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Abstract

We define distances between geometric curves by the
square root of the minimal energy required to transform one
curve into the other. The energy is formally defined from
a left invariant Riemannian distance on an infinite dimen-
sional group acting on the curves, which can be explicitely
computed. The obtained distance boils down to a varia-
tional problem for which an optimal matching between the
curves has two be computed. An analysis of the distance
when the curves are polygonal leads to a numerical proce-
dure for the solution of the variational problem, which can
efficiently be implemented, as illustrated by experiments.
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1. Introduction

1.1. Generalities

The problem of matching two objects together is very im-
portant in computer vision and shape recognition. In many
cases, recognition is based on shapes (outlines), with the
help of some suitably designed distance. A general princi-
ple s to associate to any pair (C, C) of objects to be com-
pared a measure of discrepancy d(C, C>) . The recognition
of an observed object C may be done by finding, from a dic-
tionary of “templates”, the previouly recorded object Csemp
for which d(C, Ciemp) is minimal. Clearly, the definition of
the distance is the crucial step of the method, and many re-
searches have been done in this direction. See, for example
[12] for a review of the huge litterature existing on the sub-
ject.

Instead of basing recognition on a finite collection of
points of interest (primitives) taken from the outline of an
object (corners, inflexion points, ...), which is a popular way
of handling the problem, our purpose is to base the com-
parison on the whole outline, considered as a plane curve.

The distance we shall define incorporates some deforma-
tion energy between the curves. The approach, as we will
see, comes out to be intrinsic, and robust to usual Euclidean
transformations.

The method is related to the wide litterature on “snakes”™
({10], [4]....), in the way that our distance corresponds to
some continuous process of deformation of one curve into
another. It is also related to papers on elastic matching such
as [5]; however, we provide an elastic matching algorithm
which is based on a true distance between intrinsic proper-
ties of the shapes, taking into account possible invariance to
scaling or Euclidean transformations in the case they are re-
quired. From this point of view, our results are indebted to
the seminal work of Grenander on group theory applied to
pattern recognition (cf. [7], and [8], in particular).

1.2. Principles of the approach

Denote by C our object space, which will be the set of
arc-length parametrized plane curves. Assuming that each
object in C can in some way be deformed into another, our
purpose is to define a distance measuring the amount of de-
formation which is necessary for this operation. The defor-
mations are represented by a group action

GxC-—C
(a,C)y —a.C

on C, where G is a group (the fact that we have a group
action means that, for all a,6 € G, and forall C € C.
a.(b.C) = (ab).C and e.C = C, e being the identity ele-
ment of G). The fact that each object can be deformed into
another means that the group action is transitive, that is, we
assume that, for all C1, C5 in C, there exists a in (¢ such that
a.Cy = Cs.

Assume that we have some way of measuring the cost
of the transformation C — «.C, and denote this cost by
I'(a, C). To compare two objects, we put

d(C], Cg) = inf{[‘(a, C]), Cz = a.Cl} (1)

which is the smallest cost required to deform C, into C». If
G acts transitively on C, it can be easily proved that, if F is
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a function defined on G x C, taking values in [0, +oco[, such
that: ) ForallC € C,T'(e,C) = 0 — i) Foralla € G,
C € CT(aC) = T(a',aC)—ii)Foralla,b € G,
C €C, T{ab,C) < T(h,C) + I'(a,bC) ; then d defined by
(1) is symmetric, satisfies the triangle inequality and is such
that d(C,C) = 0forall C € C.

Moreover, when G acts transitively on C, we know, from
elementary group theory, that C can be identified (at least as
a set) to a coset space on G. Indeed, fixing some reference
element Cy € C, and letting Hy = {h € G, h.Cy = Cp},
C can be identified to G/ H through the well-defined corre-
spondance a.H( « a.Cy. Using this identification, one can
define a cost function I' provided that G itself is equipped
with a left-invariant distance d¢ (such that for some func-
tionvy, : G — R withyg(h) = 1if h € Hy, the identity
dga{ca, cb) = y(c)dg(a, b) is true on G) ; for this, define for
C e, withC = b.Cy To(a,C) = dg(e,a™t)/~(b). Then
I'o satisfies properties i), ii) and iii) above. The obtained dis-
tance is, if C = 6.Cq,

do(C,C") = v(b)~V inf{d(e, a),aC’ = C}.

To define a suitable left invariance distance on GG, we base
our intuitionon standard constructions of differential geom-
etry, thinking of G as a Lie group acting on (7, on which we
define an invariant metric characterized by its trace on the
Lie algebra of G. However, in order to make an elementary
description, it suffices to remark that, to define a geodesic
distance on G, we only need to know how to compute the
lengths of smooth paths in G. Ha = (a(t),t € [0,1])is
such a path, subject to suitable regularity conditions which
will depend on the context, we must define the length L(a)
and then set

dg(ag, al) = lnf{L(a),a(O) = ao,a(l) = al}

the infimum being computed over some set of admissible
paths.

We would like to define the length of a path ¢ — a(¢) by

the formula .
/0 lac(t)1dt

for some norm. Thinking of a.(¢)dt as a way to represent
the portion of path between a(¢) and a(t + dt), defining the
norm corresponds to defining the cost of a small variation of
a(t). Note that we must have

2)

da(alt), a(t + dt)) = v(a(t))da (e, a(t)*a(t + di))

so that the problem is to define v and the cost of a small vari-
ation from the identity.

For this purpose, we have considered some small defor-
mation of a plane curve C into some plane curve C + §C,
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for which we define, in some natural way, its cost I'. We
then represent C — C + §C as a transformation C' — a.C
for some group action on C and identify the cost I" under the
form T = 4(C)~1dg(e,a™!) at least for a close to identity.
Now, having chosen a reference curve Cj, and expressed
C = b.Co, we see that we have to set v(b) = 7(C).

2. Comparison of plane curves
2.1. Infinitesimal deformations

Consider a plane curve in parametric form
C = {m(s) = (z(s),y(s)), s € [0,1]} .

We assume that the parametrization is done by arc-length,
that is (denoting by f, the derivative of a function f with
respect to s): £2 + 2 = 1, so that!/ is the Euclidean length
of the curve C.

Assume that, by some deformation, each point of C' is
moved, the displacement being given by some vector field
carried by C (ie. a function V(s) = (u(s),v(s)), consid-
ered as a vector starting at the point m(s)). A new curve is
obtained, which is

C = {m(s)

(2(s) +uls),y(s) +v(s))} -

The field V' (and its derivatives) is infinitely small.
We define the energy of this deformation by

SE(V) = / 1Va(s)17ds,

and its cost by the square root of this energy.

Denote by g* the function, g* : [0,/] — [0, 1], which as-
sociates to s the arc length § in C of the point m(s) + V (s).
Denote also by 6*(s) the angle between the tangent to C at
point m(s) and the axis y = 0. Let 6* () be the similar func-
tion defined for C'. One can show that, at first order

! i
6 = / (97 - 1)2ds+/ (6 o g*(s) — 6" (s))%ds,
0 0
We separate | from the other quantities by letting g(s) =
g"(ls)/! (which is defined on [0, 1] and takes values in
0,1, X = {/1,6(s) = 6*(Is) and 6(5) = 6*(l5) (which
also are defined on [0, 1]). Still at order one, we have

SE(N,g,D, 1) =1(A— 1) +1/1 [(9s — 1)* + D*] ds,
0
with D(S) = éog(s) — H(s).

We now can identify a group action. We characterize
a curve C up to translations by the pair (I, {(.)) in which



1 €]0,+ool is its length and ¢ = ¢'* where (.) is its nor-
malized angle function, defined on [0, 1]. Now, define the

action

(Ag,r).(LO = (/A rLog) 3
where A > 0, g is a diffeomorphism of [0, 1] and r is a mea-
surable function, defined on [0, 1], with complex values and

[r] = 1. Let G be the set composed with these 3-uples. The
product

(AX,go§,7.roj) @)

is a group operation, with identity e = (1,Id, 1) (where
1d(s) s and 1(s) 1), and inverse (A, g,7)"}
(1/A,g71,7 o g~*) where 7 is the complex conjugate of r
(F.r = 1), and (3) is a group action. Now, lettingr = ™',
the relation (3) may be rewritten

(1,8) = (M g,r)"1(,8). Q)]

and our evaluation of small deformations implies that, if
(A, g,r)iscloseto (1,1d, 1), the effect of the action on ([, §)
is

(03,7.(\g,r) =

1
SE\ g, 1) = 1(A-1)2+1/ [(gs = 1) +|r=1*] ds
0
. (6)
with the first order approximation [e~*P — 1| ~ |D|.
Letting a = (A, g, r), we thus have evaluated the cost of
a small the deformation C — a~1.C by
1) 4+ |r =

1
T(a 1, C)? :l(,\—1)2+1/0 [(gs 1%} ds.

Let us choose a reference curve Cy as the horizontal plane
segment of length 1, thatis Co; = (1,1). The curve C =
(1,¢) is equal to b.Cj if and only if b = (A, g,r) with A =
1/l and r = ¢. This above expression can be written, for a
closetoe,

T(a~!,C)? = dgle, a)?/¥(b)?
with
(b)) = 1/V1

dele, (,\1+/

2.2. Definition of a distance

@)

and

>+ |r—11*] ds. (8)

We now are in position to apply the paradigm of the in-
troduction : translating this distance from the neighbour-
hood of e to the neighbourhood of any ¢ € G, defining
the length of a path in G by the sum (the integral) of the
lengths of infinitely small portions of the path, and obtaining
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the geodesic distance d; between two elements a and b of G
as the minimal length of the paths which join them. The sur-
prisiing fact is that this distance can be explicitely computed.
In[15],itis shown that, fora = (A, g,e'?), b = (u, k, e2),

[de(a,b)]* = =20+ u

—2\/—_/ gsh Icos

As a consequence, one defines a dlstanoe between two
plane curves C = (I,¢*) and C = (i e 9,

&)

)Ids

(0, O =141

~2\ﬁsup/ V9s(s)

COSs

fog(s) —0(3) | ,
2

(10)
the supremum being taken over functions ¢ which are in-
creasing diffeomorphisms of [0, 1].

2.3. Definition of distances with invariance
restrictions

We now modify the previous distance by requiring some
additional Euclidean invariance properties.

For example, the sarne analysis provides a scale invariant
distance by putting

dV(¢,C) =

l —
2i2farccos/ V3.(s)
0

the infimum being taken over functions g which are strictly
increasing diffeomorphisms of [0, 1].
Finally, a rotation invariance distance is obtained by

fog(s)—6(s) ds an
——5 | ds-

Ccos

d(C,C) = 2inf min

g c€l-m,7]

a.rccos/ \/—_S ‘COS )_0( )

ds.
2

(12
3. Numerical implementation

3.1. Case of polygonal curves

Given two functions ¢ and 6, the core of the numerical
problem is to compute sup, Q(g) when

:/1\/;3—)' g(s —9(8)

6o g(s)
COS e
2
This is not trivial, since the functional to maximize is not
concave, and even not differentiable because of the abso-
lute value. The approach we have used is to approximate

ds.




our curves by polygons, for which some explicit computa-
tion may be carried on. Assume that both curves are piece-
wise linear, ie. that ¢ and ¢ are piecewise constant. Then,

there exists 0 = sg < 8 < -+ < 8, = 1 (resp.
0= 3 <38 < <3 =1)and constants 0, ..., 0n
(resp. 0y, ...,0,) such that 6(s) = 6; on [s;_y, si[ (resp.

6(s) = 6, on[§;_1,35,]). Let g be an increasing diffeomor-
phism of [0, 1], and let 7; = g~ (s;), % = 1,...,m. One
can compute the best function ¢ when the 7; are fixed. This
gives an expression of Q(g) as a function of = which is

Qlg) =D V(sit1 — s)Qs - 13)
i=1
with
Oi(iye1 — big1
Qi = cos? ——J~(—)—+12—(sj(,')+1 -n)
Fi+1)-1 .o
+ D cos? iﬂ%(%ﬂ — %)
=i+
0;(i41) — 0:
+ cos? _Jﬁi_l%l_(r”l — 55641))

Where j(i) is the index j such that §; < 7 < §j4+1. We
see that there exists a combinatorial part in the maximiza-
tion of ), which is due to the j(i),¢ = 1, ..., m. Each j(1)
may take any value between 1 and n, with the constraint that
(1) < 4(2) < --- < j(m). I the j(i) are fixed, the ; may
be obtained by the maximization of a smooth function, with
the constraint that, for all ¢

(14)

Now, Q(g), as given in equation (13), may very quickly
be maximized by linear programming, when the number of

max(s; (i), Ti-1) < T < Min(8j()41, Ti+1) -

edges in the polygonal curve is not too large. When the num-
ber of edges is large, a suboptimal steepest-descent proce-
dure may be used.

3.2. General curves

When one deals with general differentiable curves, each
of them may be replaced by a polygonal approximation. We
generally use a multi-scale approach, starting with a rongh
polygonal approximation for which dynamic programming
can be used, and then refine the result for enhanced approx-
imations by steepest-descent.

To estimate the rotation parameter ¢ in the expression of
d(®), we start with an initial value ¢, and find the optimal g
with this fixed ¢y, and then compute the best ¢ given g. The
procedure can be iterated a few times.

4. Experiments

We present examples from a small database composed
with 8 outlines of planes, for 4 types of planes. The shapes
have been extracted from 3D synthesis images, under two
slightly different view angles for each plane. We have ap-
plied some smooth stochastic noise to the outlines in order
to obtain variants of the same shape which look more realis-
tic. The outlines are presented in figure 1. The lengths of the
curves have been computed after smoothing (using a cubic-
spline representation). The complete matrix of distances has
been computed on this database, and is given in table 1. We
see that the distance between a plane and the other one from
the same class is always smaller than between any plane in
another class. The computed distance is d(°) (insensitive to
rotations), since the orientations of the planes vary.

sailplan-1  sailplan-2 | aero-1 aero-2 | x29-1 x29-2 | bomb-1 bomb-2
sailplan-1 0 0.25 0.43 046 | 079 0.73 0.9 0.81
sailplan-2 0.25 0 047 048 | 071 0.69 0.77 0.82
aero-1 043 0.47 0 028 | 076 038 0.77 0.81
aero-2 0.46 0.48 0.28 0 079 077 0.78 0.76
x29-1 0.79 0.71 076  0.79 0 0.38 0.84 0.81
x29-2 0.73 0.69 0.8 0.77 | 038 0 0.82 0.8
bomber-1 09 0.77 077 078 | 0.84 0.82 0 0.29
| bomber-2 0.81 0.82 0.81 076 | 081 0.8 0.29 0

Table 1. Matrix of distances (in radian) within the plane database
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Figure 1. Outlines of planes from 4 classes. For each type of plane: upper-right original view (from
above); lower-left : view from above degraded by smooth noise ; lower-right : slight variation of the
angle of view and noise. The compared outlines are lower-left and lower-right

canique classique. Mir. Moscow (1976).

[3] R. Azencott : Deterministic and random deformations ;
applications to shape recognition. Conference at HSSS
workshop in Cortona, Italy (1994).

[4] L. D. Cohen and 1. Cohen : Finite element methods for
active contour models and balloons for 2D and 3D im-
ages. [EEE PAMI 15, (1993).

[5]1 L Cohen, N. Ayache, P. Sulger : Tracking points on de-
formable objects using curvature information, in Com-
puter Vision - ECCV’92 G. Sandini (ed.) pp 458-466
(1992).

[6] M. P. Do Carmo : Riemannian geometry. Birkaiiser.

[7] U. Grenander : Lectures in Pattern theory, Springer
Verlag, Berlin (1976, 1978, 1981).

[8] U. Grenander and D. M. Keenan : Towards automated
image understanding : J. Appl. Stat., vol 16, No 2, 207-
221 (1989).

691

[9] U.Grenander and D. M. Keenan : On the shape of plane
images : Siam J. Appl. Math. vol 53, No 4 1072-1094
(1991).

[10] M. Kass, A. Witkin and D. Terzopoulos : Snakes: ac-
tive contour models. Int. J. of Comp. Vision, 1, 321-331
(1988).

[11] D. G. Kendall : Shape manifolds, procrustean metrics
and complex projective spaces. Bull. London Math. Soc.,
16,81-121 (1984).

[12] C.G. Perrot and L. G. C. Hamey : Object recognition:
a survey of the litterature. Macquarie computing reports
No 91-0065C (1991).

[13] A. Trouvé : Infinite Dimensional Group Action and
Pattern Recognition. Preprint (1995).

[14] A.L. Yuille: Generalized deformable models, Statis-
tical Physics, and matching problems. Neural computa-
tions, 1, 1-24 (1990).

[15] L. Younes : Computable elastic distances between
shapes, To appear in SIAM J. of Applied Math.



