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abstract

We present and study learning rules for specific models
of Boltzmann machines which extend classical sequen-
t1al and reversible synchronous models.

1 Introduction.

Boltzmann machines are stochastic neural networks
which associate to each input a probability distribu-
tion over the output. The neuronal interpretation
comes from the fact that this probability distribution
arises from random interactions between elementary
units or formal neurons. To be more specific, we give
ourselves three disjoint sets of such units, which we
classically denote by I, H and R, respectively input,
hidden and response neurons, and put S=ITUHUR
for the set of all neurons.

To each s € S is associated a random variable,
zs = 0 or 1, describing its state. In that way, one can
encode a given input into the set of bits (z,,s € I),
and similarly for the output.

Denoting by Q¢ the set of all configurations (z,,s €
C), where C is any subset of S, we shall therefore
associate to each input configuration zj a probability
distribution 9¥( . ; zr) on Qg. This distribution, ¥,
will be defined as the marginal distribution of a law
w( . ; xr) on Qg X QRg, ie.

dler; er)= Y w(en,zr ;D)

rHEQH

)

and 7= will in turn be defined as the invariant distri-
bution of a random dynamics over Qg x g, con-
trolled by z;, and involving elementary interactions
between neurons. This dynamics is specified by a fam-
ily of transition probability matrices which is built
as follows. We assume that at discrete time n, the
state of s depends of the states of the whole net-
work at former times n — 1,...,n — ¢, and that the
probability of z, given that these previous states are
z(1),...,2(q) € Qs is :

¢:[z(g),. .., 2(1) ; =,].
The transitions g, thus describe the way a single

neuron s updates its state given former states of the
whole network (including input neurons, so that the
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dynamics is, as announced, controlled by the clamped
configuration zy). To describe the stochastic evolution
of the network, it remains to decide in which order
these updatings must be done. We can discriminate
two main types of such ordering : sequential updating,
for which only one neuron is updated at a given time,
and synchronous updaling, for which all neurons are
updated at a given time. In both cases, the input z7 is
clamped. These two kinds of ordering lead to different
equilibrium distributions, 7( . ; €7) on Qg x Qr, and
to different learning rules. When ¢ = 1, the first case
corresponds to classic sequential Boltzmann machines,
introduced in [AHS] (see also [AZ2]), and the second
case to synchronous Boltzmann machines described in
[AZ1], [AZ2], [LAC]. Between these two cases, one can
consider “partially synchronous” evolutions, in which
only some subset of H U R is updated at each time
chunk which are not addressed here. Moreover, we
shall only consider the following particular cases :

Sequential case :

We always assume that ¢ = 1, and that the evolution
is obtained from an interaction potential. This means
that we are given a family (w¢,C € S) of numbers,
and that, if 2’ € Qg, g.(x ; «}) is given by

exp (xi 2c,sec Wo lliecvisy ‘”t)
1+ exp (ZC,sEC Wwe Htec\{s} m’)

In this case, define the distribution 7 on Qg by

7(z) = exp (Z we. H z,) /Z,
c

seC
where Z is a normalizing constant. Then, the equilib-
rium distribution, w( . ; =) is simply the conditional
distribution for ¥, #( . | z1) ; (see [AZ2]).

gs(z ; )

. (2)

€)

Synchronous case :

Let p = ¢+ 1. The construction we make corresponds
to p-periodic synchronous random fields, as introduced
in [YOU1]. We add to S a new site, denoted 0, (0 ¢ S)
and consider a family (w., ¢ € (SU{0})?) of numbers,
subject to the following periodicity condition :

for all s4,...,80 € SU {0}, Ws,...50 = Wsyoy..508,-



We then define

gs[z(g), -+, 2(1) 5 2:(0)] =
exp 1:3(0) Ec:(sg,...,sls) We HISkSq,sk;éO Loy (k))
12 (x(g), - -, =(1))
(4)

where Z(z(g),...,z(1)) is a suitable normalizing con-
stant.
To define the equilibrium distribution, put

w(z(q), ---,2(0)) = 5)
€xp ZC=(30,51,4..,sq)w° Hogkgq,s,ﬁeo ’3%(’“)] 12,

which is a probability distribution on (ngp. One can

show that w&. ;2r) is one of the (identical) marginals
over 0y x Qg of the conditional distribution for g
given that z,(k) = z, for all k = 0,...,¢q and s € I,
which we shall denote by pu( . ; zr). It 1s important
to note that u( . ; zr) is the distribution of p consec-
utive configuration obtained during the synchronous
evolution with clamped input to z;.

When ¢ = 1, one can check that the last case co-
incides with reversible synchronous Boltzmann ma-
chines as defined in [AZ1].

According to the common terminology, the parame-
ters we and w, above will de refered to 1n the following
as interaction weights, or simply weights.

Boltzmann machine models other than the ones we
consider have been studied and used ([AZ2], [LAC)),
especially in the synchronous case. They all assume
¢ = 1, but use complex clique interactions, asymmet-
ric links...However, in these cases, the equilibrium
distribution #( . ;x) is unknown, and the associ-
ated learning algorithms are more complicated (they
involve sampling reversed process of non reversible
Markov chains).

We now present learning algorithms for the models
we have defined.

2 Learning algorithms.

2.1 Introduction

Learning algorithms compute parameters we or w,
above in order that the network represents a given (but
generally unknown) function f from €y to Qg, which
associates to a configuration zy in input its associ-
ated “correct answer” f(zr) in response. Since the re-
sponse of a Boltzmann machine is random, and follows
the distribution ¥( . ;xr), we shall consider (follow-
ing [AHS], [Ale learning algorithms which minimize
the Kullback information distance between ¥( . ;2y)
and the Dirac measure 67(;,)( . ) (or slight modifi-
cations of them). We shall also assume that there
exists an unknown probability of occurence of each
input zj, denoted v(zr). The input-response config-
urations of the network should ideally follow the dis-
tribution ¥(21)8¢(s,)(xr) whereas its true distribution
is v(zp)¥(zg ; z1). Up to an additive constant, the
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Kullback distance between these two distributions is
a function of the parameters w and given by —K(w)
where K(w) =3, o v(zr)log¥(f(zr) ; 21).

However, since the distribution v and function
f can only be observed through a finite sample
(z},...,z7) of training input configurations together
with the associated correct values (f(z%),..., f(z})),
one uses an empirical version of K(w) given by

R(w)= =3 logd(f(z}) ; =)
k=1

The learning rules which are currently used imple-

ment steepest descent maximization algorithms for K.
They are given by the iterative weight updating rules
(if w* is the current value of the weights at time ¢ of
the learning process) :

t+1 1

wt — ! = oy.grad, K.

(6)
where o; is a (generally decreasing) gain.

Before describing these algorithms, we mention the
fact that the models we are studying may represent
arbitrary functions from Q; to Qg (provided their di-
mension is large enough) . More precisely, this is true
in the following cases (define the range of a sequen-
tial model as the cardinality of the largest C with
we #0):

e Sequential models :

— Models with ranges |S|, and H = @. This
is a direct consequence of the Hammersley
Clifford theorem ([BES]).

— Models of range 2 if the number of hidden
neurons is large enough ([SUS]).

e Synchronous models:

— Models with ¢ =0

([YOU3]).

— Models with ¢ = 1 if the number of hidden
neurons is large enough ([YOU2]).

|S] — 1 and H

2.2 Sequential case ([C1]).

Learning rules in this case are provided in [AHS],
[AZ2]. One has :

8K

8wc -

2 ka1 {Bx [([Liec @s | 21 = 2}, zr = f(2})]
— Ex [Hsec x|z = inc]}

where Ej is the (conditional) expectation for the dis-
tribution 7 given in (3).



2.3 Synchronous case ([C2]).

In this case, we adopt a slightly different approach,
still based on the Kullback information distance.
Instead of constraining the equilibrium distribution
of a single configuration, namely #( . ; zy) to
have a response almost equal to f(z;), we con-
sider the p-step distribution with clamped input
p( . ; zr) which we have introduced in [C2]. It is
defined on (Qg x Q) and (setting V = H U R)
w(zy(0),...,zv(q) ; «r) is the probability of observ-
ing the sequence (zv(0),...,zv(g)) during the syn-
chronous evolution with clamped input to z; at equi-
librium. Let p( . ; #r) be the marginal distribu-
tion of u( . ; zr) over (2g)?. The ideal behaviour
of the network, given the fact that the input is zj,
still should give an (almost) constant output, equal
to f(zr). Since we now are thinking in terms of p-
step distribution, a natural candidate for the ideal net-
work distribution over these p-steps (note that zr is
clamped during running) is

v(€r)bson)zr()] - - -65(er)[2zR(0)),

which has to be compared with the true p-step distri-
bution which is uﬂz;)ﬁ[z;%q), ..., zgr(0) ; z1].
Writing the Kullback information distance between
these distributions, and replacing it with the empirical
version as before, one obtains the following expression

R(w) = = logalf(a}), .., £(z}) ; o]
k=1

which has to be maximized in w.

The derivation of the learning rule is analogous
to the sequential one, and one obtains, for ¢ =
(54, - - - 50), denoting, for short p*( . )= pu( . ;z¥),

OK __

Swe

L5y {Bur [TL, oo 20r(0) | 200) = .. = £(&H)]
= By ([, oo )] }
®)

2.4 Practical implementation.

It must be noted that the expectations in (7) and (8)
can only be evaluated by moving averages over out-
puts of Monte Carlo simulation of the relevant dis-
tribution. This implies that, in order to update the
weights (equation (6)), it is necessary to run a whole
series of sampling procedures (two for each example)
to compute the gradient of the Kullback distance. At
this point, one can easily measure the impact of syn-
chronous sampling on the acceleration of learning pro-
cedures (provided, of course, that a parallel hardware
is available).

Two kinds of sampling algorithms with clamped in-
put must be defined, namely one for each expectation
in the right hand term of equations (7) and (8). The
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second expectation is with respect to the equilibrium
distribution of the network (with clamped inputs, cf.
section 1.) so that it suffices to run the network (with
clamped inputs) to simulate it. The first one is a con-
ditional version of the second given that the values in
response are correct, and the important fact is that, in
both sequential and synchronous cases, it can be com-
puted by making the network run with inputs and
responses clamped to the correct values. That one
obtains the conditional distribution by clamping the
concerned part of the network heavily relies on the
assumptions [C1] and [C2] which are made, because
they relate to Gibbs field formulation in which this
property is typically true. Moreover, this would also
be false in the synchronous case without the choice we
made to use p-step distributions, instead of retaining
the same formulation as the sequential case.
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