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1 Introduction.

In this paper, we are concerned with general parameter estimation methods for partially observed
Markov random fields (MRF) ( by general methods, we mean methods that are valid for a reason-
ably wide class of models). This issue is of main importance for numerous problems that involve
MRF (we particularly have in mind the Bayesian framework for image analysis developped in [15],
which represents one of the most powerful and one of the most popular methods for low level
processing of pictures).

Unfortunately, this problem is quite awkward, and there does not exist, as far as we are in-
formed, totally satisfactory methods designed for it. The point is that, due to the computational
restrictions that are inherent to MRF modeling, standard algorithms of parameter estimation for
hidden models (such as EM) are almost useless in this context. Beside various clever solutions to
this problem for very particular models, (cf [13], [5], and other references given in [17]), we are
aware of only three general algorithms for it : stochastic gradient (SG) algorithm for solution of
maximum likelihood equations ([47], [48]) , modification of variational estimator (VE) for partially
observed data ([1]), and the so-called EM Gibbsian (EMG) algorithm ([6]). In the following, we
shall briefly present the first two of them, and then, focus on the third making some remarks
concerning its properties that did not appear in the original paper of Chalmond. This will be done
in sections 3 and 4. Before that, in section 2, we fix some notations and present the model that
we use.

2 Model.

We consider MRF on the regular lattice Z¢ : let F be a set, the single site state space, and denote
by Q the set of all configurations z = (xs,s € Z4). If D C Z% we denote Qp the set of all
zp = (x5, € D). We assume that F is provided with a measure p, and denote by u (resp. up)
the corresponding product measure on Q (resp. Qp).

Let © C RY be the set of parameters, and consider a family of functions: (h¢, C' C Z4, C finite),
where h¢ is defined on Q and takes values in R¥, and h¢(z) only depends of coordinates z;, s € C.
In all the sequel, we shall assume that h¢ vanishes for all C' of diameter larger than a given
non-negative number v (bounded range). This assumption simplifies notations and proofs and is
absolutely necessary for any of the preceding methods to be feasible.

For § € © we define the potential:

Xo = ((0,he), CCZY.

({(, ) being the usual euclidian scalar product).

Let G(6) be the set of Gibbs fields associated to this potential; this means that, if D is a finite
subset of Z¢, and 2’ € Qpe is given (D¢ = Z%\ D), a regular version of the conditional law for
m € G(0) on Qp given z’ outside D has a density with respect to up which is given by:

m(z|a’) = exp(—( 0, H(x|2') )/ Zo(2") (1)



where H(z[z') = 3o cza he(z.2), z.2" being the element of Q for which the coordinate at site s
is z; if s € D and 2 if not (and it is assumed that the normalizing constant 7y is well defined, ie.
that the exponential is pp integrable).

Although it has no importance in practice, we shall need, for rigorous results, to assume that h¢
is space homogeneous: let’s denote Ty the translation operator in the direction s, ie. (Ts2); = T4¢,
we assume that hoys = he o 1.

In the case of perfect observation, the inference problem is the following: estimate . from the
restriction to Qp of some realization z € Q of one law 7, € G(A.). We assume that there exists
at least one law in G(6.), (this is a consequence of our assumptions when F is finite), but note
that there may exists several ones. Identification is possible provided G(#) and G(#') are disjoints
for distincts 0,6 € © (note however that it is in general impossible to estimate mp, itself on the
basis of a single realization of the field). In this context, several estimation methods exist, the
most popular being the maximum pseudo likelihood (MPL) estimator (see section 3.3.2), other
are maximum likelihood using stochastic gradient ([46]) which involves more computation while
remaining feasible and has the advantage to be efficient, variational estimators ([1]), logit estimator
for binary fields ([39]), various estimators based on approximations of the likelihood in the Gaussian
case ([26], [23]), etc. .. All these estimators are proven to be consistent ( this means that if D tends
to Z¢ in a reasonable way, the corresponding estimators converge to the true .). See for example
[18], [21], [22], [9] for various results concerning minimum of contrast estimation with this context.

In the case of partial observations, the situation is the following. Let F'* and F° be some sets,
and p?, pg be measures on these sets. Denote Q" (resp. Q°) the set of configurations on Z? with
coordinates in F* (resp. F°), and let F = F* x F° py = p? @ p¢ be the one site state spaces
and measures for the joint process. We are therefore given a Gibbs field on the corresponding set
Q = Q° x Q" Inference has to be made on the basis of the observation of the restriction to Q% of
the second coordinate, y € Q° of some realization (z”,y) € Q of a law 1, € G(0«) (we shall use
letter y as well as z° to denote the observed data).

Let’s remark that for the VE, F” should be R*, whereas for the EMG estimator, F* has to be
a finite set with a small number of elements. Concerning the SG method, all kind of state spaces
may be used, provided some good Monte Carlo simulation algorithm is available, but all rigorous
results related to it were proven only for finite ( or compact) F». Consistency for maximum of
likelihood estimator in this context is proven in [8] and [48].

In both cases of complete and incomplete observations, it is of course possible to assume that,
in the preceding model, part of the coordinates of the true parameter are known. For example,
for noisy data, the noise mechanism can have been estimated before. Most of the time, we shall
not consider this, because this would introduce extra notations. But, since it is straightforward to
modify all the equations for this case, we shall make references to this situation in the remarks.

If 7 is some field over Q, we shall denote by 7° (or ¢/) and 7" its marginals on Q° and Q".

In almost all cases, the marginal on Qp of some 7y € G(0) is impossible to compute. The first
reason is that, if we are only given #, a precise description of G(f) is seldom available, so that
g itself cannot be described. The second reason is that, even if we know exactly what my we
are dealing with (for example in the absence of phase transition), there is no close form for the
expression of probability on Qp in term of the potential (which is the only thing provided with the
model). Therefore, in practice one is forced to use some approximate expression of the likelihood,
which is most of the time of the kind (1) with some fixed boundary condition #’ (variants are free



boundary condition, periodic boundary condition, differing only in terms involving coordinates
near D). Consistency of maximum of likelihood estimation, for any of the preceding variants is
not affected. Tt is unfortunately not the case for asymptotic normality and efficiency (see [22]),
unless some more stringent conditions are imposed, such as Dobrushin’s ones for unicity of the
field, and suitable modifications are made in the energy H (z|2') to eliminate edge effects (see [49]).

In the following, we assume that we have chosen some z’ € Qp for each D to approximate g
by mg( |2’), and we shall not, unless necessary, let this appear in the notations, keeping abusively
the expression 7y, or 7r£. For each D, we are therefore using as raw materials for estimation a
probability measure on Qp of the kind:

wf(wh,xo) = exp(—( H,H(azh,xo) )/ Zg.

We shall denote by Fjy expectations with respect to this law, by g its marginal law over the
observed space Q9,, and for a given y, by 7 the conditional law on Q% given that the field on Q%
is y. We shall also use (X",Y) to designate a field on Q.

Implementation of the algorithms requires some methods for simulating Markov random fields.
They generally consist in a sequence of local updatings of the configurations (“local” means that
only one or a small number of sites are changed), using transition kernels that are in detailed
balance with the law to simulate. There also exist non local methods, such as multi-grid Monte
Carlo algorithms, Swendsen-Wang algorithms, that are more efficient for some classes of models.
See [44] for a precise description of these algorithms, as well as for a bibliography. All these
methods are dynamic, which means that they provide a Markovian sequence of configurations that
converges in distribution.

3 General methods for inference on partial observations

3.1 Maximum of likelihood.

Let y be the observation. A straightforward computation shows that the maximum of likelihood
estimator is a solution of the equation

Fo(H) — Eg(H|y) = 0. 2)

(Tn the case of perfect observation, this equation simplifies in: Ep(H) — H(y) = 0).

Computation of expectations with respect to some Gibbs field can only be done by simulation
and such an operation is time consuming. Solving this equation, even for perfect observations is
therefore a non trivial problem. If one is sure to use the same model a large number of times, and
if the dimension of § is small (1 or 2), it is possible to draw once for all the function f(0) = Fg(H)
and use this for subsequent estimation (see [18] for such an attempt). However, this cannot be
done in general, in particular in the case of partial observation. We thus are generally reduced to
using a gradient like algorithm to solve (2). An exact gradient descent algorithm would be

Ony1 = On + a[By, (H) — Eq, (H|y)]-

Evaluating with a reasonable precision these expectations at each step requires a lot of compu-
tation time, but such an approach was succesfully used in [30] for a maximum of entropy estimation



that led to similar equations. It is however possible to significantly improve on this by applying
ideas from stochastic approximation techniques. Basically, the method is to mix the gradient de-
scent with Monte Carlo simulation, without necessarily waiting for stabilization of the estimated
expectations. A short formulation of this kind of algorithms is the following. Let Py(z, z') (resp.
PJ(z,z')) be a transition kernel corresponding to some elementary part of the chosen Monte Carlo
simulation algorithm for the distribution m (resp. 7} ), for example, one site updating or one
sweep of a Gibbs sampler. Then define the sequence (6, X}, X2) by fixing 0y € ©, X}, X2 € Q’b,
and by the following stochastic algorithm:

P(X)\y =2'|X, =2) = Py, (2,2 (3)
P(X72L+1 =2'|X2 =2) = P} (2,2')
a

0 =40
n+1 n+n+b

In [48] and [49] details are given on practical remarks about the implementation of the algorithm,
and improvements that can be done. Applying results and methods from the stochastic approxi-
mation literature, (see [2]), it is possible to prove some rigorous facts concerning convergence. In
particular, when observation is complete (in which case the second process X2 disappears), 0,
converges almost surely, provided the constant a is small enough. In the general case, one can
prove a local result of quasi convergence, which is much weaker. See [46], [47] for details. Recently,
some stochastic algorithms have been studied for global optimization of functions for a context that
incldes ours ([24], [27], [14]); they are in some way random perturbations of (3) reminiscent of an-
nealing algorithms for discrete or continuous optimization ([15], [20]). They might give interesting
results in this context although we are not aware of any related numerical experiments.

Finally, we point out that, since the conditional law given the observations is simulated during
(3), it is possible, in the context of a Bayesian analysis of images, to perform some reconstruction
on line, using the MPM criterium (cf. [30]). This possibility is also available for both algorithms
that follow.

3.2 Variational Estimator.

This estimator, which is preferably designed for complete observations, is mainly valid for FF = R”
and p; = lebesgue measure on F'. We give of it a summarized version, refering to [1] for details
and variants. In the case of perfect observations, the principles are as follows. The first step is to
choose statistics

(W, a=1,...,v, se D)

which are local (ie. W&(z) depends on z; for ¢ in a restricted neighborhood of s), and such that

the divergence theorem holds:

A {V.[W5(x)me(2)]}dz = 0

where W}, is the | D|-dimensional vector with components equal to W,
Developing these identities and replacing expectations with respect to my with empirical ones

yields a set of linear equations in #, and the variational estimator is defined as a solution of these



equations. One possibility for W is 0H [0z, where H; = ZC/ sec he and H is the a-th
component of H,. The obtained equations, that are very simple to solve, are proven to provide
consistent estimators.

In the case of partial observations, the W’s are chosen so that
| A7 s =0
Qp

(the state space for y still being R").
This leads to the equations :

D 05[We(y).Eo(VHP|Y = y)] = V.W*(y). (4)
i=1

It is not obvious to obtain some natural way of finding W in this context. There is no proof of
consistency for estimators obtained from (4), but authors in [1] report satisfying numerical resuts,
at least for small noise.

Note that for solving (4), it is necessary to use a (stochastic) Newton algorithm, since condi-
tional expectations given Y generally cannot be put into close form. This algorithm, however, is
less complex than the one used for maximum of likelihood estimation. This is balanced by the fact
that (4) does not come from the gradient of some function to maximize, and this can yield more
risk of instability. Note also that in both cases, it is likely that several solutions of the equations
exist.

3.3 EM algorithm algorithm and EM Gibbsian algorithm.
3.3.1 EM algorithm.

The EM algorithm is a way for obtaining local maxima of the likelihood for partial observations.
For several applications, it is a very efficient tool, widely used, especially for one dimensional
hidden Markov chains.

As said before, the maximum likelihood estimator solves the equation:

d
ol 5 O)1Y =]
where [(0) is the logarithm of the likelihood. The principle of the EM is as follows : start with
some parameter fg, and construct 6,41 from 6,, as a maximizer of:

0n(0) = Ba, [S1O)1Y =] )
For exponential models, under some identifiability condition, g, is strictly concave and this provides
a well defined algorithm. One can prove that the sequence 6, is such that g, (y) is increasing.
Thus, if g is suitably chosen, the algorithm will converge to the maximum of likelihood, while
wrong choices of fy can lead to a non global maximum, or even divergence. In the absence of a
priort knowledge on the true value of the parameter, it is generally recommended to try several fg.



We now specialize to the case of partially observed MRF. The difficulty is of course to maximize
gn, wWhich is equivalent to solve the equation:

Ey(H) = Eq, (Hly). (6)

Computation of Ey_ (H|y) requires Monte Carlo simulation, and the solution of (6) can hardly
be obtained without a stochastic gradient algorithm. We propose a procedure for that purpose, in
the vein of what has been done in section 3.1.

Let 6g be a starting point, and define the doubly indexed sequences (6, x n > 1, 0 < k < K(n)),

(Xi,k)) (Xi,k) by :

1) 671,0 =0, = 6n—1,K(n—1)'

ii) (Xf;’k, k=1,...,K(n)) is an ergodic sequence of configurations that converge in distribution
to ma,, ( |y)-

i) On kg1 = On + e [H (X} 5 p1) — Fs,]
where (X} k41) is obtained from (X} ) by making one step of some Monte Carlo simulation

algorithm for g, . ( ), 7 is a decreasing sequence of numbers, and Ly, is an empirical

estimation of Ey, (H|y) on the basis of the sequence (X2 ;, k=1,..., K(n)).

We believe that some rigorous study of this algorithm, using results concerning stochastic
approximations (cf [2]) might be feasible, maybe requiring some technicalities. We shall however
not get into that direction, mainly because the full application of the procedure would be quite
unrealistic in practice, because of the large number of computations it involves (K (n) should be
large enough so that 0, k(n) should be close to the maximizer of gn). On the other hand, this
algorithm is surely more stable than the one in section 3.1, since it mimics the EM algorithm
rather than a gradient algorithm. In the case of high noise, when the latter performs poorly, it
might be fruitful to make a few iterations of the former as a preliminar analysis. This would have
the effect to place the initial point of the SG algorithm deeper into some attraction basin of the
log-likelihood, increasing its trend to convergence (the risk of terminating in a non global maximum
is of course still the same).

In [6], Chalmond proposed a modified procedure for the case of finite F* with a small number
of elements, in which the maximization step is simplified. He proposed to replace the likelihood in
the expression of g, (cf (5) ) by the pseudo likelihood, of which we now recall the definition.

3.3.2 Pseudo likelihood.

Pseudo likelihood has been introduced in the case of complete observations as an alternative to
maximum of likelihood estimation. It requires much less computation at the risk of losing some
efficiency. It has been inspired by the coding technique that Besag ([3]) developed for fields with
bounded range. For such fields, it is possible to extract some maximal subset of Z¢ such that the
variables at sites from this sublattice are mutually independent given variables from the rest of the
sites. Let’s denote this sublattice by L, the coding estimator associated to L is a maximizer of the
logarithm of the conditional probability on L N D , given the data at D\ (LN D) :

pr(0) = Z log mo(2s|z: t # 5)

seLnD



where 7 (2|2, t # s) is the conditional law at site s given the rest of the sites.
Noting that efficiency can be expected to be improved if a sum of p;’s for several L’s is
maximized, it is natural to maximize the function (pseudo likelihood):

p(0) = pp(0) = Y logmy(w,|as, t # 5)

sED

Since conditional probabilities for bounded range models are easy to deal with, this function
can be maximized with the help of some deterministic gradient descent algorithm. This method
does not naturally generalize to the case of incomplete observations.

3.3.3 EM Gibbsian algorithm.

As said before, this algorithm essentially consists in replacing I(6) by p(6) in (5). We now describe
it, with a parametric formulation a little bit different from the one given in [6].
The function g, is now

gnl0) = Ba, [5p(OY =] (7
Let’s put:
Hy(z) = Z he(z)
¢/ seC
and 1
K(z) = c/zsgc mhc(x)

We have: H(z) =} ., Ks(z.2'). Since the boundary condition z’ will have negligible influence
on what will follow, we shall make the abuse of notation: H(z) =3 . K;().

We also have: $£p(0) =3 p H,(0) — H,, where
H,(0,2) = E(H,|xs, t # 5)

(if f(6,z) is a function on R” x €, we denote by f(f) the function on Q that associates f(f, ) to

z).

The maximization step is therefore done by solving:

Fp, [ Hy(0) — H|Y =y =0
seD

This is not completely trivial because H, can depend in a non trivial way on . This however
can be simplified when |F?| is small as well as the range of the field. This implies that f]s(ﬂ, z) will
only depend on a few coordinates z; for ¢ in a neighborhood V(s), of s, and will therefore take a
reasonable number of different values. It is thus possible, by considering the different configurations
(zf,t € V(s)), to divide Q¥ = Q" x {y} into K subsets QY(s), [ =1,..., K, independent of § such
that HS(B, z) — H, takes the constant value f; ;(,y) on Q(s). Since it depends on conditional
probabilities for m, f; 5(#,y) can be explicitely expressed in terms of 6, y. Because of the bounded



range, the property for a configuration to be element of QY (s) will depend on its coordinates in a
small neighborhood of s. Moreover, because of stationarity, one can arrange these sets so that:

QY (s +1) = T (1

and
Jrs+e(0,y) = f1,:(0, Tsy).

It is indeed always possible to take as many QY (s) as configurations (z,t € V(s)), but symmetry
properties for particular models can allow to choose larger QY (s), and thus smaller K.
With these notations, the equation to be solved becomes:

STS s (0, )76, [9F ()] = 0 (8)

seED I=1

The g, [/ (s)]y] have to be computed by Monte Carlo simulation. The final equation can the
be solved by using standard deterministic procedures. We illustrate this with an example at the
end of section 4.

In [6], the treatment is somewhat different. The conditional law of the observed field given the
original one, ie. P(Y = y|X" = z") is assumed to be of the kind:

H pys|zs). (9)

seD

The model is overparametrized by the family p(y|z), for y € F°, & € F* (both these sets being
assumed finite; a different approach, consistent with ours, is used for Gaussian noise), and by the
family of all local specifications of the law of the hidden field X”*. This yields explicit formulas
for updating, once similar quantities to the m4[Q}(s)|y] have been computed. At the end of the
algorithm, the parameter 6, is computed on the basis of local specifications by a least square
procedure. We refer to [6] for details. Our approach, while requiring some extra computation,
has the advantage of being more consistent with the parametric formulation; moreover, it permits
more flexibility in the structure of the noise, since there is no need for asumptions like (9).
In the next section, we explore a little more some features of this algorithm.

4 Comments and simulation results on the EM Gibbsian
algorithm.

The first remark that can be made, is that, if the algorithm converges, it provides a solution of the
equation

Ee[;—gpﬂy] =0
ie. Bg[Y (H,(0)— H,)] = 0 (10)

seD



We are therefore dealing with a moment estimator. Remark that there are similarities between
the preceding equation, and equation (4) for the variational estimator. A stochastic gradient
algorithm could also be used, as an alternative to the EMG for solving (10).

Several questions arise at this point. The first one is whether equation (10) has or not a unique
solution. The answer is likely to be false, since this is not the case for the maximum of likelihood
equations. The second question is whether the method provides a consistent estimator. In view
of the first point, we do not expect to obtain more than a local result of consistency, of the kind:
there exists a fixed neighborhood, V, of 6. such that, for large enough D, there exists only one
solution of (10) in V, denoted by éD, and fp converges to 0, when D tends to Z¢. The last issue
is of course: does the EM Gibbsian algorithm converge? there again, we should not expect more
than local results, saying, for example that the algorithm converges provided its initial point lies
in a small enough neighborhood of a solution of (10). Unfortunately, we were not able to give any
positive answer to these questions, except under the quite restrictive hypothesis that are made in
propositions 1 and 2. We shall then present a few numerical results.

Let D be fixed for a moment. Let’s denote by ¢(f1,62) the function Eq, [p'(02)|y], where p' is
the derivative of the logarithm of the pseudo likelihood. Step n of the EMG algorithm requires
therefore the solution of

#(0,,0) = 0.

In the following we assume that quantities that have to be estimated with simulation are exactly
computed. We just study the deterministic part of the algorithm, which has its own complexity.
To take into account perturbations due to imperfect estimation of these quantities would require
to introduce concepts related to stochastic approximation. However, it is clear from this theory
that, since estimation can never be perfect, the sequence #,, computed in the algorithm will have
some “large deviation” behaviour, preventing it from converging. In good cases, this theoretical
limitation will never be seen in practice ( because time required for “explosion” is very large), but
it can happen (and it indeen happens, see the end of section 4) that this behaviour becomes typical.
To remedy to this, one possibility is to replace 0,41 by §n+1 =0, + nL-}-b(a”H —0,) (reminiscent
of stochastic approximation with decreasing steps), and, if necessary, to determine some suitable
compact set in which the parameter must lie, and prevent 6, to go out of it. * At this point, it
might even be better to directly use a stochastic gradient algorithm of the kind:

a ~
On41 = On + n—+b(¢>(9m 0n))

where (Z;(Gn, 0,,) is an approximation of ¢(f,,0,) computed by Monte Carlo simulation. Following
ideas of section 3.1, this approximation can be rough provided a is small enough and simulation
and updating of the parameter are mixed.

We first study the behavior of ¢ with regard to the second coordinate. Note that if 8, is fixed,
#(01,0) is the derivative of g, [p(#)|y], which is concave in . Indeed, we have, by a straightforward
computation:

!In fact, this procedure (in the case when it converges) does not exactly provide a solution of (10). If, at each
step, a sequence X = (Xy,...,Xy) of configurations is simulated to estimate all probabilities that are involved,
the stable point of the algorithm is a solution of Eg(7(8, X)) = 6, where £ means expectation for the law of the
sequence X when simulation is made with parameter 8, and 7(6, X) is the solution 7 of the approximated version
of equation ¢(7,8) = 0 based on the simulated data X. If N is reasonably large, this limit can be expected to be
very close to a fixed point of 1 (see below for a definition of 7).



o = B X vare |, ¢ # sl

seED

We shall assume that there exists no non zero solution 7 € R” of the system of equations:
“rvarg,[H|2:, t # s]T =0, for z € Q.

Note that the number of equations is finite, because of the bounded range assumption, and that, by
stationarity, this set of equations does not depend on s. This is equivalent to the assumption that
there is no solution to the system ‘rH(z) = 0,for z € Q (because all conditional probabilities
are positive). Since all marginal probabilities on finite domains for the law given y are positive,
and since varg,[H;|z;, t # s] only depends on a finite number of coordinates z;, this assumption
implies that Fp, [p(0)|y] is a strictly concave in 8, and one obtains a well defined function, that we
denote 5(01) = ny(61) by:
0y = 77(61) f——g (25(61, 62) =0.

The EMG algorithm is thus an iterative procedure defined by : 0,41 = n(0,).

Let 0 be a solution of (10), or equivalently a fixed point of 1, a sufficient condition for the
existence of a neighborhood V of f such that 6y € D = 6, — 0, is that the largest eigenvalue of
7' (0) is smaller than one. Here we have

> 9¢ ~! 0
/ —_— e — ~ oA _— ~ A
n'(0) = 90, (6,6) 391 (6,6)
where 96
a0l = cova{ > [H, — Hi( Zmy}.
seED €D

Two simple remarks can be made at this point.

1) In a situation of ”maximal noise”, when the conditional law given y does not depend on y
(for example if { 6, H ) can be written { 0, H(2") )+ ( «, Ho(2",y) ) and a is known to be
0), we have ¢(8,0) = 0 for all §, and 5’ is the identity matrix, whose eigenvalues are 1. So, in
this very bad situation, these values are at the boundary of their validity domain. Of course,
there is no reason for this situation (which is the worst, for example in the case of maximum
of likelihood estimation) to be the worst for the EMG case.

2) The opposite situation is when there is a one to one relation between Y and X. With
our modeling, this typically corresponds to cases when some parameters tend to infinity.
In that case, we obviously have n’ = 0 (we compute pseudo maximum of likelihood for
perfect observations), and there therefore exists some neighborhood of these (maybe infinite)
parameters for which EMG algorithm is valid. In other terms, this algorithm can be used
for large enough signal to noise ratio.

In this last remark, the validity domain can depend on D. To be able to make some uniform
asymptotics, we shall need some additional assumptions.

10



Let y be given. For D C Z¢, and some configuration z’ € Q%C, we define the law 7} , on Q%
by
my p(zle’) = exp{—( 0, Hp[(", yp)|(z", yp<)] )}/ Zs,0(y) (11)

where Hp has been defined near equation (1), and yy is the restriction of y to the subset V of Z%.
This is the “approximate conditional neighborhood” with edge condition z’. The family
Fg}D(.l;El), D c Z¢ x' € Q. forms a consistent family of conditional laws. We shall assume
that, for all y, the family satisfies Dobrushin’s unicity condition (cf [10]) which is based on bounds
on the distances between my ¢,1(.[2') and 74 (51(.|2"), for 2" and 2" that differ on only one coordi-
nate, and this for # in a neighborhood of 4,.
For example, assume that the energy has the following form (we omit D and 2’ in the notations):

(0,H(z"y) )= (00, Hi(2") ) + (02, Haoy) ) + 05 ha(x}, ys).

(this is the case when the original field is degraded independently at each site). For this energy,
Dobrushin’s conditions are true provided 6 is small enough, or, in the case when F? is finite and
when for all ys € F°, hs(.,ys) has a unique minimum, when 03 is large enough . These conditions
are very convenient to use, and yield explicit bounds (cf [43]). The weaker conditions given in
[11] would be sufficient, but they appear to be very difficult to check (even with the help of a
computer), because of the non-homogeneity of ﬂ'g’D.

We assumed these conditions for all y. In fact, it would be enough to assume them for g,
almost all y, where 1y, is the true (unknown) law of the observations.

With these assumptions, there exists a neighborhood V of 8, such that for all # € V the following
is true

i) There exists a unique field, denoted 7 associated to this family, that is, for all D C yAS

finite:
ot = [
o)

where 7 ,, is the marginal of 7§ on Q% and we made the abuse of notation of writing

(el pe(d)
e
74 (2") in spite of 7 ,(z%) (and the same for D°).
ii) Let Ts be the shift operator on configurations (we use the same notation whenever this
operator acts on Q", Q¢ or Q). We have ¥ = 7§ o T_,.
To see that, put ¢ = 7Y o Ts.
We fix a finite D and a configuration z" = (2!t € D) € Q% and denote by T_,z" the

D
element of Q}is+D for which the coordinate at site —s + ¢t is x?. We omit to write the index
0.
ap(2) = w1 p(Tosa?) = / wld o (T a!) 7l o (da')
nh
" ipe
Ts
= F_Sz{*_D (T_sl’th_sl’/)ch(déL‘/)

Dec

(el )ape(d)
.
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(Note that these equalities do not rely on the uniqueness assumption; in the general case

. . . - T, )
they imply relations between the sets of laws associated to families 7T37D(.|;L‘l) and 7r€7g(.|a:’),
in the last one, we used translation invariance of the potential).

ii1) Correlations for 7§ decay exponentially fast, in the sense that if f; and f» are respectively
measurable functions of zp, and zp,, with Dy C Z¢ finite and Dy C Z%, we have:

cov(fi, f2) < Allfillcol| f2lleo |0 D1 | exp(—g.dist(D1, D))

where A and g are positive constants that only depend on the potential, and 9D, is the
boundary of D; in Z?. We assume that they do not depend on @ (by restricting if needed
the set V.

iv) Let mg € G(6); then 7} is a version of the conditional law for s given y.

Assuming this, we have the asymptotic behavior of the derivatives of ¢:

Proposition 1 Assume that m, is ergodic. Then for all 8, € V, 05 € O, for mg, almost all y
a)

. 1 . _
Jim, o ijEzl,D[vam(Hlet,t # s)| = Eg, { B} [varg,(Ho|X:,t # 0)]}

The indices 0, D under expectations or covariances mean that they are computed accorded to
some given approzimate (conditional) marginal on D ( the result is independent of the boundary
condition). The limit D — Z? should be understood in the sense of Van Hove, or, for simplicity,
for any sequence of d-dimensional cubes increasing to 7.

b)

1 ; ! ; !
Jim ﬁcovglp[z Hy— H(02),Y K= Ep,{covg,[Ho — Ho(0s), K]}
s t t

Boundary condition has an effect of order \/|D|, which is negligible in the preceding limits.
To prove a), remark that, by i), the difference between Egl plvare, (H|X;,t # s)] and the exact

expectation Fj [varg, (Hs|X;,t # s)] tends to 0; ii) and the ergodic theorem give the conclusion.
To prove b), remark that, by i) and iii), it suffices to consider the limit of

1 - -
v D> o H, - H(05), > K]
s t
which, by ii) has the same limit as
1 - .
> ] > " covy¥[Ho — Ho(6s), K¢},
t s

and this converges to

> By {cove, [Ho — Ho(0s), Ki]}. o
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In addition, it can be proven by similar techniques that these functions are continuous in 61,
0. We shall denote by W and W, the expectations given in the right-hand terms of a) and b) in
the preceding proposition, computed for 8; = 62 = f,. Note that

Wy =Wy — > cove, {Ej [Ho — Ho(6.)), EY [K]}.

t
We have the following (under the same hypothesis as in proposition 1)

Proposition 2 For mg, almost all y,
a) If Wi — Wy is invertible, there exists a neighborhood of 0. in which for all large enough D,
there erists a unique solution Op of Ej ,[p'(0)] = 0 and Op converges to 0,.

b) if the largest eigenvalue (in modulus) of W1_1W2 1s strictly smaller than 1, there exists a
netghborhood of 8, such that any starting point in this neighborhood, the EMG algorithm converges
to Op defined in a).

a) is a straightforward application of the inverse mapping theorem and of the fact that ﬁEg* A
tends to 0 a.s. and b) is obvious from the preceding results. o

Unfortunately, a) and b) in proposition 2 appear to be very difficult to check, even for very
simple models. They are however true for weak enough noise (because of the continuity of Wy,
W5 in the parameters), with the advantage over remark 2 above that this statement is uniform
with respect to D C Z¢.

We have tried to check b) for a very simple non trivial case of imperfect observations on which
some computation could be made. The original field is an isotropic nearest neighbor 2-D Ising
field, and observation is made on even sites, ie. sites (i,j) € Z% such that i + j is even. Even in
that simple case, we couldn’t go all the way down, relying on simulations at some point. Since
computations are quite cumbersome, and this example has little practical interest, because we
can precisely describe the law of the observations, and use any estimation method for complete
observations, we do not give details here, just saying that, in trying to check |Ws| < W; (in that
case, these quantities are real numbers), we had a rigorous proof of Wy < W; and used simulation
to check the other inequality that appeared to be true.

We conclude this paper by giving some numerical results in some situations that are closer to
reality. All simulations (except when specified) are done on a 64 x 64 lattice.

The first one is the case of an Ising field with Bernouilli noise. In that case, the joint energy is:

Uzh,y) = Z Bl zl +a2ysms.
<st> s

Where the first sum is over all pairs of neighbor sites, and z, and y, take values in {—1,1}. X" is
therfore a regular isotropic Ising field and Y is obtained by flipping each site independently with
probability p = e%/(e® + e~*). We assumed that the value of o was known. To illustrate the
description of section 3.3.3, we explicitely express the algorithm. Equation (7) becomes:

9(0) = ) Eg,[vs(zs + tanh(Bv,)) | 9]

13



where v, is the sum of z; for all £ nearest neighbors of s.
Since z; takes values —1, 41, and v, is one of —4, —2,0, 2, 4, we define 5 sets Qg (s), k =1,...,5,

and the associated value fy(s) of v, (xs + tanh(8v,)) on these sets by:
- Qi (s) = {(2s,00) = (-1 ) or (z5,vs) = (1,—4)}, fi = —4(1 — tanh 45).
- Qo(s) = {(2s, vs) = (—1,2) or (s, vs) = (1,-2)}, fs = —2(1 — tanh 23).
- Qa(s) = {(2s,0:) = (=1,0) or (x5, vs) = (1, =0)}, fa =0.
- Qa(s) = {(2s, vs) = (=1, =2) or (x5, vs) = (1,2)}, fa = 2(1 + tanh 453).
- Qs(s) = {(2s,vs) = (1,4) or (s, vs) = (1,4)}, f5 = 4(1 + tanh 48).
Put m, = 3, 79, [%(s)], that can be computed by simulation; the equation to solve is

4(my + m5) tanh 45 + 2(mg + m4) tanh 25 + 4(m5 — m1) + 2(7ma — m2) = 0.

We computed by simulation the mean values, that we still denote by W; and W, of the partial
derivatives of ¢ at point (8, 3), for several values of 8 and p. Even if propositions 1 and 2 were
proven in situations that here correspond to small 8 or large a, we believe that these expectations
still give interesting information in other cases. We present several figures that give the value of
Wao /W1 in function of « for fixed values of 8. This value appears to always be between 0 and 1,
but gets very close to 1 as soon as the noise becomes significant (note that these are mean values,
and that we observed in the simulations situations when the observed value of 5’ was larger than
1, in which case the algorithm might diverge.

This case of imperfect observations was studied in [13], where estimators for 3 and p were
proposed. This paper shows the same kind of feature for their method, and the estimation of 3 for
high noise was also very unaccurate. We also could observe this difficulty while experimenting the
algorithm of section 3.1 for that situation. Bernouilli noise seems much more critical for estimation
than, for example, additive gaussian noise.

The second example concerns precisely Gaussian noise. The hidden field is still an isotropic
Ising field, and the observed field Y; is defined by its conditional law given 2" which is gaussian
with mean p and variance o2 if 2" = 1 and with mean p’ and variance ¢'? if z# = 1. We shall
also consider a submodel for which ¢ = ¢’ (this submodel includes additive Gausian noise). We
computed, for various values of the parameter, the largest eigenvalue of W1_1W2- It is worthwhile
to remark that for that model, this matrix is not the same for various laws in G(f,), and we made
the simulation with boundary condition equal to 1. This problem did not appear for the preceding
model, because we had to estimate expectations of even functions. The mean values W5 and W,
are here meaningless in the case of non-ergodic g, , since they are not converging to the empirical
expectations they are supposed to approximate. In fact, even when the true law g, is not ergodic,
the relevant quantities are values of Wy and Wy for ergodic Gibbs fields in G(6.) of which mg, is a
mixture.

In all our simulations, this largest eigenvalue was smaller than 1 (see table 4), apparently
indicating some stability properties for the algorithm (note however that these values are very
close to 1). But, computer experiments with this model show that the EMG algorithm does not
converge, whereas it has a completely satisfying behavior for the submodel in which variances are

14
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assumed to be equal. To understand this, several remarks can be made. First, propositions 1 and
2 are not valid for all range of the parameter, but EMG behaves poorly even for very weak noise,
in which case they should apply. Secondly, proposition 1 and 2 are asymptotic results: large size of
the lattice is needed for the estimated parameter éD to be close enough of 8, to ensure that Wj and
Ws are good approximations for the derivatives of n at 0p. The third reason for non convergence is
related to the remark we made at the beginning of this section, concerning the problem of accuracy
of the estimation of the m¥(Qg(s)), and consequence it may have in divergence of the algorithm.
This clearly appears in the expressions of the estimated p' and o at step n which are:

M/ — Zs ysﬂ'y(l’s = _1)
2 (@ = —1)
o2 = 2 U G _1) _ N/2

Zs ﬂ-y(xs = _]‘)

The fact that, for Ising fields below phase transition, the number of —1 is very small (edge
condition is 1), implying imprecision in the estimation of 7¥(z; = —1), yielding wrong updating of
u' and particularly of ¢/ (in the case of the sub-model, the variance is estimated using all sites and
is therefore accurate, improving stability of the algorithm). In addition, we can note that if during
the algorithm, it happens that u = y’ and ¢ = ¢, the field X" does not depend on Y anymore,
and the algorithm is lost and has no chance to find its way back on the right track.

To illustrate this we ran the EMG algorithm, estimating two variances for lattices of size 64 x 64
and 128 x 128, and various numbers N of iterations of a Swendsen-Wang procedure to estimate
the 7¥(Qg(s)). Here are the results (8 = —0.8, p = 5, p/ = 9); it seems hard to determine which
of the preceding reasons is relevant (probably all of them).

o size: 128 x 128, 0 = ¢/ = 2.5 N = 60. After 21 iterations, ¢/ = 0 and the image degenerates
in all 1’s.

o size: 128 x 128, 0 = ¢/ = 2.5 N = 100. After 24 iterations, ¢/ = 0 and the image degenerates
in all 1’s.

o size: 128 x 128, 0 = o/ = 1, N = 60. After 24 iterations, one gets u = p', ¢ = o', and the
rest of the algorithm becomes independent on the observations...

e size: 128 x 128, 0 = ¢/ = 1, N = 100. The algorithm seems stable.
o size: 64 x 64, 0 = ¢’ = 2.5 N = 60. After 24 iterations, the image degenerates in all 1’s.
e size: 64 x 64, 0 = ¢’ = 2.5 N = 100. After 16 iterations, the image degenerates in all 1’s.

e size: 64 x 64, ¢ = ¢/ = 1, N = 60. The algorithm seems to converge, with a very unaccurate
value for ¢/2: 0.05.

e size: 64 x 64, 0 =c' =1, N =100. p = p', o = o' after 16 iterations.

When trying smaller values of —f that yield a larger number for —1’s, performances are im-
proved although the same kind of phenomena can still be observed from time to time.
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Table 1: Largest eigenvalue, A, of W1_1W2 for various parameters

ﬂ Jr N/ 0_2 0_/2 Y
-1 -1 1 2 2 1 0.93
-1 -5 | .5 2 2 10.95
-1 | -05 (.06 2 2 10.99
-1 1 ) 1 1 0.8
-1 1 ) 1 2 10.88
-1 1 ) 1 5 |0.92
-1 1 ) 1 10 | 0.87
-0.8 1 5 9 1 1 ]0.68
-0.8 1 5 9 5 5 1 0.75
-0.8 1 5 9 | 7575097
-0.8 ] 5 9 15 | 15 | 0.94
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