).
Moreover, letting pg = Payps,
(28) [Vopal < DypCo(0)(1+10])7 (1= Ag) =2
with ¢, = ¢2 max(Cp,(y).
Proof of lemma 3. Let ¢ = 0 in case (U) and ¢ = 1 in case (L). Applying (12), we have

Alpg) < Ce(0)Ag. Yy X < 2¢(0) Dy (1+[6])7(1 = Ag) ™,

which yields (27).

We now prove (28). For this, we need another lemma:
Lemma 4. Let (wg) be a family of functions on Q such that Vewy erists (as a bounded function
over Q) for all 0. Let Wy = wy — mgwg. Let finally W} = Pjbg. We have, forn >0,

Vouy (z) = [Vmg](Pgwe(z) — Pilws(.))
(29) +  PyVows(z) — mVows _ _
+ Z;:Ol mo (PA[V Ps] PP~ wy(2) — Pi[V PP ()
Proof of lemma 4: Equation (29) may be rewritten as
Vgﬁﬂg (:L‘) = —[Vﬂ'g]Pen'LUg
(30) + Penv.gwg(x) — mgVows
+ Yiso PilV PP " wg(2) — ma [V Ps) P g ()

which can be proved by induction using

P9n+1(w€ - 7!'.9’109) = Pgn(Pgw.g — 7l'9P9’LU9) .
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End of the proof of lemma 3: Since ug(2) := Page(z) = Pyfo(x) — mg Psfy lemma 4 may be
applied to wg = Py fs. This yields, assuming (L1) and (U2)-(L2)

VoPfus(a)l < 2D5Cr(0)C(0)(1 + [0)7X5+

126 (0)¢7 (0) N+

+2n Dy (0)Cp (0)(1 +161)7 X
6n.D;C.(60) max(Cr (0), ¢ (0))(1 + |0)" A3

IN

Since
po() = Popy(2) = ) Piug(x)
n>0
we get the fact that p is differentiable and the upper bound (28). O

5.4. Convergence of the noise term. Set, for R > 0, 0 < ng < n,
Ar(R Z ’7p+1d (VoLl(0p), Epy1)
pP=no

where df is the indicator of the event {|0,| < R, ¢ < p}. We have

n kp
1
AZU = Z ’Yp+1d5<v9£( s k de Yp+17Q)>

pP=no

- Z 7”+1dﬂz VoL(6y), po, (YPT19) — Py_pg, (YPFL))

pP=no

_ Z Trt1 dRZ VoL (0 (yp+1,q) —Peppe,,(Yp+1’q_1)>

pP=no

Z Tp+1 dRZ v9£ ngpep (yp+1,q—1) — Py, po, (YP+1,<1)>

pP=no

Thus, remembering that, by construction, Y?+1.0 = YPkr—1 = XP we have

AZD _ Z 7P+1 dRZ ve (Yp+1,q) _ ngpgp(yp+1,q—l)>
pP=no
S PELAT(TL(0,) . Po,ps,(X7) = Po,pa, (X7*1))
pP=no P

Let

n kp
o — Tptl s a'-
B = 30 TS (V0L(0) s, (VPH0) = Poype, (P40,

p=no P q'=1

Let F, be the o-algebra generated by the random variables yr'd for p <p, ¢ <kp. Clearly 6,,
k, and df are Fp-measurable, which implies that the sequence B,° is a martingale adapted to 7.
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We have, denoting by E the expectation with respect to the distribution of the sequence Y79,

kp

I ; 2
Z <V9E(0p) s Po, (YPHha) — Pg,,PG,,(Y”"'l’q _1)> ]

R
dy
k2
P g=1

E((B;°)] = ZvﬁHE[

pP=no

n dR
< S E ki|vaz<ap)m<pa,,>2]
pP=ng P
L i oo . .
< Y 9 DEE | (418,07 (0,)7 (1 = Xa,) 7
p=naqo p

The last inequality comes from lemma 3 and equation (20).
Assume first that we are in case (U). We have, by (13), that

(1= g,) 7% < Ky 2e?P2100

Moreover,
1/k, < e~ 1l
and assumptions (U6) implies |¢.(0)| < Ds(1 + |0])". Since |0,| < R when dff # 0, this gives

n
E[(Br°)Y] < DIDIK;® D" 42 E[dE (14 [0,])2 220l

pP=no

n
D%Dg[{;2(l + R)2T+26(2DA—G’)+H Z 7§+1

pP=no

IN

where a7 is the positive part of the real number «.
Now, let’s take case (L). We have

pky > pr(0y) > (1 - )‘Gp)_QCp )
and (, = (x > ¢?, so that

E(B°)Y] < (1+R)*Dip Y. 42

pP=no
We now study the remaining part of A7°, which is

n R
Yot1d
Cre = 7 TANLO) , Po,ps, (XP) = Po,pa, (XPH))
pP=no P
“ Yot1dE Ypdft
Z {%<v9ﬁ(glo) ) ngpep (Xp)> - Z—Pm<v9’6(6p—1) 3 P€p_1p€p_1(Xp)>
p=np+1 p p-1
—%(V&E(Gn),PanPen(X )+ %”(vgz(anu),mnopgno (X))
The last two terms may be bounded from above by 2Kxy,,41(1 +R)(1+’)6(D*_al)+R (case (U)),
and by 2D, uvn,+1(1 + R)? (case (L)).

To estimate the sum, we use the decomposition

e;(>1) = %<V9£(6p) = VoL(0p-1), PGPPQP(XP»

k
6;2) = ’“ﬁk-:;d <v0£(9]0—1) ’ P@ppep (Xp) - PGP_1PGP_1 (Xp)>
61%3) = %(%H - ’7p)dzl>2<v0£(9p—1) ; P9p—1p9p—1(Xp)>
615)4) = p(é - kp1_1)dpR<v€£(6p_1) 3 PGP—lpsl’_l(Xp)>
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e = p(dy = df ) (VeL(Op-1) , P,y po,_, (X7))
to prove the lemma

Lemma 5. In case (U), we have, for a constant D¢, depending on the previously introduced
constants, but not on R:

(31) |CRe| < De(14 R 0 b S 2+ D0 ).
p=nog+1 gno+1<ig<n
In case (L)
(32) CRol < De(L+ R (Ynotr + D W+ 2. Wit D, M)
p=no+1 gq>ng q,no+1<ig<n

Proof of lemma 5.

This lemma is a consequence of upper bounds on the ¢4), which are obtained with the help of
the following hints. For j = 1, we use the inequality (23) and the fact that the second derivative
of U is bounded. This yields the estimate

n

Z eV < D(1 + R)M7elP2= « Z Yot Z To1

p=no+l p=no+l p=ng+1

in case (U) and

> l§V1< D+ Ry’ Z o1

p=nog+l p=no+1
in case (L).
For j = 2, we use
|Po,po, (XP) = Po,_,po,_ (XP)| < 200p — Op—11Co(05) (1 + [051) (1 — Xoy )72,
where 0 lies on the segment [0,_1,0,]. After division by ky, this is bounded by, in case (U),
D")/ (1_|_R)1+7' (2Dx - a) R’
and in case (L) (using (16))
DA2(1+ R)*.
For j = 3, we bound
(1/kp)dI (V4 L(Op-1), Po,_,po,_, (X))
by D.(1+ R)1+’e(DA‘aI)+R in case (U) and by D.(1+ R)? in case (L), and use the fact that =, is
decreasing which yields 37,5, 11 1% = Y%p-1] = Yno-
For j = 4, we write

1 1 1 ., 1 1

1 .
Lo Y i AV i ik

The part

—_
—_

=)} B (7oL (0p=1), Po,_,pa,_, (XP))

\/ kp—1 \/ P
may be bounded by D.(14 R)"t!e(Pa=a "12TR i case (U) and by D.(1+ R)? in case (L). Applying

lemma 2, we get

n

Z (4) < D.(1+ R)HePame (RN Yno T Z YpVq + Z Mg
p=no+1 g>ng lg>no
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in case (U) and
> V< DA+R [t Y. W+ D W
p=ng+1 g2no lg2n0
Finally, for j = 5, we have

(]
o
=
IA

Hlnade—l k%" <v9£(61’—1) ) Pé‘p—lp(fp—l(Xp)>
pP=no p—1

e (0,
S 7”0(1+R)1+77 ﬁ%%df—l%
= p—

and this is smaller than Dg(1 + R)'*" 4, 41 in case (U) and than (1 + R)?y,,41 in case (L).

Returning to A2°, we have shown (using Doob’s inequality for the martingale part)

Lemma 6. For some constant Dy > 0,
2

E | sup Z 7p+1dzl>{(v0£(6p) |€p+1) < Da(l+ R)2+2T62(2DA_6)+R

nZnD pP=ngp

Yot I Te+ D Wt D W

n>ng q>no g,no+1<l,<n

with § = a' in case (U) and § = 2Dy in case (L), r = 1 in case (L).
5.5. End of the proof. We now show that (6,) is almost surely bounded. Following [1], we
analyse the exploding trajectories of this process. We have
(33)  L(On41) = L(0n) + 1+1(VeL(0n) , &ns1) + 29n+1(VoL(0n) , h(02)) + Dr(|0n41 — 0n]?)
From (U4), we have
(34) L(0n+1) < L(0n) + m+1(VeL(On) , €ns1) + DrlOnss — Onl’

Let R, be an increasing sequence which grows to infinity. We let ¢, be the first integer p for
which £(6,) > R,. Let 7, be the last p smaller than ¢, 41 for which £(6,-1) < R, and £(0,) > R,.
Note that ¢, < 7, and if p < o, crr|6,]* < 1+ R,. We let ]:Ep =1+ R,/\Jeu.

Now, assume that there exists a deterministic sequence (s,) such that s, < o, almost surely.
Using (34), we have, if 0,41 < 00

0n+1—1 0n+1—1
(Lomps) = LOr,-1))* <20 D 3p41(VoL0p), &e1)* +2DL1 Y |01 — 6,
p=Tp—1 p=Tp—1

The last sum is smaller than D(1 + Rn+1)4[zp>sn v212. Writing €, = vp41(VaL(0p) | Epy1), we
have N

Ont1—1 Ont1—1 Tn—1
[ Z Ep]Q = | Z € — Z Ep]Q
p=Tp—1 p=sp—1 p=sp—1
k
< 2 sup [ Z €]

Sn—1§k§°n+1_1 p=sp—1

k
= 2 sup [Z df"+1ep]2

sp=1<k<op41—1 p=sn—1

2 sup [Afc"_1 (Rn+1)]2
sm—1<k

INA
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We have obtained
(35)

E[(L(05,41) = L(0r,-1))*Lopy<oo] < DE | ( sup A~ (14 Rust))® + B (Y %)

p2sn=l P>sn

Since we also have L(05,,,) — £(0-,-1) > (Rn41 — Ry), this yields

(36)  P(on41 <o0) < DE |( sup Agn ™ (Rny1)) + (14 Rug1)* (D %) | /(Rat1 — Ra)®.

p2sn=l P>sn

We now separate cases (U) and (L). In case (U), we have, |0,| < |6o| + aDy log(p+ 1). We thus
have £(0,) < Dy, (14]0o|+aD; log(p+1))?, and if we choose s, = exp(av/R,,) with e < 1/aDs/Dy,
(say o = 1/2aDs~/Dr) we have s, < 0, at least for large n.

Moreover, 3,5 ~7 is smaller than ¢®/s,, and D opi+eass, Ypi+a is smaller than a/[sn’ ] Using
lemma 6, (36) yields

q+1 _ o\t [ Bnt1 o VEn
P(o’n_l_l < oo) < E/ (};1 + Rngl) 1)26(2DA AR = 2(i+e)aDy~/Dr
n+l1 — {ln —

If
(37) (a'/ev) + e/ (2aDy (1 + e1)\/Dr) > 2Dy,

we get, letting R, = n? the fact that P(c,41 < co) — 0. This gives the result in this case, the
constants Cy and C{ being provided by (37).
In case (L), we have

10p] < (14 160])e>P12O)
and we can set s, = min{p; (1 4 |0o])e*P73(®?P) > /R, /Dr} which tends to infinity.

In this case, we have

= (14 Rot1)?
Plopt1 < 0)< D ——m—=wn,
( +1 ) (Rn+1 — Rn)2

wn=Vnt D, H D W D, ) 0.

nXsn q2sn q,5n+1<lq

with

and R, = 2" gives the conclusion. O

6. REMARKS

6.1. Dependance on the state variable. Since our emphasis is on the relation between the
growth of # and the ergodicity of the Markov chains associated to Pa, we have avoided additional
technicalities, by always assuming uniform upper bounds with respect to the state variable z.
This essentially restrict the range of applications of our results to finite or compact state spaces.
However, we could have replaced this simplifying hypothesis by weaker assumptions enabling to
control the moments of the variables Y?:¢, as in [1] (part 2, chapter 3). Most of the methods used
in this reference to control the variable  can be transcribed to our case.

6.2. Remarks on the choice of the sequence k,. We have two hypotheses on the sequence
kp. One says that k, should not be smaller than a function «(6), which is large when the Markov
chains associated to Py looses its ergodicity. Note that it is always possible to take x(#) = constant
on a bounded set, which means that the use of large values of k, may be used as a reaction to
some exploding trajectory of the algorithm. Such an event only happens with a small probability,
so that it is likely that large values of k, may not be used too often in applications. This is a
significant improvement to the procedure described in ([21]) (which corresponds to case (U) with
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a’ = 0) for which the steps v, are assumed to be small enough from the beginning, in order to
prevent rare exploding trajectories.

The other condition assumes that k, should not decrease too much too often. This may be seen
as a technical condition, and we do not know whether this is necessary or not for convergence. It
was required when dealing with the sequence 6((14) in the proof on theorems 1, 2, and was not used
elsewhere. This implies, in particular, that, if this condition is dropped, the convergence of the
noise term reduces to the convergence of 6((14). Since )+, diverges, it seems hard to get some
control over the noise term without some regularity assumption on the behaviour of k,. Without
changing the previous proof, any condition ensuring that

- 1 1
SIS

1s small will work.

6.3. Consequences of the existence of metastable states. In this paragraph, we show that
problems can really occur when no assumption is made on v, and k,, in particular when there
exist metastable states for the family of transition probabilities (Pp). !

To simplify, we let (in this paragraph) d = 1, ie. # is a real number, and let Q be finite (we will
then consider Py as a stochastic matrix : Py = (pg(z,y), 2,y € Q)). A metastable state is a state
Zy, € Q such that

li T, =1
G—iI-Poo Do (‘rm; xm)

I 2 - 0
G—ir-l?oo o (lm)

We will moreover assume that the convergence of pg(zpm, m) to 1 is very fast :
1= Py(2m, 2m) =~ e~*? for some p>0.

This situation is typical in the context of Gibbs distributions.

Still for simplification, assume that f(0,2) = f(z) is independent of # and that f(z,) > 0.
Consider the situation when the states Y?¢ all remain equal to z,,, ie. the process is trapped in
the metastable state. In that case, the procedure diverges, and we now check whether this may
occur with positive probability.

Let Ant1 be the event : “ at step n, the Markov chain Y™! ... Y™*= with transition Py,

satisfies Y™ = #,,, for all [.” Let B,, be the intersection of all Ap for p < n. If B, is true, we have

Opt1 = 0, + Yp41f(2m) for p < n, which implies that 0,41 = 0o + f(zm) Z;Ll Yp -

Then

P(Bay)/P(Ba) = P(Busi|Ba)
= P(An41[Bn)
n+1
= P(Anp1 | X" =2, 0ng1 = 00+ flzm) D %)
p=1
= Py (@m, 2m)
We therefore have
n
log P(B,) =log P(Bo) + Y kqlog Py, (zm,zm) .
q=1
Thus, for the algorithm to converges with probability 1, it is necessary that
(38) ch(@n)longn(rm,ajm) = —c0.

n>1

!The idea of using metastable states to prove that the algorithms may diverge is due to H. Kiinsch (personal
communication).
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Since 1 — Py(Zp, ) ~ e~*? this yields (letting 7, = Zp<n Yp)
(39) Z k(00 + f(xm)m)e”PHem™ = 00,
n>1

Thus, x and 75, may not be chosen arbitrarily, since this condition has to be true for all
metastable point. For example, let v, = &, and approximate 7, by alogn+const. Then (39) gives

Z k(0o + flzm)m)

apf(Tm) N
n>1 n

If @ is small enough, convergence is obtained without any condition on & (this is the situation
considered in [21]). To be able to use larger values of a, one must be ready to use functions x(6)
which tend to infinity with 6.

7. (GAUSSIAN APPROXIMATION OF THE ALGORITHM

7.1. Preliminaries. The algorithm

k
1 ke
(40) Ont1 = On + Yn41 (k_ 2 : 1, Yq’nH)) .
[

being considered as a perturbation of the discretisation of the mean ODE
(41) 0=h(0)=mofy,

we measure the difference between the trajectories of (40) and those of the ODE, when the gains
~n become small. For this, we consider a family of such algorithms, indexed by N > 0, each of
them being associated to a sequence of gains (y2,n > 1), and an initial parameter 0. This also
requires a family of sequence (kY), and states Y79 (since the notation is becoming heavy, we
shall let the superscript N appear only when it is necessary for good understanding). To define a
time continuous version of these sequences, we let t) = 4V +... 42 and denote by 0% (¢), ¥V (¢)

... the piecewise constant functions, equal to 6, ¥ ... on the interval [tnN,tnN+1[. Note that,
by inequality (24), we have, for s < ¢, in case (L),
(42) 0% (1) = 0V (s) < Dy (14 [0 (s)]) (=1 = 1).

We denote by 0(t, 8o) the solution of the mean ODE 6 = h(6), with initial condition (0, ) = 0o.

Fixing a 0o, we set
U = (037 = 0(t . 00)) /A /W -
abd let U™ (t) be the piecewise constant function equal to UL on [t ), ,[.

Our purpose is to check that the process U converges in distribution to a diffusion when N
tends to infinity, under some additional conditions which are described now.

7.2. Assumptions. We assume (L0), (L1), (L2), (L4) and (L5), and we replace (L3) by a more
specific condition which is
Hypothesis (L3)’

We take v, = a/(n+ N +1)°, with 1/2 <b < 1.

Let k(0) be a function which satisfies, for constants p > 0 and ¢, > 0.

43 max (0 1_)"_2<.K9,
) [6/=8|<Ds(1+]8]) [C (o) o) ] < p.x(0)
and

(44) |V9 10g/~€| <u,

for 6 € R™.

Let I, = n'/®t with by < b/2 and Y, = p~U with by > 1 —b/2. We let 1Y =15,y and the
sequences kY be given by
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o If there exists n such that p =1, ké\f = [/{(6;,\7)]

o [f there exists no n such that p =1,,

kY = max ! [fc(@év)]

P . 3
(1/\ /Ry +77)?

o Moreover, we assume that for some fired Ry > 0, there exists a constant kg, such that k(0) = ko

for 10| € Ro, and that
(45) lim Pk # ko] =0
N—=co

One can check that the constraints on v’ and kY for fixed n are stronger in (L3)’ than in (L3),
so that, for each N, the sequence 6% converges almost surely to . We complete (L5) by (Rg being
the constant introduced in (L3)’).

Hypothesis (L6)
e |0| < Ro (where 0 is the asymptotically stable point of the ODE).

For a comparison to hold, the starting points of (40) and (41) must be close to each other.
Denote by x1Y the probability distribution of U™ (0).
Hypothesis (LT)

We assume that x{Y converge to a distribution xo with finite second moments when N tends to
infinaty.

This implies, letting Q(R) = supy P[JUN(0)| > R], that Q(R) — 0 if R tends to infinity. As a
consequence, we have, if R > ||,

L R—10
PUOY|>R) < P (|UN<0)| > 7';')
R—|0
<P (|UN<0)| > 'N°')
7o
< — [0o]

sup P (|UNI(O)| > R

INA
QO
N

boy)
(s
czl| =
~

We thus have
Lemma 7. For all R > |0y|, we have
(46) lim P[|6Y| > R =0
N—oo

Finally, since 0 is asymptotically stable, one can find Ry < Rp and Rs > 0 such that Ry < Ry
and

(47) 00| < Ry = [0(t,00)| < Ro, t > 0.

We fix such values and make the last assumption, which ensures that (46) is true with R = R; :
Hypothesis (L8)
|90| < R

We then have the theorem :
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Theorem 3. Let the assumptions above be true, and define, for all 0, the matriz

(48) S(0) = ma(96'96) +2 Y ma(g6 " (P5g0)) -

Then for all T > 0, the sequence of processes, (UY), converges to a diffusion on [0,T], with
generator Ly and initial distribution xqo, with

nw = (v, (52 w@esn) o)+ g{we, LD

with 61(b) = 1 if b = 1 and 0 otherwise, the last term indicating the sum of termwise products of
matrices ¥ (U) and S/kg.

The proof of theorem 3 is adapted from the one in [1] (part 2, chapter 4). The same techniques,
with the required modifications due to the new form of the algorithm, apply in our context. It is
provided in section 8.

7.3. Interpretation and consequences. Let us describe some particular cases of application of

this theorem. First, assume that ) = gév = fly for some fy with |6y| < Ri: this corresponds to
comparing (40) to its associated ODE when they both start from the same point, and we see that
the rescaled difference behaves like a diffusion when the steps are small.

Now, suppose that 0y = é, the asymptotically stable point of the ODE. In this case, 0(¢,0,) = 0
and the generator of the limit diffusion is

L)) = (¢(0), KO.U @) + %<w”(U‘) , ¥> .

This may provide some hint for the choice of kg. Assume that y) = xo, and assume that it is
Gaussian and centered, with variance Yo . In this case, the limit process, U(t), remains Gaussian
and is given by

: PN ot 1
U() = Ou(0) + o= [ oW Osiaw,
(1 O+—= |

where W is a standard Brownian motion. The variance of U(t) then is
~ ~ t ~ ~
%, = eth )y et ) L[ e n ) gt (6) g
kO 0

This expression must be expressed in function of the true computation cost at time ¢. We define
the computation cost as the number of variables Y?:¢ which have been simulated at time t. If ¢
corresponds to n steps of the algorithm, the cost is C' = kgn. Moreover, we have

n
t=ay (p+N)™"
p=1

which is close to a[(n + N)!~® — N'=%] when b < 1 and to alog(1 + n/N) when b = 1. This may
be rewritten

t=aN

c\'"’ :
<1+N—ko> —1],1fb<1,or,

c .
t_log<l+N—k0> ifb=1.

For a fixed cost C', 3; is a function which depends on kg. It is in theory possible to minimise
its trace (ie. the mean quadratic error of the algorithm), and one can check that this provides, in
general, a non-trivial value of kg. Unfortunately, in practice, the matrices S, A’ (and Xy) cannot
be computed, so that an exact optimal value of kg cannot be found beforehand.
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. . . =N ~ .
Finally, let us consider the case when ) = 0% = Oy for a fixed algorithm, and , = 0. This
corresponds to the comparison of the tail of the sequence ,, p > 0 to its limit value #. To apply the

theorem, we must show that condition (L7) is true, and thus study the distribution of (05 —0) /v~
Let us make the following additional assumption: X
Hypothesis (L9): There exists ro > 0 such that, for all § such that |0 — 0| < rq, we have

(00, h(6)) < —plo - 6
Moreover, if v = a/n (ie. b=1), we have 2a3 > 1.

For R > 0 and N > 0 consider the stopping time 7 = 7§ given by the first n > N for which

kn # ko or |0, — é| > R. Since the sequence 6,, converges almost surely to é, we have, for all fixed
R>0:

. N _
(49) A}I_I}I;OP [ff <] =0

We have the lemma

Lemma 8. For all R < rg and all large enough N, there exists a constant D(R, N)such that, for
allp > N,

(50) E(|6, —0°L,y5,) < D(R, N)y,

Proof of Lemma 8 Although this proof is very close to the proof of ([1], part 2, theorem 1-24),
we provide it here for completeness.
We fix N and R < rg and let 7 = Tg. We have

0ng1 = 0F = 160 — 01 + 25011 ((00) , 00 — 0)
+2’Yn+1<5n+1 y On — é> + 9541 h(0) + €yl
so that, since 7 > n+1 = 7 > n, and, if 8, < R, there exists D(R) such that |h(0,)+&n+1] < D(R),
041 = 0P Lrsnpr < (1= 29n31B88) 100 — 0]* 175
+2’7n+1<5n+1 y On — é>1r>n + D(R)’Yr21+1

Since
1 o
Snt1 = T [f(0,, YT — h(6,)]
n g=1
1 &n
= = 2 lpa. (YT = P pg, (YTHI)]
n g=1
1 kn
= =D lee (YT = Py pa, (YPHERIT)]
no=1
L
o > [Po, o, (Y971 = Py py, (Y],
n g=1
we have (k, = ko if 7 > n)
ko
R 1 » R
E (g1, 00— 0)1r5n|7] = 2 (Po, po, (Y"+191) = Po, pa, (Y"419) 0, — )1,
g=1

1 .
= (Po,pa, (X") = Popa, (X"41), 0, = 0)1,s,
0
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Letting Zp41 = (l/k0)<Pgnpgn(X”+1) y O — é>, using straightforward estimates deriving from
our hypotheses, one can prove that

E |:<£n+1 ) gn - é>1‘r>n|~7:ni| = 1T>n(Zn - Zn+1) + rn]-T)n
with
[7n| < D(R)Yn+1
on the set 7 > n. Thus, we get, with a new constant D(R),

E |:|6n+1 - é|217>n+1:| S (1 - 27n+1ﬁR)E [|6n - é|217'>n
+29%n41E [Lrsn(Zn = Zng1)] + D(R) 7544

Let a,, = E [|6n — é|217>n}. An iteration of the previous estimate yields the following formula.

For p < n, let

n

Vi =T = 28rve41)

k=p
(if p>n we let V' =1). We have, for alln > N:

an < ViTlay+D(R) D VTl

p=N+1
n
+2 Z Vpn_l’YpE [1T>p—1(Zp—1 - Zp)]
p=N+1
But we can write
n
Z VP o lespo1(Zom1 = Zp) = Vi Inv41lesnZN = Ynlrsno17n

p=N+1

n—1
+ Z [‘/;:-—117q+1lr>q - an_l'Yq1T>q—1] Zq
g=N+1

Vanllp}/N+1 1T>NZN — Tn 1T>n—1Zn

n—1
+ Z [Vq,il-_117q+1 - an_l’Yq] 1,542
g=N+1

n—1

-1
= Y VT Zglgs e
g=N+1

We have, for large enough N and n > N :
VRIS Vv < S Vs S

(we skip the easy checking of this result; the assumption 2a8r < 1is needed when b = 1). Moreover,
when 7 > ¢ — 1, lemma 3 implies that |Z,| is bounded by a constant D(R). This yields

n

S VTl 1(Zpoi — Zp) < 2D(R)Ya + D(R) [0 — VRT1YN41]
p=N+1

n—1
+7n D(R) Z Lg>r>q-1
g=N+1

INA

4D(R)yn
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so that we have proved that, for some constant D(R),

n
an < D(R)yn + Vi lan + D(R) Y Vmla?
p=N+1

But, letting
ol = Vi tan + D(R) Z ViTly?
p=N+1
for a large enough constant D’'(R), we have o, < D(R)ay,. Indeed, if o, < D'y,

(1= 28rYn41)ap, + Dyoyy
Ynt1 (D' + (D — 2D'Br)Yn+1)
Yng1 (D' + (D = D' [a)yny41)

so that, if D’ > aD, and is chosen so that ay < D'yy, we get of, < D'+, for all n, which yields
the statement of the lemma.

i
an+1

<
2

O

Lemma 8 and (49) trivially imply that, for all ¢ > 0, there exists A > 0 such that, for all
N, P(U¥(0) > A) < ¢, so that the family of the distributions of U~ (0) is tight. Assumption
(L9) implies that all the eigenvalues of h'(6) + &, (b)/2a are negative so that the diffusion with
generator L; has a stationary Gaussian distribution. Theorem 3 and a compactness argument
(cf. [1], lemma 1I-4-14) imply that U™ (0) must converge in distribution towards this stationary
Gaussian distribution, which is centered and with variance S(é)

In practice, this central limit theorem may be used to obtain an indicator of the fact that 0?\,
has reached a stationnary regime, in which the effect of the O.D.E has become comparable with
the diffusion noise. In such a case, we know that the convergence speed will be in /3, = Van=b/?,
A good idea at this point would be to increase b, wait again for stabilization, getting in that way
a faster convergence in the asymptotics. This procedure may obviously be iterated.

8. PROOF OF THEOREM 2.

The proof is partially adapted from [1] (part 2, chapter 4).
Like in section 5, D will represent a generic constant, D(R), or D(R,T) indicating that it only
depends on R or on R and T. Moreover, the notation w” will indicate some sequence depending

on N, such that A}im = (. There again, we shall not trace the explicit value of w”, which may
—00

change from line to line.
8.1. Preliminary results.

8.1.1. Bounds on the sequence k;,v.

Lemma 9. If 'y;,V = a(N +p)7° with 1/2 < b < 1, 1YV = (n4+ N)Y" with 0 < by < b/2,
75)\7 = (N 4 p)=°2 with by > 1 —b/2 and

1 1 _
]
kp kp_1

if there exists no n such that p = l,, we have, for some constant D depending on b, by, bs,

u 1 1
0 v — v | < D-max(no, N)?
p=ng P p—1
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Proof of lemma 9. We are in the situation of lemma 2, and, since we have

NS PPN I
kg kév—l 1/klf,\’

we can use inequality (25). This yields

1
Zv,,

kN_kT < 2ng+N)TP42) (g+ N4 YT [(g+ M)V 4 N
p=no p—1

q2ng (g+N)1/1>n,

The first sum is bounded by D(ng + N)!~%~%2. The second one may be compared to the integral

/OO [(t+N)ﬁ+N}_bdt = /Oo[tb1+N] by

ngl—N o
= Nbl_b/ \ [uﬁ-l-l]_bdu
()"
with the change of variables t = N%u. This may be bounded either by
Nbl_b/ [uﬁ +1]7%du
0

or by

bt [ = b by—b
N1 u® du = ny'
(n_o)bl b— b

N
which yields the bound D max(ng, N)°*~% for some constant D depending on b and b; and ends
the proof of the lemma. a

8.1.2. Bound on Y &L, Let

N
1 P
p+1 o § : gN’yN,p+1,q) — h(gj)\’)]_

The next lemma can be obtained sunllarly to equation (6).

Lemma 10. We have

N,R
Z Yor1dy Y

pP=no

2

DO+ D )+ Y w e+ >, w)

n>ng q>no qng-}-lSqun

E | sup

n>ng

where déV’R =1[0, < R,q <p).

In the present case, the upper bound is smaller that Drnax(no,]\f)‘b/2 since we are in the
conditions of lemma 9.

8.1.3. Approm'mation by the ODE. The following result is true for all fixed N. We have defined
R = 7§ to be the stopping time

inf{n > 0;]6) — 6| > R}.
Lemma 11. For all R > 0 and T > 0, we have, with a suitable constant D, (T, R)
(51) E| sup [0 = 0t))?| < Do(T, B) [TV + E (10100 — 0ol?))
n<TrAMN(T)

with

Vel )T 2 )

q>1 q>1 q,1<1¥<n
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Note that under condition (L3)’, TN < N=%/2,
Proof of lemma 11 This is to relate to ([1]: theorem TI-1-9). We have

H(tn)—ﬂ(tn_l):/tn h(B(u))du

so that

On —D(tn) = Onr — Btn_1) + /tt" (A(On—1) — h(B(u)))du + Yy -

n—1

Denote by df the indicator function of the set n < 7r. We have

dyf (0n = O(tn)) = dy (On—1 = O(tn_1)) + dyf [n (h(0n—1) = h(0(u))du + d;iynén

so that
A0, =T(ta) = dF4a(0, = 0lty)) + Z it [ 000 = O
n—1
+ Z df+17q+1£q+l
q=p

When p < 7g, 0, is bounded, and since g is asymptotically stable, 9(.@0) is also bounded. This
implies that there exists a constant D(R) such that

dg11h(0) — h(0(u), 00)| < D(R)dgy1104 — 0(u, 00)| .
Since df+1 < df, we get
a0, — 0(t,)] < dF|o, — O(t |+DZdR/ 0, — 0(u)|du
-1
+ |Z'Yq+1d§+1£q+l|

q9=p

Now, if u € [tq,tq41[, we have
104 _E(UH — [0 — g(tq” | < |§(U) - g(tq)l < Dyg41

so that

n—1

df|6p - g(tp)l +D Z d57q+1 |6q - g(tq”
q=p

A0 — 0(tn)]

INA

n—1 n—1
+ D? Z ’Y§+1 + | Z 7q+1dqR+1'Sq+1|
q=p q=p
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and, letting V,, = df16,, — 0(t,)|,

n—1

Z Ya+1Vq

q9=p

n—1 n—1 2
1
D? Z ’Y§+1 + | Z '7q+1dqR+ £q+1|]
q=p q=p

%
A

3V, +3D

+3

n—1 n—1
< 3V +3D (Z 7q+1) > Vs
q=p q=p
n—1 n—1 2
+3 D% g 1) 7q+1d?z+1fq+1|]
q=p q=p
from which we deduce,
n—1
Elsup V] < BE(V7)+3DT Y yg41E(sup V)
h<n q=0 h<q
n—1 n—1 2
+35 | D? Z 7§+1 +1 Z 7q+1dgz+1€q+1 |]
q=0 q=0

So, letting ag = E(sup,, VqQ), we get

n—1
an <BE(VE) +3DT Y vygraoq+ D+ Y w2+ > 472 Y )’
q=0 g>1 g>1 ¢,1<tg<n

and a simple induction argument shows that this implies that, for some constant D(T, R),
an SDEVH+ M +d %+ > 1,)H
q21 ¢,1<lq<n

which finishes the proof of lemma 11 a

8.2. Basic lemma. We now prove what corresponds to ([1], prop. 11-4-4).

Let 4N = /Y. We fix a T > 0, and for all N, we let m¥ = sup{n,t} < T} and T = tn .
We also denote by d¥ the indicator function of the set [0)| < R

Consider a sequence of random linear operators (¥, n > 0), such that U2 is F¥-measurable,
where F is the o-algebra generated by the random variables yNe'd for p <n, ¢ <ky. Forall

n, N, we assume that ¥Y is a linear operator from IR® to R¢ for some fixed e, c'. We furthermore
assume that there exists a constant Dy, (T, R) such that, for all n,

AR || < Dy
and
dR W — U | < Dy

Consider a family of functions ug, defined on 2, with values in IR®, such that uy is continuous in
f and Pyug is continuously differentiable in . We shall bound the L” norm of sums of the kind:

E N _N
dep s

n<p<m
with

N
Tpt1
N It Z \I’;,V(Uegf (YN,p+1,q) — Peg"uegf(YN’pH’q)) .
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We fix N in the computation that follows, and drop it from the notation. Like in the proof of
theorems 1, 2, we write ¢, = 61(91) + 6,(,2), with

- kyY
Yp+1 | -1y
61()1) — ]:]ng Z\pp(ugp(yp+1ﬁ) _ PoPU9P(Yp+1’q 1))
g=1

and

o) = 2y, (Py,us, (X7) = Payus, (X7+).
14

Inequality (42) implies that the function 6%V (¢),¢ < T is bounded by (14 65 )ePsT. Thus, there
exists a constant D, (T, R) such that, for all N, for all p < m™¥(T), and, for all z € Q,

(52) dr|Aug | < Du(T, R)

(53) dr|Ps,us, (v) — Po,us,(x)] < Du(T, R)|6, — 0]
Since in turn, if ¢ < p,

|05 — 041 < Dy (14 [04])(e"»~" — 1)
we also have (with a possible change of the value of D), for ¢,p < m™ (T),
(54) dr|Ps,ug,(x) — Pa,ug,(x)| < Du(T, R)|t, — 1]

Let v > 2 be given. Since dReI(,l) is a martingale increment, we have (Burkholder ’s inequality),
with an universal constant D,

v
m

»
E| sup Z drel) < DVE[Z(dRez(,l)f]”/z.

p
nspsm p'=1 p=n

Using (52), we bound E(dR(eg,l)V) by :y;DiDZE(l/kp), so that

v

»
E| sup Z ES) < Dy Dy Dyt — |1
n<p<m |42

We now write (letting, for short uf = Py, ug,(X?),

Let us rapidly study the sums 4; = dr Z::nl_l_l |€,(,i)|, where E,(,i) is one of the terms involved in the
4 sums in the right hand side of the previous formula. For i = 1 we can use the lemma (the proof

is left to the reader)

Lemma 12. The ratio (Yp41 — 3p)/75 converges to 0 if b < 1 and to 1/2a if b= 1.
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In all cases, the previous ratio is bounded, so that, for some constant D(T, R), A; is smaller

than D(T, R) E;n n1+1 'yp/2 which is in turn smaller that D(T, R)3, |tn — tm]|. Using (53), the same
bound may be obtained for ¢ = 3.

For i = 2, lemma 2, implies that

m—1
Z ?p(ki_kpl ) Up<’7n+2’7q’7q+ Z Y,

p=n+1 P n<ig<m

with 5, = v/a(q + N)=%%, 5, = (¢ + N)~*, we have 3,7, = a~/?y,(q + N)*/?7"2 so that
1_b2
Y AT AT (i — )

Since l; = (¢ + N)l/bl, a similar argument as in the proof of lemma 9 yields the fact that

(#)"

Z Y1, < \/ENbl—b/Q/ . [uﬁ+1]—b/2du
n<ig<m (%)™
< \/ENbl‘b”/ [u?t + 1] 2du
0

and this vanishes when N tends to infinity, since by < b/2.

The sum for j = 4 is the only one of order |t,, — ¢, (it is bounded by Dy Dy [t, — t;|). Finally,
the last term is smaller than Dy, Dy, .

We summarize what we have shown in the next lemma, in which BT,JX n corresponds to the term
Ay above.

Lemma 13. When n < m < mﬂ\,’, the sum
kN

’Y+1
vy - Z ]:p Z\I,N UGN(YN,p+1,q) Pg;’\IUQ;V(YN’p-I-l’q))
n<p<m 9=1

may be decomposed into three parts : ]\JN + BN + RnNm, with
’YN 1 &
N + N Nyp+1,9° Np+1,g—11)
My, = E ,:N E v, (u(,;,v(Y pt q)—ng\TUg;v'(Y pha=tyy

n<p<m P g=1

’Y +1 . .
BN .= > 2 (N, — W) . Py ug, (XP).
n<p<m P

MY is a martingale and

E(dY sup |MY|") < D,D(T, R)[tm — ta|"/?,
n<p<m

sup dpy |BY | < D(T,R)|ty — tnl
n<p<m
and

Supnﬁpﬂmd%|RnN,p| S D(T) R)WN(l + |tm - tn|)

with w — 0 if N = co.
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8.3. Tightness. This lemma will be used to show that the sequence of processes U¥ is tight (in
the set of all processes which are right continuous, and have a left limit at all points). To prove
this, it suffices to show that ([3])

i) For all fixed ¢ € [0, 7], the family of random variables U™ (¢) is tight.

ii) The oscillations of the functions UV are uniformly bounded : for 0 < s < ¢ < T, denote

WN(s,t) = sup  |UN (u) = UN (v)).
<t

s<u<v

The condition is that, for all "> 0, n > 0 and € > 0, there exists § > 0 and Ng such that,
for all N > Ng, forallt < T,

(55) P(wN(t,t+0) > n) < de

We therefore evaluate the variations of the function U (¢). Fix ¢ < ¢/, and let n, m be such that
tY <t <th,; and tf <t <tl.,. Then,

n—1

UN() UM () = Y (0N () UV ().

p=m

Replacing UV by its expression in function of 6, and @ yields.

UN@N ) —UY) = 0N — 0(t)%1,00) B o —a(t),0o)
) )
Vo Ve
/N [N
To+1 T/ .
= - - UN(tp)
VI
h(6N) — h(B(tD B,
(56) s (05) — h(0(ty , 00))
[N
7p+1
tN
1 Pl — N 7
~ /N [h(6(s,00)) — h(@(tp ,00))]ds
V Vo1 'p
+\/7;)\f|-1 ]-!Z)\-fl-la

k‘N
where 5;,\;_1 = $ Zqi1(Pag’ (YN,p+1,q _ Pg;zvpg;v(YN,p+l,q)).

From lemma 12, we know that, if b < 1 (resp. b = 1), the ratio

Ve =9
()

N\3/2

tends to 0 (resp. 1/2a) if N tends to infinity. We denote by d1(b) the Dirac fonction at b = 1.

Let d&¥ be the indicator of the set |#V (0)| < R). By assumption (L8), g(tév,go) lies in a fixed
compact set. Moreover, if |#)| < R, because of equation (42), 6 lies in a compact set which only
depends on R and T provided ¢ < T. Thus, there exists a constant D(T, R) such that, for all p
such atht té\’ <T,

» h(0)) = h(B(t) ,00)) < D(T, RN [UN (tY)]

and

— [ " (@, 80) ~ b Ba))lds < D3

p bl
/N g
Tp+1 )
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Adding the obtained estimates, and returning to continuous-time notation yield

tl
6, 0 001D [ WO D mp |50 Gl
<s<t! t n<p<m pi=n

when w? tends to 0 if N tends to +co. Indeed, since |ty —t,| = > 4p, dV can be bounded by

\/ 7n+1 V7Y rJLV 51( ) N
N3/ - +

up to some multiplicative constant.
This implies in particular that

(58) E[supd¥|UN(s)|)] < D.E@NUN(0) +D/ (dR|UN (5)]?)ds

s<t! -

+DE[ sup d |Z£ {1l

+D.wN|tm — tn|2
Applying lemma 13 (with ¥% = Identity) to the sum, we get

E[supd®¥|UN(s)|?] < D.E@X|UYN(0)%) + D. / E(dX|UN (s)]?)ds
s<t!
FD(ft =]+t - ) +
with a possibly new sequence w? .
Since we have assumed that E(d¥|U™(0)|?) is bounded, an application of Gronwall’s lemma

implies that My = supy E (supt<T d%|UN(t)|2) is finite.

This implies that
N [N t | NN |t =" t |2
dp [ U7 (s)lds >n| < E(dx|U" (s)]%) < My
t

from which we get

(59)

(60) = (oY — i > R)
~ B T 0

tl
[ 1w s>y

t

Another application of lemma 13 with v = 4 gives

B sup dR|ZEp+1|4 <D(T,R)[ft =t + |t — '] + o
n<p<m p'=n

thus

(61) sup | Z Epyal > <

n<p<m

D(T)

— P+t —t' +w + P(0) - 0] > R)

p'=n

It is now easy to prove (55), using (58), (60), (61). Indeed, let n > 0,¢e > 0 be given. Assume
that NV is large enough so that the sequence w® in (57) is smaller than 5/3T. Then (57) implies
that

P sw 0V -0%0>0 < P
t<s<t+d
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where n and m are such that t) <t <t} and ¢]] <t+ 4 < t),,. Equations (60) and (61) then
imply that, for some constant D, and a sequence w” which tends to 0,

P| sup |[UN(s)—UN(t)| >n| < D&*+~ +P(|6) — 0| > R)
t<s<t+4

Take R > Ry + |0] so that, by lemma 7, P(|#) — 6| > R) tends to 0 when N tends to infinity. It
suffices to take § = ¢/3D, Ny such that w™¥ + P (|0} — 0] > R) < de/3 for N > Ny to obtain (55).
Moreover, we have proved that

(62) Mr(R) = sup E(sup d [U™ (¢)]*) < o0
N t<T

which implies that

PN (W) > o) < 22E) L poy — o> m)

o

which can be used to prove the tightness of (U” (t)) for fixed t. We thus have proved
Proposition 1. The sequence of processes (U™ ()) is tight.

This implies that
Lemma 14. Let k)Y and ko be as in condition (L3)’. We have

: LN _
A}l_r}r;()P[EanO, kY # ko) =0.
Proof of lemma 14: Assume that kév = ko. We will then have kflv = ko as soon as 9711\7 < Ry for

all n. By lemma 7, we have, with a probablity which tends to 1 when N tends to infinity, that
|08 < Ry. We will have 05 < Ry for all N as soon as |05 — 0(tY,05)] < Ro — R» that is

RO—R2<R0—R2

VAN T VA

UN Ny <

we thus have

My (Ry + |0 _ ‘
Planz0, & # k] < o D piiop) > o) + P £ o)
0 — Ha
which tends to 0 when N tends to infinity. a

8.4. Identification of the limit. The end of the proof consists in showing that any weak limit of
a converging subsequence of U () is equal to a diffusion, independent of the subsequence. Denote
by L; the generator of the limit diffusion, which has to be identified . We show that any weak limit
of the UY is the solution of the martingale problem associated to L;, ie. that for any 1, which is
C* with compact support, the process

(vwn - vwo) - [ rwwisnas: 120)

is a martingale. Following ([1]), one can check that it suffices to show that for all NV, the following
decomposition is valid, for any

(63) (UM () = w(UN(0)) + /0 Lap(UN (s))ds + MM (t) +rN (1),

where M* is a martingale and, for some R > 0, for all ¢, E(d% |7 (t)]) = 0 when N — ooc.
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We thus study the variation (U (¢)) — (UM (0)) for t < T. Fix n such that t)) <t < tn+1,
one has

Y(UN @) —w(UN(0) = Z¢ (O @) — w(UN ()))

n—1

= YW NE), UV ) - UN )

p=0
LS ), 0 ) - UV @)
p=0

HP(UN () = p(UN () + 77 (2)

Note that 1’ is a linear form and "' a quadratic form. The symbol @ refers to the standard tensor
product of two vectors: a ® b is the matrix with (a ® b);j = a;b;, and when A and B are two
matrices of same size, (A, B) is ) A;; Bs;.

Using the decomposition (56), it is easy to show that there exists a constant D = D(T, R) such
that

d|UN (t5) = UN(th)| < D. vﬁlfgglUN(t)l-

3/2

This implies that the remainder |rl¥| is smaller than D'. Zp<n(7;,\f}_1) sup; <7 |U™N (t)|, which is

smaller than D'\/4} sup,<p [UN(t)|. Using (62), we can incorporate it into #¥(t). Similarly,
GUN () = (UM (t]))) is smaller than /77 sup,<p [T (t)| and thus can also be incorporated
into 7. We now study the other terms.

8.4.1. Gradient term. Consider inequality (56). If in the upper bound, we replace

N N
To+1 — /T
VIR VP v,
\ p
by (51(1))/2(1)7;,\’ UN(téV) the error is smaller than wN'yZJ,V UN(t;,V). If we replace
N h(6)) — h(g(tév,go))
p+1
A/ 7;)\;1

by ¥ 1 |U ()], it is easily shown that the error is less than w™N 4V, (sup, <7 [U ()| 4sup, < |U (t)]?).
Finally, the term - B

/ h(@(s, o)) — h(B(EY, Bo))]ds

\/ 7p+1

is smaller than D('yé\_’i_l)sﬂ. Therefore, (56) can be rewritten as

. . . — — . o(b .
(649 V) - U@ = o (vEe T + 22 o)
(65) + '7;;\;-1511;\;1 + 711;\;-17";;\;1 )

with |rlj,v+1| <whN(1+ Sup;<p U ()] + SUp;<r |U(#)]?) and w™ — 0.
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Thus,
§<w'<UN<t;V>>,UN(t;,il)—UN(tm = [ (ww™ . (@ o)+ 220) 0¥ Y
n—1
F Y (O], )+ )

We must include in r% () one term coming from the extension of the integral to ¢ instead of t2

the error being bounded by w™ SUp, <7 |UN(t)], and another term coming from the sum of the

yNeirDyy, which is smaller than Tw™ (1 + sup, <7 |U(t)| + sup,<7). Thus 73’ can be incorporated
into V.
The term

(66) /0 t <¢'(UN(U)), (h'(a(u,ao)) + ‘héb) 1) UN('u)>du
constitutes the first part of
/Ot Lt (U™ (u))du.

We carry on the study to get the second part.
We apply lemma 13 to

n—1
YW E4)
p=0
with 1/);,\’( = <1/)’[U"(tév)], > and ug = pg, as given in equation (26). This yields that the sum

can be replaced by a martingale (to incorporate into M), a remainder which can be incorporated
into #V and the term

3
|
AR

=z

7

N
kp” 4

(WU (E) = ' (UN(t10)) s Poyos o,y (X7)).

]
I

In this term, we can write
YONE) = (O 1) = ¢ O L) O ()) = UN L)+

where r} < D |UN(t;V) — UN(t%’,V_l) |2. From decomposition (56), the only term which may bring

N
p 3
letting the remainder apart, we get

a significant contribution is y /¥ since all the other are smaller than 'yév max;<7 |[UN(t)]. So

n—1 N
v R
(67) ijg <1/);/_1:5;;V®P£—1>:
p=0 p—1

where we have introduced the notation ) = ¢ (UN (tV)),

= Payin, (X0).

Although we have dropped the exponent N to simplify the notation, these quantities do depend
on N. We shall also set

1 R

Pg = po, (Xp ) )
and pgl’q, ﬁgl’q when X7 is replaced by yrha,
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8.4.2. Terms of second order. We now consider

n—1

o3 ()~ UV e

p=0

Inequality (56) can be written

N
UN(tps1) =\ lori&ot + e K

with Kﬁ_l <sup, oy |UN(t)]. Thus, we have

(68) [N (1y,) = U ()] = 4 s

with

N =N
Yot psi] F peiTot

Ay (Vi_y, 7y ) < D(T, R)y /v, sup N ()
We thus can incorporate Y 7, pt1 into V| the remainder being
. ®2
(69 —Z Y 1917)
8.4.3. Study of (67) and (69). Adding these terms, we get
133 2
_ZP}/;)V p 1a€ ®(€ + N ﬁz-l)
2 = ky_y

Denote this last term by G /2. We drop the superscript N in the following computation. We
have

kp—1
1 < R
& = % Z(Pﬁﬂ‘ﬁzfl)
p—1 =1
q
= p p
_ ~p,g—1 p—1 _Fp 1
- pp 1 )+ ko kp—l

so that

p=0 p—1
n—1 ~ kp—1
, ~p,q—1
= X <” > (- ”®2>
p=0 p—1 q=1
n—1 ~ kp—1
Ap—1 ; ~p,q—1
+22 k2p < /1/9/—1’ p—1 ® Z(pZ—ql —Pﬁ_ql )>
p=0 P~ g=1
n—1
Y Ap—11 -
+Zk2p1< ;;—1’ (p§_1)®2> <¢;>/ 1 (PZ 1)®2>
p=0 P

Denote by V), the term
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We have
kp
Vo= (¥ (7= i) @ (b — 7))
q,9'=1

When computing the conditional expectation of V,, given F,_1, only the diagonal terms (¢ = ¢')
remain, and yield

V|BP1 pr 1 ppq 1

where
" = Pay o0 )
Therefore
n—1 kp-1
(70) G = Z kgl_)1< =1 Z(ngl £p77) ' Z Pp—1 = P 1>
p_on—l = kp—1
(71) +2§% k71< (R 2}@5& —ﬁgf;1)>
p=0 P~ q=

n—1
v R R .
(72) +Z 2 < p—1> pr 1 PSDZ 1+(PZ })®2_(P§—1)®2>

p=0 p

The sums in (70) and (71) are martingales, and the third one is

1< p—1> pr 1_pA§)(21>
We now introduce the matrix S(f), and the function wy defined by
(74) wy() — Powe() = Polpg*)() — (Pape)®*() — S(0)
Note that S(6) is well defined by (74) since the existence of w(f) implies that
S(0) = mo(Ps(pg?) — (Paps)®?)

Replacing pg by its expression in (26), one retrieves, after simplification, the expression given in

(48)

(75) S(0) = ma(95%) +2 ) ma(ge @ Py gs)
p21

(73) >

and one can check that S(0) is the normalized asymptotic variance of the empirical mean
1 ¢ ,
il VA
St
=0

(Z1) being an outcome of the markov chain with transition Py.

Inserting (74) into (73), we obtain (with the same notation wglq, ce)
n—1 kp_1
7 ) AP,
(76) Do <w;;_1, > (wp, - 'w531)>
p=0 p—1 g=1
n—1 ~
(77) + Z ]%—:(1/);/_1 , S(0p-1))

p=0
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The term in (76) can be decomposed as a martingale plus negligible terms as before, and, concerning
(77), it is (reintroducing N again)

(78) A (00 S0 00 s

k% (s) being the piecewise constant approximation of k.
Let W¥ be the event: In > 0, kY # ko. By lemma 14, P(W?) tends to 0 when N tends to
infinity. One may write:

[y mswon)as = [ (w0, s,

ti [ (w06, (s - ) 005 Y
1

+/Ot <¢"(UN(S)), o S0 ) _5[5(5,50)]}>ds

[ (oo (- 1 ) st6.001 s

is bounded, the second term in the right-hand term may incorporated into #V. By lemma 11, and
because S is continuous (by the same argument as in lemma 3), the third term may also be put
into 7V It thus only remains

(79) A (v @™ (e, 50070 Yas.

We thus have completed formula (63); formulae (66) and (78) yield the generator:

L($)(U) = <w'(U), B(@(,80))U + 512<j>U> N %<¢~(U), M > |

Since

9. CONCLUSION.

In this paper, we have obtained almost sure convergence results for Markovian stochastic algo-
rithms under different conditions on the gain and the approximation of the O.D.E. In particular,
we have shown that, in order to obtain convergence with little restriction on the size of v, the av-
eraging time k, has to be adapted to the ergodicity of the Markov chain with transition P . Such
an adaptive rule provides an algorithm which reacts to situations in which the current parameter
would accidentally reach values far away from the limit by improving the precision of the gradient
approximation.

We moreover have proved that, for large gains, a diffusion approximation of the tail of the
algorithm may be obtained. This provides us with running strategies as well as stopping rules
which are needed in practice.
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