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Abstract

We address the issue of the representation of Gibbs random fields over some con-
figuration set by means of synchronous random fields, which lend themselves more
efficiently to sampling on parallel devices. After describing the class of synchronous
fields which is considered, we introduce a parametrization of synchronous fields by
means of a potential. We give conditions under which 1t is one-to-one, and extend
the results to the infinite lattice case. We also prove that every Gibbs field may be
represented by such a synchronous field.
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1 Introduction.

If S is a finite set of sites, and F' a finite set of states, a random field on S with state space
F is a probability distribution on the set of all configurations Qg = F**. A Gibbs field (or
Gibbs distribution) is a random field 7 such that #(z) > 0 for all z € Qg. We denote by
Pt = PT(F,S) the set of all Gibbs fields on Qg. They are generally represented in the

form
w(z) = e V) 7y, (1)

where U is the energy of # and Zp is a normalizing constant. More precisely, given an
arbitrary element a in F', every Gibbs field can uniquely represented under the above form,

with
Uz) =Y uc(z),

ccs

uc being a function of x4, s € C, such that uc(z) = 0 if 2, = a for some s € C
([Ruelle 1978], [Georgii 1988]). We say that U is the energy associated with the potential



u= (uc, C'CY9). The Hammersley — Clifford theorem ([Besag 1974], [Geman 1991]) ex-
hibits the relation between the potential and the structure of the conditional probabilities
at one site given the states of all the others.

When such models are employed in practical applications (e.g. image analysis, neural
networks, etc.), it is most of the time necessary to resort to Monte Carlo sampling. This is
due to the fact that one cannot directly compute the natural quantities of interest, such as
probabilities of events or expectations of functions, because of the inherent complexity of
the processes which are modelled. Unfortunately, this simulation step often dramatically
slows down the methods for which it is required, and many attempts have been made to re-
duce the induced computation time. A large number of papers is devoted to more efficient
algorithms than the commonly used ones (see, for example, [Swendsen and Wang 1987],
[Sokal 1989], [Frigessi et al 1990], [Besag and Green 1993], [Smith and Roberts 1993]). Other
attempts aim at finding more efficient computer implementations of existing methods, and
researchers have very early studied the possibility of using a parallel hardware (see, e.g.,
[Geman 1984], [Poggio et al 1988]). The efficiency of a rigorous parallel implementation
rapidly decreases as the complexity of the involved interactions increases, and for this
reason the obtained improvement in efficiency appears to be unsatisfactory. On the other
hand, a non-rigorous parallelization of sampling algorithms should be done with care, and
the study of the random fields that are simulated in this way requires the introduction of
a formalism which is different from the Gibbsian one.

In [Younes 1993b], we have studied this synchronous formalism, mainly from a practical
point of view, our goal being to construct models of random fields that can be sampled in
parallel, and for which efficient algorithms may be devised in typical practical situations.
The associated sampling algorithm requires to build a generalized Markov chain of order
g > 1in Q, for which the configuration X" € Q at time n is obtained by synchronously
and independently drawing the states (X7, s € S) according to transition probabilities
depending on X"t . X7~ If this Markov chain satisfies an additional condition,
which boils down to reversibility in the case ¢ + 1 = 1, we have shown in [Younes 1993b]
that they may be used in most practical situations in which the Gibbs representation
is used, with the advantage of offering the possibility of being efficiently simulated on a
parallel hardware. These fields have been called (¢4 1)-periodic synchronous random fields
(see below for the motivation of this terminology).

The general parametric form of a periodic synchronous random field has been given in
[Younes 1993b], and it resembles the representation of Gibbs fields with a potential. How-
ever, when designing a parametric model in practice, it is very important to know whether
this model is identifiable, that is, whether the mapping which associates a probability dis-
tribution with a parameter is one-to-one. In this paper, we propose a special parametric
form for synchronous fields, which is also associated with a potential, and which provides
identifiable models. This parametric form is also complete, in the sense that every Gibbs
field may be represented in this way. Moreover, under some additional assumptions on



the potential, we will obtain estimates that will not depend on the size of the lattice S,
and which will therefore yield results in the case of infinite integer lattices.

Representations of random fields, different from the Gibbsian one, already have been
introduced in the literature. Among them are hidden Markov random fields ([Geman
et al. 1993]), which are fields on S = Z? that are images of some Gibbs field, also on
Z?, with nearest neighbour interactions, but with a state space G larger than I". The
unilateral approximation consists of representing a field as a Markov chain with respect
to some ordering of the set S (cf. [Goutsias 1991]). Stochastic models introduced for
neural networks, such as Boltzmann machines, are alternative representations of Gibbs
fields as well, the probability distribution on some configuration set Qg is represented
as the marginal of a distribution on Qgsuy (H is a set of “hidden” sites or neurons)
which is associated with a potential with only pairwise interactions (cf [Ackley et al. 1985],
[Sussmann 1988], [Younes 1996]).

This paper is organized as follows. In the next section we will give the definition of
synchronous random fields and our motivation for introducing this concept. In Section
3 we introduce our parametrisation, which is based on a potential, and show that it
approximates Gibbs distributions in a way which implies the exhaustivity of the class of
synchronous fields. We shall also prove more precise results in the case when S C Z? and
the considered potential has a bounded radius. Finally, in Section 4 we will study how
these results can be extended to the case of infinite S (S = Z<).

2 Synchronous Random Fields.

In this paragraph we summarize some necessary definitions and results concerning syn-
chronous random fields. More practical motivations can be found in ([Younes 1993b]). We
start with a formal definition, which does not refer to synchronous sampling, but has the
advantage of being concise.

2.1 Definition.

Let S be a finite set, I’ the state space and Q = Qg = F°. Let k be a positive integer. We
denote by Dy(F,S) the set of all Gibbs distributions p on QF which satisfy the following
conditions:

(a) Invariance by circular permutation: for all (z!,...,2%) € QF,

p(zt, .. .,xk) = ,u(wk,xl, .. .,xk_l).

(We shall use the following notational convention: superscripts are employed to index
families of configurations, and subscripts to indicate the state of a given configuration
at some site. So, for example, ! refers to the value of 2! € Q at site s € S: 2! € F).
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(b) Conditional independence: the variables z;,

: 2 k
given z°,...,2".

s € 5, are u-conditionally independent

We then define Si(F,S) to be the set of all Gibbs fields on € which are a marginal
distribution of some element of Dy(F,S) (we shall omit to indicate S and F' when no
confusion is possible). Elements of Sy are called k-periodic synchronous distributions.

2.2 Interpretation in terms of sampling.

Next, we will show the relation between this definition and synchronous Markov chains
of order k — 1. Assume that u is as above. Denote by u'(.|27, j # i), i = 1,...,k, the
conditional distributions for u of the component z' € Q given 27, j # i. By assumption,
! can be represented as the following product over S:

CRENVE R | FHCHEN R
sES
Consider the process (X (n), n > 1) of configurations in € which is defined as follows.
The k — 1 first components X (1),..., X(k — 1) are arbitrary. For n > k, let i = i(n) €
{1,...,k} be the modulus class of n, i.e. n = i(n) mod k. The probability of X (n) = z
given the values of X (p),p < n, is then chosen equal to

P (@ | X (gh+1),.., X (gh+i—1),X((g— Dk+i+1),..., X(qk)) . (2)

Such a process is in fact a standard algorithm which is known to simulate u (it is
called the heat-bath, or Gibbs sampler in the literature, see for example [Geman 1991] or
[Sokal 1989]), that is, the joint distribution X (¢k+1),..., X (¢gk+ k) converges to u when
¢ tends to infinity. But, because of invariance with respect to circular permutations, the
probability in (2) may be written in the form (since ¢k + i = n)

P X(n—k+1),...,X(n-1);2)

for any transition probability P from Q%! to Q which is independent of n. Since this also

applies to p, this transition probability can be written as the following product (for any
(z', ..., 2" 1) € QF1 and any = € Q):

Pzt . aht w):Hp5(9617---7$k_1§$s)7 (3)
SES

where p, are local transition kernels from Q*~' to F.

Thus, the process X (n) may also be considered as a homogeneous Markov chain of
order k — 1, for which the transition from X (p), p < n, to X (n) is done by synchronously
updating all X (n). Since the joint distribution of X (¢k + 1),..., X(¢k + k) converges



to u, and all marginals of p are equal to w, the process X (n) converges in distribution
to 7. Thus 7 may be simulated by a dynamic procedure which, at each time instant,
synchronously updates all sites with probabilities that depend on the £ — 1 last outcomes
of the process.

Conversely, let P be a positive transition probability of order k—1 which synchronously
updates all sites, and which is positive. Let p be its k-step probability in the stationary
regime, i.e. p is the distribution of X (n 4 1),..., X (n+ k) for the stationary Markov
chain associated with P. Then, the distribution # of X (n) is k-periodic as soon as p
satisfies property (a) in Definition 2.1. This alternative definition of k-periodicity clearly
is equivalent to the first one (cf. [Younes 1993b]).

An interesting case is when k& = 2. The process (X?) is then a standard Markov chain,
and condition (a) is equivalent to the fact that XP? is reversible. From this point of view,
k-periodicity may be interpreted as a generalization of reversibility to & — 1 order Markov
chains.

At this point, the fact that a k-periodic synchronous distribution can be efficiently sim-
ulated on a parallel hardware should be clear. What may be less evident is why we need to
resort to Markov processes of order greater than 1 in our construction, and do not restrict
to ordinary Markov chains. The reason is, that for ordinary Markov chains, reversibility is
a very convenient property. When this is true, it allows us to obtain an explicit description
of the invariant probability = (since 7 (z)/7(y) = P(y,2)/P(z,y)), whereas, in the general
case, 7w is only implicitly defined by P = 7. Moreover, it seems quite difficult to de-
velop feasible adaptations of standard practical algorithms which are employed under the
Gibbsian formalism, when the models are synchronous and non-reversible, whereas such
adaptations may be obtained in the reversible case indeed. Thus, for practical reasons,
using synchronous random fields of order 1 requires restricting to the class of reversible
ones.

Unforturnately, as has been shown in ([Koslov and Vasilyev 1980]), reversible syn-
chronous fields have to satisfy some very constraining conditions. In fact, in this case,
the 2-step distribution x on Q2 (of which the synchronous field 7 is a marginal) must be

of the kind
:u(xv y) = eXp[Z hst($5, yt) + Zhs(xs) + Z hs(yS)]/27 (4)

st s
with hgt(a,b) = his(b,a) for all s and ¢ in S and all @, bin F.

Since this class is too small to model the distributions which are needed in practice, the
simpler way to enlarge it while remaining within a synchronous context, was to consider
Markov chains of higher order as we did. The condition of k-periodicity is suflicient
to guarantee the feasibility of the algorithms in the applications, so that the practical
problems linked to non-reversibility can be successfully addressed.



The objective of the remainder is to study the representation of Gibbs fields by syn-
chronous distributions in Si(F,5). We shall show that there is a mapping of Si(F,S5)
into P+, and that this mapping is onto when & = |S|. In the particular case of a local
potential, we shall obtain uniform estimates with respect to |S|, which will be used for
proving a local identifiability theorem in the case of infinite S.

3 Representation of Gibbs distributions by synchronous ones.

3.1 A parametrization of synchronous distributions by a potential

We now describe a framework under which a synchronous field may be defined with the
help of a potential.
If @ € F, every Gibbs distribution on € may be uniquely written in the form = =
exp(—U*?)/Z with
Uta) = 3w (o),
ccs

where u¢, is a function such that

(i) ug only depends on x5, s € C.

(i) u(z) =0 whenever z; = a for some s € C'.

A family of functions u = (u¢, C C ) satisfying condition (i) is called a potential. If
(ii) is also true for some a, one says that u is normalized with respect to a. When u¢c =0
for |C| > k, one says that the range of u is bounded by k. We shall denote by 7y, the
Gibbs distribution associated to u.

We give a construction for approaching m, by a synchronous distribution when u has
a range bounded by k. Assume that some ordering has been chosen on every subset
C' C S. When writing C' = {¢y, ..., ¢}, we implicitly assume that the elements have been
numbered consistently with this order (¢, < ¢,41).

If u has a range smaller than &, we define the corresponding energy on QF, denoted
by U*, as follows. First, consider C' C S with |C'| < k: C' = {e1,...,¢}, | < k. For
X = (at,...,2%) € QF set

k-1
. 1 _
ué(X):EZuC(xgl,...,xg"'l b, (5)
p=0

where superscripts are modulo & in the set {1,...,k}. (We shall use this convention
throughout this paper). We now define, for X € QF,

UM(X) = ag(X). (6)

ccs



For A, X € F we put d(A\,X) = 1if A # X, and 0 if not. For z,y € Q, we denote the
quantity > csd(zs,ys) by ds(z,y). Then, for X = (z!,.. 2%y € QF we set

k
V(X) = ds(a?, 2Pth). (7)

p=1

Finally, we define for any positive number, «, the distribution ug  on QF by

Hia(X) = Z—exp [—av(X) - 0" (x)]. (8)

We leave to the reader to check the following proposition.
Proposition 1 For a > 0 and any potential u with range at most k, Wi 1S 0 Di(F,S).

We denote by vy, the element of S(F,5) which is associated with pf ., i.e. the first
marginal of g . Whenever no confusion is possible, we shall drop some of the indices
a, k or u to simplify notation. Since UF(z,...,2) = U(z) and the term —aV (X) in (8)
penalizes differences between configurations z*, v, converges to m, for a — oo (we will
prove a more precise statement in Theorem 1). In this way we obtain that &, is dense in
P+, where n = |S|.

For a potential u = (u¢), we let |u| be the smallest number M such that, for all

x,y e Q, forall CCS,
luc(z) — uc(y)| < MY~ d(we, ys).-
seC
We also let Ng(u) be the number of sets C' such that u¢ # 0 and s € C' and N(u) be the
maximum of (N(u)).
Our first result estimates the proximity between 7, and vy.

Theorem 1 Assume that A is an energy function on Q and A an energy function on Q¥
satisfying, for X = (2',...,2%) € QF,
ACY) = Aeh)] < AV(X),

where V is defined in (7) and A > 0 is some constant.
Let @ be the Gibbs distribution with energy A, and let v be the first marginal of the
Gibbs distribution on QF with energy A + o'V .

Then ()
v(z
<
g 2531 < [Slg(k. 8, 0). ()
with
g(k, A, @) < 2k(|F| — 1)e®e™ (10)

for a>logk+ A+log|F|+ 1.



We have the following corollary.

Corollary 1 For a > 0 and u with range at most k, we have

o (@)
& (@)

This result trivially implies that v, converges to my for o tending to infinity. For fixed
« and |S| tending to infinity, this also provides an estimate of the specific Kullback infor-

< [Slg(k; [u|N (u), ).

mation between these probabilities. The proof follows easily from the following lemma,
and from Theorem 1 (which will be proved in the next section) with A = U and A = U as
defined in (6).

Lemma 1 Let X = (2',...,2%) in QF. For U defined in (6) we have
U(X) = U(z")] < N(w)|u|V(X). (11)

To prove Lemma 1, let 2 = z!. We have

U(X Z ) — uc(z).

c

Now, let C' = {ey, ..., ¢}, with [ < k. We have
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The following estimate will be useful as well. We will prove it in the next subsection.
Let 0 be the subset of QF containing all elements (z,...,z) with 2 € Q.

Lemma 2 One has, for a > 0 and u with range at most k, and with A = N (u)|u],
W (09| 2 = 2) > 1~ 2SIK(F] - 1)ede. (12)
for a>log|S|+logk + A +log |F| + 1.
This implies the following proposition.

Proposition 2 Let o > 0, u with range at most k, and A = N(u)|u|. Let C C S and f
be a function defined on QF, depending only on z!, ... 2% with s € C, such that | f(z)| < 1.
For x € ), we have

B(f | 2" =a) = fla,...,2)| S KIC|(|F| = 1)e™F2, (13)
where the expectation is with respect to u%u.
Proof of proposition 2. We have
E(f|x1:x):E{E(f|x1:xandxi,l:2,...,k, teS\C)| xlzw},
so that it suffices to estimate
E(f|et=zandal,i=2,..k teS\C) - f(z,...,2), (14)

for given values of 2!, [ =2,...,k, t € S\ C.
Let po be the dlstrlbutlon on Q ¢+ equal to the conditional distribution of pf ,, given

b l=1,...,k, t€ S\ C. Let
Aclyb, - u) =UW' ... yh),

where configurations y' are extended outside C' by y! = 2!, t ¢ C'. Define also

k
VC( Cy-- 7yC Z y07yg+1 .

Then, pc is a Gibbs field in PH(F,C) with energy Ac+Ve. Define Ao (yc) = Ac(ye, - - -, yo).
Then Ac and Ag satisfy the assumption of Theorem 1 with the same value of A. The



expectation in Equation (14) is the conditional expectation of uc given that z}, = zc.
Thus, denoting by E¢ the expectation with respect to ¢,

Ec(f| et =20) = flee,...,20) = FEolf; Xo €00 | 2p =20)
< 1= (0 | wp = wc)
< K[C|(|F] = 1)e+a

O
Remark: Our purpose is to study the parametrization u — v, for fixed a. It is not our
objective to approach Gibbs fields by synchronous ones, but to directly use synchronous
modelling in practice. However, for sufficiently large o, we show that this parametrization
has some properties of the Gibbsian parametrization, in particular that it is one-to-one.

3.2 Proofs of Theorem 1 and Lemma 2
Proof of Theorem 1. We have

V(x) B Yy g€ —on(X)—[X(X)-l—A(x)

m(2)  (Lx et VO-AN) /5 e Al ]

which yields
ZX . xlzx —(a—A)V(X)

< .
7(@) Sy e GV A5 AT )
But
S (a+A)V Ze—A 3 ooV (X))
X X ; ol=y

It is easily checked that

T VD

X ; zl=y
does not depend on the configuration y € 2, and so (15) simplifies to
I/( ) ZX ey € (oz A)V(X)
7(0) 5 T g OV

Theorem 1 is a consequence of Lemma 3.

Lemma 3 Let V' be as defined in (7). For x € Q and § € IR, we have

T eV = [_Bf;'ﬂ)]n (16)

XeQk ; pl=x

where

B = (1F] 1) (1= ) + (14 (1F] - e )

10



Indeed, using (16) we see that we can set in (9)

Bi(a — A)

kA o) =log ———.
g( 1 70&) Og Bk(Oé—I_A)

(17)

The fact that (10) holds is based on the following elementary lemma (the easy proof
of which we leave to the reader).

Lemma 4 If0 < z <log2/k, then (1 +z)* <14 2kz.

The estimate (10) then follows from the fact that By(3) is smaller than |F|(1 4 (|F| —
L)e=P)* that the denominator in (17) is always larger than |F| (see below), and that
log(1 4+ ) < z. To complete the Proof of Theorem 1, it therefore only remains to show
that lemma 3 is true.

Proof of Lemma 3.

Let A=)y . ;i eV X) We have
k n
A = Z exp —ﬁZZd(xf,wa)
X; ol=zx p=1(=1

1

where in the last term ¢ is a fixed but otherwise arbitrary element of I, since the result

is independent of its specific value. Therefore A is equal to

k n
L5 g

eechER p=1

We now check that

Bu(B) = Ta,.cerexp (-6 d(e?, cth)

= (F-1(1- e‘ﬁ)k + (14 (F| - 1)6—5)’“ (18)

Recall that d(c',¢’) = 1 — §,(c') and that by convention ¢**! is equal to ¢!. To
evaluate B, we order the terms by the number ¢ of indices p such that ¢? # PT1. If ¢ is
fixed, there are (g) possibilities for the indices p. Each choice yields ¢ 4+ 1 regions in the

11



set {1,...,k+ 1}. Denote by a, the number of ways for colouring these regions, i.e. the
number of (¢4 1)-tuples (v!,...,77"1) in I such that 4! # 4! and v7+! = 1. We have

k
Be(B) =Y (£) age™”. (19)
g=0
To compute ag, let b, denote the number of possibilities for choosing v!,...,v4! in

F such that 47 # vP*! but without the constraint y?*1 = 4!, To this end, we can choose
any v! in F, and then any 4* in F\ {v"~'}. Thus, b, = |F|(|F| — 1)?. To obtain a,,
assume that we have chosen the values of 4%, ..., 7771 If ¥4~ = 41, then there are |F| -1
possibilities for fixing 74, and |F| — 2 if ¥2=! # 41, Thus, one has the identity

ag = (|F| = Dag_a+ (|F| = 2)(bg—2 = ag—2) = ag—z + (|F| = 2)|F|(|F| - 1)*7%.

Using ag = |F|, and a3 = 0, we get a, = (|F| — 1)? + (-1)%(|F| — 1). Equation (19)
then gives formula (18). Note that we always have By (3) > ap = |F|, and since a, <
(F| = D[1+ (|F] - 1)71], we have

Bu() < (F| = (14 ™) 4+ (14 (1F] - D)k < ||+ (F] - e ).

O
Proof of Lemma 2. We have
Syeqn. vy e~ U(YV)=aV(V)] _ ~U(x)
uzum\amwl:w):[ = - |
; Syean yiop 00NV
Dividing by e V() and estimating the ratio like in (15), this yields, applying lemma 3
k n
{%(1 Feta)h g (1= 2 (14 (7] - Demota) } 1
Hal@\09 | ot = ) < L — i
{FHO+eo=2)k 4 (1= F) (14 (1P| - 1)emo-2)F
This yields equation (12) by using Lemma 4. O

3.3 Representation by elements of S;: general potentials.

In this section we study the functions u — v§ for potentials u of smaller range than k.
More precisely, let @ € I and let a € € be the configuration with state a at every site.
Denote by Ry the set of potentials, normalized with respect to a, which have a range
bounded by k. We identify Ry with the vector space

H B(|F|—1)|C|7

1<k

12



and represent its elements by u = (u¢ .. = uc(zc), C C S, |C| <k, zc € (F\ {a})?).
If ue R, and y € Q, the corresponding energy U(y) = > - uc(yc) may also be written
as

U(y) = Z uC,l’c(sl’c (yC’) )

Caxe
where &, (yc) = 1if and only if yo = z¢, and zero otherwise.
For u € Ry, we set ||ul| = maxc ;. uo(zc), and always use the associated operator
norm for linear mappings from Ry to Ry.
Note that we also defined another norm for u, namely |u|, which was defined as the
smallest number A such that, for all C' C S, o,y € €,

|UC($) - UC(y)| <M Z d(wsvys) .
seC

For any potential u in Ry, we have
[ull/k < |u] < 2||u].

For a configuration = € €2, denote by z¢ the configuration with state z, at site s for
s € C, and with state a at s for s ¢ C'.

We have associated a synchronous random field vy € S(F,S) with u € Ry and o > 0.
To describe the relation between u and vy, we consider the mapping

zb?: Rk —>Rk
Viu(28)

Viu(®)

Let k be fixed and dropped from the notations, and consider the family ¥“ of endo-
morphisms of Ri. The first remark is, that for &« — oo, 1%(u) converges to a limit °°(u),
since vy, converges to my. The next proposition gives an expression for 1*°, which follows
from a straightforward computation.

u — (—log , CCS, |C <k, z,€ F\{a},se€ ().

Proposition 3 The limit of 1 as o — 00 is a linear invertible mapping on Ry given by

P (u) = ( Z ug(zp), C C 9, |C| <k, 25 € F\{a},s€ C) . (20)

BcC

We have

(™) (u) = ( > ()P g (ac), BC S, Bl <k, ;€ F\{a},s € B) - (2D

ccB

13



For u € Ry, denote by dyy® and d2¢* the first and second derivative of 1 with
respect to u respectively. We first study the behaviour of these derivatives for large «.
The following theorem will be proved in the next Section.

Theorem 2 Let n = |S|. For all M > 0, there exists a number oy, (M), such that for all
u € Ry with |u] < M and for all « > oy, (M), the differential dyyp® is invertible, and

22 < (dys) | < 241, (2
We may choose
akn = (321) M+ (k + 3) log 2 + log (K dimRy,) . (23)
Moreover, the norm of the second derivative of v is always bounded by 2(dimRy)?.

As a consequence, we obtain the following fact: Denote by Oy (M) the set of all
potentials u in Ry such that |u|] < M. Moreover, denote by Bji(u,r) the open ball
(for the norm |Jul| in Ry) with centre u and radius r.

Theorem 3 There exist two positive numbers, ri, and pr,, depending on k and n = |5|,
such that, for all M > 0, for all @ > oy, (M) and for all w such that B (u, ri,) C Ox(M),
Y is a diffeomorphism from some open set V C By(u, rk,) onto its image, which contains
the open ball By(v™(a), prn)-

Furthermore, there exists ag, (M) > ap,(M) such that, for all o > ap, (M), *
restricted to O (M) is one-to-one.

We have therefore obtained a result stating that, at least for bounded potentials and for
sufficiently large «, our parametrisation is one-to-one. At this level of generality, a still
depends on the cardinality n of the set S, which may seem is unsatisfactory, given the
fact that Gibbs field models, usually defined from finite range potentials, are formally not
dependent on .S. We will see later how this can be addressed in the case of regular lattices
and local potentials. The present result is a direct consequence of the inverse mapping
theorem, of which we use the following standard version.

Inverse mapping theorem. If ¢ is a function (defined on an open subset of a Banach
space X', into a Banach space V), with ¢(0) = 0, dg¢ = I, and if § > 0 is such that, ¢ is
defined on the open ball 5(0, ), and

max(|z, [2']) <& = |z = ¢(x) — 2"+ $(2")| < c]x — 2], (24)

with ¢ < 1 then there is an open neighbourhood of 0, V, in A" such that ¢ is a diffeomor-
phism from V onto the open ball B(0,5(1 — ¢)) on Y.
Applying this theorem to

() = (duo ) (- + uo) = ¥ ()]
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and using the fact that ||d%y°|| < C in Ry, with C' = 2(dimR)?, we see that inequality
(24) is true for ¢ with ¢ = 2C6§||(du,¥®)!||. Taking & = (4C||(du,>*) " ])~", which is
smaller than ry, = 27%/C for a > ay,,, (M), we obtain the existence of an open set included
in By (ug, rr,) that is diffeomorphic, under ¥, to the set

&% (o) + (duo ™). Br(0,0/2) .

Since /2 > 27574/C and ||(du,¥®) || < 2F*!, we see that this set contains the ball

B (1™ (ug), pn) with
prn =275 /C. (25)

To prove the second claim of Proposition 3, assume that for all &/ > ay, (M) there exist
a > o' and two potentials u and u’ in Ry with max(|u|, |u'|) < M and ¢*(u) = ¥ (u').
One can then construct a sequence «, — oo and two converging sequences u, and u;,
U, — Us, U, — ur,, such that

PP (uy) = () .

Since ¥ is one-to-one, we must have u,, = ul_, and so there does not exist any neighbour-
hood of u®™ on which ¥ is a diffeomorphism for all sufficiently large . This contradicts
the preceding result.
Thus, there exists sufficiently large &(M) such that, for all o > &(M), ¥ is a diffeo-
morphism.
O

We also have the following interesting corollary, which holds for fixed u.

Corollary 2 Let a € F. If u € Ry, is given, then vy is locally invertible at u, except for
a finite number of a.

Proof: The function v(a, u) that associates with (o, u) € IR x Ry, the determinant of dy 1,
is analytic (it is a rational function of the variables exp a and exp uc ;,., see proposition
4 below). For fixed u, we have just proved that this determinant cannot vanish if o >
ag,n(u): this implies that the set of o with (e, U) = 0 is finite. a

A second corollary is the following representation theorem.

Theorem 4 If S is a finite set of sites of cardinality n, and F is a finite state space, then
S.(F,S)=PH(F,S)

(every Gibbs field is a n-reversible synchronous random field).

15



Proof: It suffices to show that
U U (Re) = R,

since this means that for every Gibbs distribution 7= on € there exists an n-periodic
synchronous random field v such that, for all z € (F'\ {a})® and all B C S,

v(zh)

log = log ()
v(a)

m(a)

which is exactly
log V() = log (@)
v(a)

for all z € . This implies 7 = v.
Thus, let vo € R,, and set ug = (¢°°) 71 (vg). We know that ¢2(ug) converges to vo.
So let ag be such that, for all a > ag,

197 (o) = Voll < prn/2,

where p,,,, is the number given in Theorem 3 for k = n. Let M be sufficiently large so that
the ball B, (ug, rny) is contained in O, (M). Then, for all @ > a,, (M), we know that the
ball B, (¢¥2(ug), pnn) is contained in g (R, ), implying that vo = ¥2(u) for some u.

3.4 Proof of Theorem 2

We first study the differential of ) in u, dy9y. Denote by IE'(;’yC the function, defined on
QF, by

k—1 I
_ 1 _
KQ@/C($17 e ‘7$k) = L Z H 5116(1 (xgcj_q 1)’
p=0g=1
where C' = {¢q,...,¢}. Hence, U given in Equation (6) may be rewritten as
U(X) = > > uc(ye) Koy (X).

CcCS ye

In the sequel, E}f will denote the expectation with respect to uy, the Gibbs field on
QF with energy U + aV. We have the following result.

Proposition 4

) = E%[R’OWC | rh = a] - Eloj[lgrcﬁyc | rh = xaB] (26)

duc7yC Vlol[ (a)
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d? u (7} e I
log Aal?B) - _ cov? (K¢ ye, Koo

2ot u

2ot

duc y. duc:

— covi(Koyp Kers, |2 =af) . (27)
Proof: These identities are applications of the following well-known result. Let Pj(wy,ws)
be a probability distribution on the finite set £2; X €2, and let (Jg be its marginal on €.
Assume that Py is twice differentiable with respect to the parameter § € IR?. Then we

have

d d
@long(w) = EP(@IOng | w1 =w),

and
2 2

d d
WlogQg(w) = Varp(@long | w1 = w) —I—Ep(Wlog Py | w =w).

We apply this result for Py = S and Qg = vo. The computation of the derivatives of
log s with respect to u is easy, since uy is an exponential family of probability measures.
So we get

duc log pi(at, ... 2" = E[Koy (2, ... 2™)] = Koy (2h, .. 2™,
sYe
and
‘ (@1t = cov(eye Ko
—logpug(z,...,2") =cov(Keoy., Ko, ).
duc y.ducr ., ey wer e
Taking conditional expectations yields the expressions in Proposition 4. O

Assume that |u| < M. We have defined N(u) to be the maximum over s € S, of the
number of sets C' C S such that s € C' and u¢ # 0. This number is smaller than (Zj)

foru € Rg. Set A=M (Zj), which is therefore larger than N(u)|u|. In this proof, we
will always assume that o > 2logk + |F|+ A+ 1.

According to Lemma 2 and Proposition 4, the left-hand side of (26) is, for sufficiently
large «, close to

—IE'QyC (2%, ...,2%) = H 8y [(2B)s)s
seC

which is zero for C' ¢ B, and [[,cc 0y, (2,) otherwise (note that y, # a by the definition
of Ry ). This is in fact the coefficient at the (B, zp)-th row and (C, yc)th column of the
mapping > when considered as a matrix.

Then we can write

du¢ = ¢OO ‘I’R7
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which defines R. If || R(¢°°) 71| < 1, the system X = (¢°° + R)A, for X € Ry and A € Ry,
yields

A= (@) TN = (%) TIRA = (%) TN = [R(%) TN 4 (DI [R(0%) TN ).
This uniquely defines A. Moreover, we have

le=)
L= [[B(=) =]

If X = ¢ ()), Equation (21) implies that [Ac .| < 2I°1|N||, if yielding ||(x>°)~"]] <
2k,

Moreover, fixing C' with [C'] = k and letting Al , . = 1if B C C' and |C|—|B] is even,
and 0 otherwise, we see that the norm of (¢°°)~! is larger than the number of subsets of

C which have a cardinality of the same parity as |C|, which is 2!, Since a lower bound

of [|(¥> + R)™!| is

1Al <

oy (L= 2IBE)
)7 ( 1—HR(¢°°)—1H) ,

the inequality
[R(>) 7 < 1/4

is sufficient for (22) to be true. Therefore, we shall choose o such that || R[] < 2752,

To estimate || R||, we use Proposition 2, since every component of the matrix R is the
sum of two terms whith the form given in (14) and estimated in (15) with |C] < k. We
see, that for A € Ry, [|A]| = 1,

| RA|| < max E Re zo (ByyB) Ao < 2k2e~ 2 dim R, , (28)
sYB
C,l’c

so that the first part of Theorem 2 follows if we take

o>, = 10g(2k+22k2n6AdimRk) . (29)

We now estimate the second derivative of 1®. Denote by A(C7yc)7(0/7ZC,)(B, xg) the
expression for the second derivative of the corresponding coefficient of 1 given in Equation
(27). The norm of the second derivative of 1 is the supremum, over A, A € Ry, ||A|| =
IA|| = 1, of the norm of the vector

Z AC’,yc XC",Zc/14(6’,1/@),(0’,20/)(B7 xB)
(OvyC)v(Olsz’)

in Ry, that is

glaX § AC’,yc XC",Zc/14(6’,1/@),(0’,20/)(B7 xB) .
T B
(OvyC)v(Olsz’)
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It is smaller than
(dimRy)? max A(Cye) (€ zen(BszB) < 2(dimR)%.

ad

3.5 Representation by elements of S;: case of local potentials on the
integer lattice.

In equation (23), which gives the value of ay,(u), two terms depend on n, namely

k

dimR; = 3 () (1P| - 1)
=1

and (Zj), which is the upper bound of N(u) for u € Ry. We can get rid of this
dependence by specifying additional constraints to the potential.

We consider the case that S is a subset of Z? or S is a d-dimensional torus S =
ML, Z/n:Z%. For s € S, we let |s| = max®, |s;| (taking the representation of s; of
smaller modulus in the case of the torus). We say that a potential u on S has radius h, if
uc .z, = 0 for all C' with diameter larger than .. Denote by ), the set of potentials with
radius k. Setting k = (2h)¢, we have H;, C Rj. When u € Hy,, we have N(u) < 2%, which
is independent of n. We let k = (2)? in the following.

We may define a mapping ¢; from Hj to Hy, by associating with u the collection
{=logrp(z%)/vy(a)}, diam(B) < h. We can copy all details of the proof of Theorem
2 with #}, instead of Ry, but the estimate of ||R|| in Equation (28) can be significantly
improved. This yields the following proposition (cf. Proposition 2).

Proposition 5 Let u € Hy, a > 0, and p = pg,, with k = (2h)%. Let By, By C S and
let f be a function defined on QF, depending only on z!,... 2% with s € By, such that

57

0< f(x) <1. Let x,y € Q be such that x5 = ys for all s € S\ By. Then

1 1 d(BlvB2) —92
[E(f |2 =a) = E(fle” =y <k[Bily ", (30)
where the expectation is taken with respect to p and v, = 2k* exp(—a + N (u)|ul).

Moreover, if v. < 1, and g is another function depending on x!, ... 2% with s € By
such that 0 < g(z) < 1, we have

d(B1,B7)

Ab1,B2) g
lcov(f,g]at = 2)| < |Bil|Balys "

(31)
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We will prove this proposition at the end of this Section. Fix M > 0 and consider
u with |u] < M. Applying Proposition 5 to R in combination with the estimate from
Proposition 2, we obtain for |C| < k that

d(B,C)
[Rewae (Boyi)| < 20 min (2 550

where A is upper bound for N (u)|u|for u € Hj, and |u| < M, thatis, A = A(h, M) = 2*M
(with k& = (2Rr)9).

We must estimate A =3¢ . |Rc..(B,yg)|. Pick some site so € B. Since there are
at most |F|* configurations z¢ for each ', and each site s is contained in at most 2* sets
of diameter less than h, there exists a constant K = K(d, h, |F|) such that

A d(s,30) 4
A<K Z min(e™ T2 4, 7 ).
SES
We have, for p > 4h,
d(s,30) _4 h—d h . h—4
Yoot <X X AT X e+ snt < Kt
s;d(s,50)>p 9>p s;d(s,s0)=q g>p—4h

Choosing p = bh, thisimplies A < K(d, |F], h)[(5h)de_a+A—|—'y*1/h]. Since v, = C'(h) exp(—a+
A), there exists o2 independent of |S|, such that ||R|| < 27572 for & > af. The rest of
the proof of theorem 2 remains unchanged. We have proved the first part of the following
theorem.

Theorem 5 Assume that S C Z% or S = [[L, Z/nZ. For all M > 0, there exists
ap(M) > 0, independent of |S|, such that, for all @ > ap(M) and all uw € H; with
lu| < M, dyy® is invertible and

282 < ||(dutp) 1| < 251

for k= (2h)°.
Moreover, there exists a constant Cy, independent of |S|, such that for a > ap (M),

lda?|| < Ch.

This theorem therefore states that the model is identifiable for « larger than a lower bound
which does not depend on the size of S.
Proof of theorem 5.

It remains to prove the second part, that is, to estimate the second derivative of ¢ with
a bound which does not depend on [S]. As in Section 3.4, denote by A (¢ y.) (07 2...) (B TB)
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the partial second derivative of 1) with respect to uc . and uc By virtue of Propo-

ot
sition 4, this is given by

t=ap) . (32)

By Proposition 5, this quantity may be bounded in two ways. First, each covariance

COUﬁ(RYC’,y07 RYC’,ZC/ | 2! =a) - COUﬁ(RYCﬁycv RYCCZC/ | @

term is smaller than
d(c,c’)

K(h|Fl)ye *

Moreover, since (32) also involves differences between conditional expectations given a or
z%, it is also smaller than

i min(d(C,B),d(C’,B)) 9
K (h,|F|)7 z .

The norm of the second differential d%4 is given by

max g |ACyo) (20 (Bs2B)|
B
(OvyC)v(Olsz’)

and it is therefore smaller than

d(c,c’) 9 min(d(C,B),d(C’',B)) 9
AT S [T .
(OvyC)v(Olsz’)

Using the fact that for each C, there are at most |F'|* configurations z¢ € Q¢ and that
cach site s can be an element of at most 2(2%)? sets C', the above sum is smaller than

ls—t] min(|s—so|,lt—s0l) _
K F) Y min (177* e | malleglinl 2) | (33)

s,t€S

where sg is any fixed element of B (in all the above estimates, K (h,|F|) is a function of
only h and |F|, but possibly different for different estimates).

Let = 7*1/h, and denote by G the sum (33). Noting that for each s € S, there are at
most 29(2p + 1)471 sites ¢ such that |t — s| = p, we have

G< 3 2%+ Y min(L, gl 4+ 37 22 (p 4+ 1)1 S min(1, pl T2y
p>2h sES p<2h sES
(34)
But

Z min (1, 77'5_5°|_2p) < (Qp)d + Z 2d(2p + Qq)d_lnq
s€S >0
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and the right-hand side is smaller than a polynomial in p, so that the first sum in the
right-hand side of (34) is bounded by a constant depending on h, |F| and 7., and it is
an increasing function of v, < 1. Since this clearly holds for the second sum as well, we
obtain that (i is bounded by an increasing function of v, (and thus decreasing in «). This
completes the proof of Theorem 5. O

The following proposition is a refinement of Lemma 1 and it yields a more precise
estimate for the difference between ;" and its limit ¥7°. This estimate is again independent

of |5].
Proposition 6 For all u € Hj we have

[l (w) = w5 (w)|] < (4h) g (k, 2" ul, ) (35)
with the same g as in Theorem 1 and k = (2h)%.

Proof. We must estimate the quantity

vy (x% a
Q _ log k,au( B) _ log 7Tu(wB)
Vk,u (a) Tu (a)

for diam(B) < h. We have (dropping the indices a, k, u),

L)m(a) YoX  plega e—oV(X)=U(X)+U(z%)
== : 36
@) sy eV T+ (36)

where U and U are the energies associated with u on Q and QF respectively, as in Section

3.1. Since u is normalized with respect to a, we see from (5) that ic (2, 22k =0
for all C such that C'N B = (). This implies that U(a,2?,...,2%) = U(a) = 0 and that
Uz, 22, ,xk) = Z o (g, 2, 7ack)
C:CnB#D

Let B be the set of all s € S such that dist(s, B) < h. The energies U and U in (36)
depend only on 2% for p=1,...,k and s € B. For B’ C S, denote by Vg the function

k
Ve = Z Z d(f, $Zs?+1) )

seB! p=1

and for X = (al,...,2%) € QF denote by Xp/ the p-tuple (zk,,...,2%,). With this
notation, one has

—aVge(X —aVg(X)=U(X)4+U (%
v(ey)m(a) X pe ol =ap. € aVpel( )EXB R aVp(X)-U(X)+U(cp)

m(zg)v(a) ZXBC R e—aVpe(X) ZXB ol=ag e—aVa(X)

(37)
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This implies that the ratio v(z%)7(a)/7(2%)v(a) is always smaller than the maximum
and larger than the minimum of

S e aVa(N)-TX)HUG)
B i Tp=7TH

Sxp ¢ ol —ap e—aVp(X) (38)
Letting A = 2¥|u| > N(u)|u|, we see, as in the proof of Lemma 1, that the logarithm of
the expression in (38) is smaller than |B|g(k, A, @) in absolute value. Hence (35) follows
from the fact that |B| < (4h). 0

This proposition enables us to prove that 1" is in fact a diffeomorphism on the compact
subsets of H}, for sufficiently large « independent of |S|. Denote by O (M) the set of
potentials u € H;, with |u| < M.

Theorem 6 For all M > 0, there exists o, (M) > ap (M) such that, for all o > &y (M),
the restriction of 7 to Op(M) is a diffeomorphism onto its image.

Proof. Using the inverse mapping theorem for 7, we see that there exists ¢ > 0 (depend-
ing on M, h, but not on [S| and «) such that if max(|ul,|u’|) < M, |lu — u|| < ¢ and
u # u', then ¥ (u) # ¥ (u'). Moreover, since ¥:° is linear, invertible and ||(1/5°)7!|| < 2*,
we have
kj|,/,00 o0
[lu = |} < 2%(|¢557 (w) — 37 ()]

Finally, for large o (independent of |S|), we have [|¢¢(u)—¢° (u)|| < 27%~1e for ||u| < M.
These facts together imply that one cannot have ¢ (u) = ¥} (u’) and u # u’ for large
o O

3.6 Dobrushin’s comparison theorem.

Since the proof of Proposition 5 is based on Dobrushin’s comparison theorem [Dobrushin 1968],
see also [Follmer 1982], we will give a brief overview of these results. Consider a set I that
is at most countable, and the associated configuration space £ = FI. If 7 and 7 are
two probability distributions on F, an estimate for 7 and 7 is a family (a(i), 7 € I) of
positive numbers such that, for all functions f on F, that depend only on a finite number

of coordinates,
‘/ fdﬂ—/fdﬁ

where w; (f) denotes the oscillation of f at site 1, ie

wi(f) = max{f(z) = f(y),z; =y, for j # i}.

< Za(i)wz’(f%
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For m a Gibbs distribution on £ we denote by m;(dz;|z;,j # t) the conditional dis-
tribution at site ¢ € I given the state of all other sites. Define the matrix I' = (v(, j))
by

. 1
(i 5) = lImi( o) = il [ )l =sup 5 > |miMe) = m(Aly)]
AeF
where the supremum is taken over all 2,y € F with zj = y;, for k # j.
Finally, given 7 and 7, we define the family b(i) ,i € I by

b(i)z/Hﬂi(-|$)—ﬁi(-|$)\!ﬁ(d$)-
Lemma 5 ([Dobrushin 1968], [Follmer 1982])

1. Ifa is an estimate for m and 7, then the vector al’ + b is also an estimate.

2. Assume that 37;v(i,7) < v < 1 for all i. Let = = (§(3, 7)) = 2,50 P Then for
any two functions f and g depending only on a finite number of coordinates,

covr(f,9) < § Y600 el 9) (39)

We can now give the proof of Proposition 5.

3.7 Proof of proposition 5.

Denote by p! (respectively, p?) the distribution u( .|a! = z) (respectively, z! = y).

Both may be viewed as Gibbs distributions on Q*~!, and we shall apply Lemma 5 with
I=1{2,...,k} xS, 7 =pu' and © = . We have to compute the matrix I' and the vector
b for these distributions.

For computation of the vector b, fix a site 1 = ({,s) € I. By the construction of the
potential u, the conditional distributions of p at ¢ given all other sites in {1,...,k} x S
only depends on the sites (I, s') with |s — s’| < h. This implies in particular that b(z) = 0,
whenever s ¢ B,, where By is the union of all ' C S such that diam(C) < h and
CNBy £P. If s € B,, we have b(i) < 1.

We have a straightforward estimate of (i, j) for u!. Indeed, at site (I,s), the con-
ditional expectation only depends on sites (I',t) with |s — ¢| < h and so v(i,7) = 0 if
|s — t| > h. Moreover, whatever the external condition is, the conditional distribution for
pl at site 7+ = (I, s) is almost equal to the Dirac measure at state z, for large a. Applying
estimates such as the ones in Lemma 2 in the case of |S| = 1, we have

v(i,j) < 2e"@ Nl
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when |s —t| < h.
Finally, for f as in Proposition 5, one has w;(f) = 0 for all ¢ = ({, s) with s ¢ By.
Start with the initial estimate a; = 1 for p! and p?, and let D = [ fdu' — [ fdu®.
Iterating Lemma 5 one has, for all integers p > 0

Dgzk: > (an—l—pZ_:leq) (I,5).

=2 seB, q=0

Let v, = maxi{Y_; v(i, 7): 7o < 2k%e 2N} Then (I7)(i,j) < AL if i = (I, s) and
Jj=(i",¢) with |s — §'| < ph, and (I'")(7,j) = 0 if |s — §'| > ph. This implies that, if p is
the largest integer such that one cannot have s € By, s’ € By and |s — §'| < ph, i.e. pis
the integer part of d(By, By)/h, then,

which proves the first part of the proposition. The second part is almost straightforward
from estimate (39). a

3.8 Case of stationary local potentials.

In this subsection we assume that S is the d-dimensional torus S = [[,Z/m;Z. In
addition to the locality assumptions, we may introduce the constraint that a potential
u € Hj, is stationary, that is, for all s € S, C C S, © € €,

uoys(Tsz) = ue(x), (40)

where Tz is the configuration y € Q such that y; = z,4¢. Denote by #H;j (F,S) the set of
all stationary potentials with radius h. This is a linear subspace of Hy, (I, 5).

Given a stationary potential u in Hj, we can construct an associated potential on QF,
1, which is stationary as well. To this end, we should be careful in choosing the ordering
of the sets C' used in equation (5), since this ordering must be invariant by translation,
i.e. if the elements of C' are enumerated as ¢y, ..., ¢, and those of " = C+sas ¢}, ..., ¢,
! =¢,+ s for all p (this can always be achieved).

2
We easily get the following proposition by construction or by using theorem 6.

then we must have ¢

Proposition 7 Assume that the ordering of the subsets of S is invariant by translation.
Then, the mapping 5 defined in Section 3.5 leaves H3 invariant.

Therefore, for all M > 0 and for all o > oy, (M), the set of all potentials u in Hj, such
that |u| < M, is diffeomorphic to its 1®-image.

This proposition will be used in the next section.
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4 Case of infinite S.

Let S be an infinite, countable lattice. Gibbs fields in this case may be defined by means of
an infinite potential, which is a family u = (u¢) of functions indexed by the finite subsets
of S. In the following, we assume that the reader is acquainted with the basic definitions
and properties of Gibbs fields over countable lattices (see [Georgii 1988]).

Definition 2.1 of Dy (F,S) and Sk (F,S) remains valid in this case, since points (a) and
(b) are meaningful also in the infinite dimensional case. One may ask the same question as
has been asked in ([Geman et al 1993]) for hidden Markov random fields: is |J, Si dense
(for convergence in distribution) in the set of Gibbs fields over S, (and thus in the set
of probabilities on ©)? The answer is positive. Indeed, let 7 be a Gibbs field, or more
generally any field which has strictly positive marginals on finite subsets of 5. Consider an
increasing sequence 5, of finite subsets of .S, such that |J,, S, = 5. Let 7, be the random
field given by

Tn = Mg, © ® s
SE&Sn

where 7 is the uniform probability measure on F' and 7, is the marginal of 7 on S,,. In
other terms, 7, coincides with = for events that only depend on configurations over 5,
whereas the states of sites in S\ 5, are mutually independent with law 7, and independent
of what happens on S,. Then 7, converges in distribution to 7= (note that the set of
probability distributions on F*¥ is compact since F is finite,). Moreover, g, 18 the first
marginal of a distribution " € Dig |(F,S,) since PT(F,S,) = S|g,|(F,5,). Now, m,
is the marginal of the distribution p, on Q% equal to u* on FI% I, (i.e. |S,| copies
of F|5"|)7 and such that the states at all other sites are mutually independent with law
1. This last distribution is in D|g |(F,S), and thus 7, € Ss,(F},5). We therefore have
proved the following theorem.

Theorem 7 Synchronous random fields are dense in the set of probabilily measures on

Q.

We now specialize to the case of the integer lattice and local potentials. In this case,
our estimates were independent of the size of the set S, and we can carry out some of our
results to the infinite dimensional case. From now on, let § = Z<.

We still denote by #; (F,S) the set of all stationary potentials on 5, the definitions in
Section 3.8 being obviouly valid in the case S = Z¢. We also assume that the ordering of
the subsets of S is translation invariant, so that the potential @ on QF that has been built
from u in Hj, remains stationary.

Denote by u® the potential on QF containing all functions (@, C C S), and to which
the functions corresponding to the term oV (X) are added, i.e. the functions a3, ,,,(X) =
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ad(z!, 2!*1). Since 4 is local on QF, there exist Gibbs distributions on Q% which are
associated with it. They all satisfy condition (b) of Definition 2.1. By standard results in
Gibbs field theory (cf [Georgii 1988]), some of them satisfy the permutation condition (a)
and are stationary. For o > 0 and u € Hj (F,5), we therefore can define D(a, u) as the
nonempty set of stationary, permutation invariant, Gibbs distributions associated with
the potential u”, and S(«, u) as the set of first marginals of distributions in D(«, u). We
therefore have built a parametrization of synchronous fields by means of a potential. That
the union of the sets S(«, u) is dense in the set of stationary and permutation invariant
Gibbs fields may be proved by more or less the same arguments as before. We shall show
that this parametrization furthermore satisfies the following identifiability theorem.

Theorem 8 For all h > 0, and for all M > 0, there exists o (M) > 0 such that for all
a > af (M),
S(a,u)NS(a,u’) =0

if u,u’ € #3, u# v and max(|ul, |u'|) < M.

(note that S(a, u) # () by the discussion above).

Before proving we should note that identifiability is a very important result in the
context of parameter estimation. For example, it is required for the consistency of the
maximum likelihood estimator for Gibbs distributions, and our results allow us to apply
the results of Comets and Gidas ([Comets and Gidas 1992]).

Non identifiability may occur for some «. Take, for example, the “synchronous Ising
model”, which is a 2-synchronous random field with F' = {—1,1}, defined as the first
marginal of

pla a?) = Zexplo Y ale? 53 aled).
s s#£t
In this case it is easy to check that 3 and —f3 yield the same marginal distribution for z?
when @ = 0. (In this case, one can show by some lengthy computation that the model is

globally identifiable when o # 0).

Proof of theorem 8. Let u € H#j, @ > 0 and v € S(a,u). Denote by p the associated
element of D(a,u). Consider an increasing sequence of hypercubes S, = [—c,h, ¢, h]?,
where ¢, = 2d, + 1 is an increasing sequence of odd numbers tending to infinity. We
denote by p, the associated Gibbs distribution on (S,)* ~ {1,...,k} x S, with periodic
boundary conditions. It is the element of D(S,, I') associated with the potential uf =
(2@ (z¢), C' NS, # 0), where & is the configuration in Q obtained from z € Qg by a
periodic replication outside S,,. Let v, be the first marginal of y,,. Define in the same way
for v’ € Hj, the distributions p!, and v/, on S,,. From the results of the previous section,
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we know that there exist g > 0, € > 0 and 7 > 0 such that, for all @ > «ag and all n,
there exists B, C S, with diam(B,,) < h, and a configuration zp, on B, such that

vilah,) | vhleh,)

@ P u(a)

But since each v, is stationary, the left-hand term of the preceding inequality is tran-
lation invariant, so that we may assume that 0 € B,,. This implies that B,, (and thus zp,,)
may only take a finite number of values. Thus, replacing ¢,, by a subsequence if necessary,
we may take B, = B and zp independent of n. This yields the following result:

|log | > min [¢, 7 max(|uc(zc) — ue(ze)])] -

a ! a
lim inf | log vn(@h) lo M| 0, (41)

wla) 0 )
if u# u’. It remains to show that this cannot happen (at least for large o) when v = v/'.

Note that
vn(zh) vo(zpg|a,=a,t € S, \ B)

vp(d)  v(zs=a,s€ Bl =a,t€S,\B)’

The end of the proof follows from the next lemma that implies, in combination with (41),
that

vizglaz,=a,t €5, \ B) Vizg|z,=a,t € 5,\ B)

1 -1 0
Ogl/(xsza,seB|xt:a,t65n\B) Ogl/’(xsza,seB|xt:a,t65n\B) >0
when u’ # u. This implies of course v # v/
Lemma 6 [f0 € B and diam(B) < h, then for any configuration zp
V(e ey =a,t € S, \ B) —v(zg|a,=a,t € S,\ B)| < K(h,|F|, c,)n™ (42)

with n < 1 for a > afy(u), and K is at most polynomial in c,,.
Moreover, v(zp |z, =a,t € S, \ B) >0 for all zp.

The proof of Lemma 6 relies again on Dobrushin’s comparison results. Fix an arbitrary
configuration 7 € Q% and let ji denote the conditional distribution for u given that ! = 2!
fort ¢ S, and I € {1,...,k}. It is well defined, since it only depends on 2! for ¢, < |t| <
¢, + h. We apply Lemma 5 with 7 = p,(. |2, = a,t € S, \ B) and 7 = p(. |2 = a,t €
Sy \ B). As in the proof of Proposition 5, the contraction coefficients (¢, j) for 7 satisfy,
fori=(l,s),s€ S,\Band j=(l',t),|s—t| <h

v(i, 7) < 2eN@elg=e,

We shall take o) such that v, = (2h)2%2eN@lulg=op < 1,
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If s € B, |s—t| <h, we take v(¢,7) < 1 and v(¢,j) = 0 when |s — ¢| > h. Concerning
the coefficients b;, we have b; = 0 for ¢ = (I,s), s € [—c,h + h,c,h — h]? where we have
taken ¢, = 2d, + 1. Let D, = [~d,h — h,d,h + h]*\ [=d,h,d,h]%, so that BN D, =0

and D, C S,. Moreover, we have
Br Loy (k)] = B {Bx (1o, (eh) |l t € Dl =1, 4]}

and similarly for 7. But the conditional expectations on B given D,, for  and 7 coincide.
Let
f=Ex|Logeh) |ah t€ Dyl=1,..k].

Then 0 < f < 1, f depends only on coordinates ! for s € D,,, and
m(eg =) — 7leg = aB) = E.(f) — E7(f).

Thus, if (a;,¢ € {1,...,k} x S,) is an estimate for 7 and 7, we have

k
7(ep=ap) —Flep =ap)| <Y D s

(»)

then (agp-l_l)) is also an estimate, where a(P+) = ¢(P)T 4 b

Let v,(7, j) denote the (¢, j)-coefficient of I'’. Since v(¢,j) = 0if |¢ — j| > h, one has
(i, j) =0fori=(l,s),j = (I',t), and |s — t| > ph. Moreover, we have chosen «aq such
that 37, v(7,j) < 7« < 1, for i = (/,s) and s ¢ B. This implies that v,(z, j) < ~EH for all
(p)

l,s

We shall now iterate lemma 5, which says that if (a;"’) is an estimate for = and 7,

J, if d(s, B) > ph. Thus, taking p = d,,, we see that a;'/ < v.p for s € D,,. This yields

|7(2p = vp) = F(zp = 5)| < k(2d.h) ™"

Recall that 7 is the conditional distribution for u on S), given an external condition z
outside S, and that 2! = a for s € S,, \ B. Taking the mean of the preceding inequality
over z implies that

|1/n($}3 |z, =a,t € 5,\B) - V($}3 |z, =a,t € 5,\ B)| < k(?dnh)d'yf" ,

which completes the first part of the proof of Lemma 6.

To prove the last assertion, we only need to show that 7(z,...,z) is bounded away
from zero whatever the external condition z is. But this is obvious, since 7 is positive and
only depends on a finite number of variables.

Thus, Lemma 6 is proved, and this also completes the proof of Theorem 8. O
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