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Abstract:

A novel solution is presentedo a recurring problem
in statisticalmodeling—estimatinga probability mass
function (pmf) for a discreterandomvariable from a
small sample. The solution naturally leadsto smooth
pmf estimatesrequiresno held out data,nor makesary

prior assumptionsaboutthe unknovn pmf, while still

providing a way to incorporateprior knowledgewhen
available. A pmf is deemedadmissibleas an estimate
if it assignsmerelya higherlikelihoodto the obsered
valueof asufcient statisticthanto any othervaluepos-
siblefor the samesamplesize. The maximumlik elihood
estimateis trivially admissibleby this de nition, but so
aremary otherpmfs. An estimateis selectedrom this
admissiblefamily via criteriasuchasmaximumentropy

or minimum I-divergence. Empirical resultsin statisti-
callanguagamodelingarepresentedo demonstrat¢éhat
estimate®btainedn this mannethave performancehat
is competitve with state-of-the-arestimatesand have
additionaldesirablepropertiemnot foundin the state-of-
the-art.

1. CommonResponseso Data Sparseness

Let be a probability massfunction (pmf) on a
discreteand nite set , and consider
the problemof estimating from a sequence

of independensamplesdravn according
toacommondistribution . Tofacilitateamorecon-
creteexposition,think of  asthevocatularyof astatisti-
callanguaganodel(LM), and  asthetrainingcorpus.
This estimationproblemis, of course,a recurringprob-
lem not only in naturallanguageprocessing NLP) but
indeedin all of statistics.A popularestimateof is
themaximumlik elihoodestimate,

- — (1)
where is the indicator function of an event ,
and is the obsened countof a word in the cor
pus is usually adequatewhen and
——— . But smallsamplesusuallyre-

sultin beingunacceptablygmall for some

Zero probabilities,in particular lead to severe perfor
mancedegradationrwhentheestimate is subsequently
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employed, e.g.,for automaticspeechrecognition,pars-
ing, machinetranslation,andother NLP applicationsin
which statisticaimodelsareused.

One standardsolutionto datasparsenesis Bayesian
estimation, in which itself is viewed as a
continuous-aluedrandomvariableon the unit simplex

, With a prior probability density . Under
a gquadraticloss function, the Bayesianestimate
of is themeanof theposteriomprobability
giventhe sample Formulaesuchas
)

for the Dirichlet prior have beenused,wherethe hyper
parameter is chosenbasedon someprior knowledge
about ; , - and — areoftenused
[1]. Thechoiceof the prior itself, suchasthe Dirichlet,
is sometimeguidedby the tractability of the resulting
computatiorof themeanunderthe posteriomprobability.
Otherwell known solutionsin languagenodeling(and
elsavhere) include Good-Turing discounting,constant
discounting,naturaldiscounting,Witten-Bell discount-
ing, andothers[2]. In all thesemethodsthe discounted

estimateof is computedhs
— if ,and
— if ,
3
where the discountparameters  are estimatedvia
someheuristicsor from aheldoutportionof , to pro-

vide nonzeroprobability to unseenwords. Readersn-
terestedn detailsof thesemethodsare referredto the
suney paperby ChenandGoodmari3]. All thesemeth-
odsmake somead hoc assumptiongboutthe unknavn
thatarenotsubstantiateth , andsomemethods
additionallydivide  into atraininganda held out set,
furtheraggravatingdatasparsenesd€venin thetheoret-
ically pleasingBayesiancase,the purposeof the prior
is often only to ensurethatthe MAP estimate is
positive everywhereanddifferentpriorsthateachensure
this maytherefordeadto differentestimates.
Maximum entrofy estimationis anotherstandardso-
lution to datasparseness.nsteadof estimating
for each accordingto (1), the maximumentropy
method rst estimates for selectsets
, , for which we have sufcient
evidencein . Fixing the probability of somesubsets



of in this mannertypically underspeci esthe pmf of
interest)eadingto aset of admissibleopmfs

(4)

in which the maximumlikelihood estimate of (1) is
but one member The admissiblepmf with the highest
Shannorentropy is thenchoserastheestimateof

—

It can be shavn that for every , aslong as at
leastone satis es , it follows that
. Thusthemaximumentrofy estimates
inherentlysmooth. Thereare several heuristicsbut few
principlesfor selectinghesets oreven .Some
's aretypically singleton specifying,for instancethe
probability of wordsthathave beenseensufciently of-
tenin ; some 'smay containall wordswhich can
take on a certaingrammaticalpart of speeche.g. ad-
jective; some 's mayoverlapwith others;etc. There-
fore, while maximumentropy estimation(5) eliminates
the needfor someof the ad hoc assumptionsnadeby
othertechniquesit leavesopenthe problemof selecting
the (feature)setsthatde ne in (4).
Anotherweaknes®f the classicalmaximumentropy
methodis that the speci cationof  via equality con-
straintsleadsto an ad hoc choicefor ary candidate
— eitheronemustconstrainits probability to be exactly
, or leave it completelyunconstrainedThis is unsat-
isfactory For instance,f onewere consideringall sin-
gletonsets  ascandidate 's,thennaielyincluding
all of themin the de nition of amountsto requiring
forall ,or . Ontheotherhand,
notimposingconstrainton,say all sets  with
may resultin evenif
and . Inequality constraintshave beenproposed
to addresshis problem[4, 5].

(6)

To the bestof our knowledge,therehasnot beenmuch
discussiorin theliteratureof a principledway to choose
and , particularlyin away thatdepend®nly on
Sometechniquesake inspirationfrom theexponential
form of the maximizer in (5), and attemptto
addresshe problemby assumingprior onthe
parametersf theexponentialform, a prior thatexcludes
asasolution[6]. They areBayesianestimateg2) of
a parametrigpmf, notmaximumentropy estimateg5) of
, and entail ad hoc hyperparametergist as other
Bayesiammethods.
In the following section,we brie y describea tech-
nigue we have recently developedto addresssome of

theseconcernsusinga notion of a maximumlikelihood
set[7]. In Section3., we describehow this techniques
appliedto the estimationof a statisticallanguagemodel.
We presentempiricalresultsin Section4. andconclude
in Sections5..

2. The Maximum Lik elihood Set

Let denotethe setof all possibleempirical
distributions,or typesfor asampleof size  [8]. A type,
whichis thesameasthemaximumilik elihoodestimateof
(2),is fully speci edby thecounts , andfor

independensamplesdravn accordingto a common
pmf , the probability of observingatype

is

()

For a given type , we de ne the maximum

likelihoodset(MLS) as

(8)

In words, is the setof all pmfs underwhich the

obsened type is no lesslikely than any othertype in

. An equivalentcharacterizationf the MLS is pro-
videdin [7].

9)

As rangesover typesin , the MLSs cover all
of , asillustratedfor in Figurel. TheMLS has
several desirablepropertieswhich we reproducefrom

(71

1. is aclosed,convex, sidedpoly-
hedronin

2. The obseredtype is alwaysin but no
othertypein is.

3. Diameter: for every

4. Viewing as a random variable,

, -a.s.
5. 1If for someword then for every



Figurel: lllustrationof theMaximumLik elihoodSetsin
for all the possibletypesfor analphabebf size

for samplegLeft) and samplegRight).

Eachpolygonal“cell” is an MLS containsexactly one

type markedwith a cross.

6. Thereexist pmfs suchthat
for every
7. Faithfulnessto evidence:if then

for every

is proposedas an admissibleset of pmfs, from
which a particularpmf may be choserasan estimateof
the underlying pmf using secondarycriteria. In
particular if arefeencepmf is available,i.e. anesti-
mateonewould nd acceptablavhen , thenone
way to chooseanelementof is:

(10)

Attainmentof the minimumin (10), andthe uniqueness

of the minimizer, is guaranteedby beingclosed
andcorvex andby the corvexity of [9, Theorem
2.1].

Now, if  is the uniform pmf on , thenthe crite-

rion (10) for selecting  is simply maximumentropy.
Note further that the K-L divergenceis well de ned,
and retainsits corvexity, evenif ~ doesnot sumto
unity. This enablesncodingprior knowledgeaboutthe

relative probabilitiesof wordsin  with considerable
ease. Finally, and guarantees
. Thisresultsin greatsimpli cations in

thenumericalcomputatiorof  in ourexperiments.

3. Applications to Statistical Language
Modeling

Statisticallanguagamodelsarea key componentn NLP
applicationssuchas automaticspeechrecognition,ma-
chinetranslation,spelling correction,and documentre-
trieval. Languagemodelingentailsestimatinga proba-
bility distribution over word-sequencesndthis is typi-
cally doneby modelingthe sequenc®f wordsin a sen-
tenceby a nite memory Markov chain. An n-gram
modelis asetof conditionalpmfs ,
onefor every conditioningevent. In applicationssuch
as documentretrieval, where word-order is not of
paramountimportanceand a bag-of-words representa-
tion is adequatei.i.d. models,called unigrammodels,
areused.In all casesthereis a needto estimatea pmf,
maminal or conditional,onthevocahulary.

In this sectionwe presenexperimentaresultsfor the
estimationof unigrammodelsaswell asjoint probabil-
ities for pairsof consecutie words, or bigrams.We be-
gin, for the sale of completenessyith a brief review of
standardinigramandbigramestimatiorusingasmooth-
ing techniquepopular both in languagemodeling and
elsavherein statistics.

3.1 Good-Turing Estimation of Probability Mass
Functions

Givenatraining sample  for the estimationof a un-

igram model,let  denotethe numberof words with

countvalue . Notethat for

and is zerootherwise.The Good-Turing estimateof
[10Q], which maybe heuristicallyjusti ed in mary

ways,is givenby

(11)

The Good-Turing formulamaybewritten as

(12)
andsincethetermin front of is typically lessthan
1, particularlyfor small , thetechniqués calledGood-
Turing “discounting” We will comparethe empirical
performanceof (11) with the correspondingstimateof
(10) for severaldifferentchoicesof

Note thatall wordswhich have the samecountin the
trainingcorpusgetthe sameprobabilityin (11) and(12).



In particular the Good-Turing estimate(11) resembles
the maximumlik elihoodestimatg(1), exceptthatit uses
smoothedtounts

(13)

insteadof the original counts . This view permitsex-
tensionof the Good-Turing formulato joint probabilities
of word-pairs,word-triplesetc. E.g., if denoteghe
numberof times wasfollowedby in atrainingcor
pus,thenGood-Turing bigramestimatas

(14)
Other methodsfor smoothingbigram distributions are
discussedtlengthelsavhere[3].

3.2 ReferenceDistrib utions for MLS-BasedEstima-
tion of Word Probabilities

If obtainingsmoothestimatesvasthe primarygoal,one
would naturally use the uniform distribution on  for

in (10). We obtain empirical resultsfor this (max-
imum entrofy estimation)caseasa rst step. How-
ever, all wordsare not equallylikely a priori, andit is
known from several studiesthat the count  and the
rankof aword , whenthevocahilaryis sortedin order
of decreasingounts,hasa roughly inverserelationship
namedzZipf'slaw [11]. Thisprovidesanaturalrefeence

pmf for (10). Speci cally, empirical studiessuggest
that
_ 15
rank (13)
holdswith for unigramsand for bigrams

[12]. Notethatthe normalizationconstanthatmakes
a pmf neednot be computed,sinceit playsno role in
theminimizationof (10). Theresultingestimate may
thenbeinterpretedasthepmfclosesto Zipf'slaw thatis
supportedoy the evidencein

Givenavocahulary, hawever, we still have noa priori
way of determiningthe rank-orderingof words needed
for (15). We simply usethe rank-orderingempirically
obsenedin  to determine . Furthermorejnsteadof
breakingties betweenwvordswith the samecountin
all wordswhich have the samecountgetarankequalto
the meanof the ranksspannedyy them. This last sim-
pli cation resultsin a signi cant reductionin complec-
ity. By assumingvordswith the sameobsened counts
to havethesame -probability, we areassuredhatthey
will havethesame  probability, reducingthe number
of freevariablesin the numericaloptimizationof (10) of
nds . In theunigrampmfs estimatedbelow, for in-

stancethe numberof parametersieededo specify

reducesirom 50,000to 600. The minimizer of (10) is
computedisingthenumericaloptimizationpackageCF-
SQP[13].

4. Empirical Resultsfor Language
Modeling

We have conductedexperimentson English text from
the Wall StreetJournalcorpus. A particularsubsetof
this corpus,calledthe UPennTreebankcorpus,widely
usedby mary researcher@n languagemodeling,hasa
standarddivision into Sections,named00 through 24.
We use Sections00-22, containingabout900K words,
asour training corpus,and Sections23-24, containing
100K words compriseour testcorpus. For the purpose
of studyingthe variability of the estimateswe divide
Sections00-22into 10 roughly equalparts,andresults
averagedverthesesmallertrainingcorporaarealsopre-
sented.

We male a list of all seenwords from Sections00-
22 and augmentthis vocalulary with a setof unspeci-
ed “unseen”words. The decisionon how mary unseen
wordsto includeis presentlyad-hoc— basednaleave-
one-outestimatethe numberof unseerwordsis setex-
actly equalto the numberof wordsseenonly oncein the
corpus. Every new word in the testset, upon rst en-
counterdisplacesoneof thehithertounspeci edunseen
words from the vocalulary, andis treatedthereafteras
a seenword. We remarkthat the MLS of (8) and, for
suitablereferencepmfs , the estimateof (10) arewell
de ned evenfor anin nite vocahulary, andwe planto
investigatehis moreaesthetialternatve in thefuture.

To measure¢heef cacy of apmfestimatewe compute
theaveragecodevord length(in bits) thatthe estimate

permitsto achieve onthetype of thetestset:

(16)
where is the sizeof thetestset ,
and theShannorentropy.

4.1 Empirical Resultsfor Unigram Estimation

We usethe countsfrom Sections00-22to computeV.

TheproceduralescribediboveyieldsV=52743.Theav-

eragecodavordlength(16) of thetestset,alongwith the
standarddeviation basedon the 10 smallertraining sets,
areshavn in Tablel for variouspmf estimates.

The Bayesestimatefor is indistinguishable
from  with auniform

Theuseof a Zipf's referencgomf signi cantly im-
provesover the uniform , andmakes  almost



competitve with

The popularityof the Good-Turing estimatolis evi-
dentfromits low codevordlength. Thoughnotseen
here, is not guaranteedo be monotonicin

Using asthe referencepmf  yields an es-
timate that is consistentwith obsened counts(cf
property7. in Section2.), with nolossin codevord
length. (The Good-Turing estimatewasnot inside
theMLS in ary of our experiments.)

The last column suggestghat the MLS containsvery
competitve pmfs that may be found by using the best
competitoras a reference,and getting other desirable
propertiedor free.

4.2 Empirical Resultsfor Bigram Estimation

We report preliminary resultsfor bigram estimationin
Table2. Notethat , the squareof
the unigramvocahulary size,and we estimatethe joint
distribution for consecutiewords , hotthe
conditionaldistribution of aword giventhe pre-
viousone. We collectbigramcounts  from Sections
00-22,computethe Good-Turing estimatef (14), and
MLS-basesstimatesvith differentreference 's.

It is clearthat the Bayesestimateis dramatically
poor, primarily dueto the large vocalulary and a
prior ( ) thatresultsin over-smoothing.

Zipf'slaw asareference improves  dramati-

cally overthe Bayesiarestimate.

improvesfurtherif the Good-Turing estimates
usedasareference.

The MLS-basedestimates  are competitive with the
stateof the art, and do not suffer from ary nonmono-
tonicity.

5. Concluding Remarks

We have outlineda new way of viewing the problemof
pmf estimation,particularly from small samplescom-
monly encountereih numerousapplications.Theview,
basedon the notion of the maximumlikelihoodsetde-
ned in (8), opensmary avenuesof investigationsnot
only in languagemodelingbut in otherareasof statisti-
cal estimation. The preliminary experimentspresented
heredemonstraté¢hatpmfsfrom the MLS selectedising
theK-L divergencecriterionof (10) aretheoreticallywell
motivated,have mary desirablepropertiesand competi-
tive performanceeven in an applicationthat hasbeen
studiedfor decades).

Readersinterestedin languagemodeling may note
thatcomparisonsirecurrentlyundervay with otherwell
known alternatvesto Good-Turing [3]. Many of these
alternatves, suchasthe Katz back off model[14], fo-
cuson conditional pmfs, e.g. . The MLS idea
extendsstraightforvardly to this situationby estimating
either(i) all conditionalpmfsfrom a singlebigramesti-
mateof Section4.2, or (ii) eachconditionalpmf
separatelywith a unigramestimatefrom Section4.1 as
thereference . Thelatteris particularlyelegant,since

naturally revertsto the lower-orderreference
for unseenconditioningevents , where , and
backoff neednotbeexternallyenforced.
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