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Abstract:

A novel solution is presentedto a recurring problem
in statisticalmodeling—estimatinga probability mass
function (pmf) for a discreterandomvariable from a
small sample. The solution naturally leadsto smooth
pmf estimates,requiresno heldout data,nor makesany
prior assumptionsabout the unknown pmf, while still
providing a way to incorporateprior knowledgewhen
available. A pmf is deemedadmissibleas an estimate
if it assignsmerelya higher likelihoodto the observed
valueof a suf�cient statisticthanto any othervaluepos-
siblefor thesamesamplesize.Themaximumlikelihood
estimateis trivially admissibleby this de�nition, but so
aremany otherpmfs. An estimateis selectedfrom this
admissiblefamily via criteriasuchasmaximumentropy
or minimum I-divergence.Empirical resultsin statisti-
cal languagemodelingarepresentedto demonstratethat
estimatesobtainedin this mannerhaveperformancethat
is competitive with state-of-the-artestimates,andhave
additionaldesirablepropertiesnot found in thestate-of-
the-art.

1. CommonResponsesto Data Sparseness

Let �������
	 be a probability massfunction (pmf) on a
discreteand �nite set �
�

�����
�
�������

� , and consider
theproblemof estimating�

������	 from a sequence���

�������
�
���
�����

� of independentsamples,drawn according
to acommondistribution �

������	 . To facilitateamorecon-
creteexposition,thinkof � asthevocabularyof astatisti-
cal languagemodel(LM), and � asthetrainingcorpus.
This estimationproblemis, of course,a recurringprob-
lem not only in naturallanguageprocessing(NLP) but
indeedin all of statistics.A popularestimateof ��������	 is
themaximumlikelihoodestimate,
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where
1

#;:<& is the indicator function of an event : ,
and

)�+

is the observed count of a word % in the cor-
pus � .
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. But small samplesusuallyre-

sult in
 

�$#�%'& beingunacceptablysmall for some%O7P� .
Zero probabilities,in particular, lead to severe perfor-
mancedegradationwhentheestimate

 

� is subsequently

employed, e.g., for automaticspeechrecognition,pars-
ing, machinetranslation,andotherNLP applicationsin
whichstatisticalmodelsareused.

Onestandardsolutionto datasparsenessis Bayesian
estimation, in which � ���;�
	 itself is viewed as a
continuous-valuedrandomvariableon the unit simplex

Q RTSUQ VXW

, with a prior probabilitydensity YZ#[�\& . Under
a quadraticlossfunction, the Bayesianestimate
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giventhesample.Formulaesuchas
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for theDirichlet prior have beenused,wherethehyper-
parameter

h

is chosenbasedon someprior knowledge
about �

�����
	 ;
h

�

�

,
h

�

�

l and
h

�

�

W

areoftenused
[1]. Thechoiceof theprior itself, suchastheDirichlet,
is sometimesguidedby the tractability of the resulting
computationof themeanundertheposteriorprobability.

Otherwell knownsolutionsin languagemodeling(and
elsewhere) include Good-Turing discounting,constant
discounting,naturaldiscounting,Witten-Bell discount-
ing, andothers[2]. In all thesemethods,thediscounted
estimateof �^���;�
	 is computedas
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where the discountparameters•'#ƒ‚ & are estimatedvia
someheuristics,or from aheldoutportionof � , to pro-
vide nonzeroprobability to unseenwords. Readersin-
terestedin detailsof thesemethodsare referredto the
survey paperby ChenandGoodman[3]. All thesemeth-
odsmake somead hocassumptionsabouttheunknown

�^������	 thatarenotsubstantiatedin � , andsomemethods
additionallydivide � into a traininganda heldout set,
furtheraggravatingdatasparseness.Evenin thetheoret-
ically pleasingBayesiancase,the purposeof the prior
is often only to ensurethat the MAP estimate
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	bc is
positiveeverywhere,anddifferentpriorsthateachensure
this maythereforeleadto differentestimates.

Maximum entropy estimationis anotherstandardso-
lution to datasparseness.Insteadof estimating
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for each%O7u� accordingto (1), themaximumentropy
method�rst estimates
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, for which we have suf�cient
evidencein � . Fixing the probability of somesubsets
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of � in this mannertypically under-speci�esthepmf of
interest,leadingto a set Œ of admissiblepmfs
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in which the maximumlikelihoodestimate
 

� of (1) is
but onemember. The admissiblepmf with the highest
Shannonentropy is thenchosenastheestimateof � ������	 :
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It can be shown that for every %ž7Ÿ� , as long as at
leastone � 7žŒ satis�es �$#�%'&

|¡~

, it follows that
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. Thusthemaximumentropy estimateis
inherentlysmooth. Thereareseveral heuristicsbut few
principlesfor selectingthesets:¢…

S

� or even
‹

. Some
:�… 's aretypically singleton,specifying,for instance,the
probabilityof wordsthathave beenseensuf�ciently of-
ten in � ; some :g… 's may containall wordswhich can
take on a certaingrammaticalpart of speech,e.g. ad-
jective; some:g… 's mayoverlapwith others;etc. There-
fore, while maximumentropy estimation(5) eliminates
the needfor someof the ad hoc assumptionsmadeby
othertechniques,it leavesopentheproblemof selecting
the(feature)setsthatde�ne Œ in (4).

Anotherweaknessof the classicalmaximumentropy
methodis that the speci�cation of Œ via equality con-
straintsleadsto an ad hoc choicefor any candidate:

…

— eitheronemustconstrainits probabilityto beexactly
 

ˆ

… , or leave it completelyunconstrained.This is unsat-
isfactory. For instance,if onewereconsideringall sin-
gletonsets

�

%£� ascandidate:g… 's, thennaively including
all of themin the de�nition of Œ amountsto requiring
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�}� . On theotherhand,
not imposingconstraintson,say, all sets
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. Inequalityconstraintshave beenproposed
to addressthis problem[4, 5].
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To the bestof our knowledge,therehasnot beenmuch
discussionin theliteratureof a principledway to choose

ˆ

… and
®

… , particularlyin a way thatdependsonly on � .
Sometechniquestakeinspirationfrom theexponential

form of the maximizer
 

�‘•�_ƒ’�“
qKr in (5), and attemptto

addressthe Œ"�

�

 

�}� problembyassumingaprioronthe
parametersof theexponentialform, aprior thatexcludes

 

� asa solution[6]. They areBayesianestimates(2) of
aparametricpmf, notmaximumentropy estimates(5) of

�
������	 , andentail ad hoc hyperparametersjust asother

Bayesianmethods.
In the following section,we brie�y describea tech-

nique we have recentlydevelopedto addresssomeof

theseconcernsusinga notion of a maximumlikelihood
set[7]. In Section3., we describehow this techniqueis
appliedto theestimationof a statisticallanguagemodel.
We presentempiricalresultsin Section4. andconclude
in Section5..

2. The Maximum Lik elihoodSet

Let
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�
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denotethe setof all possibleempirical
distributions,or types, for asampleof size

,

[8]. A type,
whichis thesameasthemaximumlikelihoodestimateof
(1), is fully speci�edby thecounts #
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For a given type
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likelihoodset(MLS) as
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In words,
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�\& is the setof all pmfs underwhich the
observed type is no less likely than any other type in
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L . An equivalentcharacterizationof theMLS is pro-
videdin [7].
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As
 

� rangesover typesin
 

Q R

J

�

L , the MLSs cover all
of

Q R

, asillustratedfor
�

�¼» in Figure1. TheMLS has
several desirablepropertieswhich we reproducefrom
[7].
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Figure1: Illustrationof theMaximumLikelihoodSetsin
Q R

for all thepossibletypesfor analphabetof size
�

�¯»

for
,

�T» samples(Left) and
,

�

�

~

samples(Right).
Eachpolygonal“cell” is an MLS containsexactly one
typemarkedwith a cross.
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�\& is proposedas an admissiblesetof pmfs, from
which a particularpmf maybechosenasanestimateof
the underlyingpmf �

�����
	 using secondarycriteria. In
particular, if a referencepmf Ë is available,i.e. anesti-
mateonewould �nd acceptablewhen

,

�

~

, thenone
way to chooseanelementof

´

#

 

�·& is :
 

�§Ì

Í

�

@�”�• ?

À•Î

C–˜�ÆiJ�Ç CÐÏ¤Ñ

L�Ò

#[�8¾
Ë\&

�

@�”�• ?

À•Î

C–˜�ÆiJ�Ç C
Ï¤Ñ

L

.

+

˜�š

�$#;%4&4›•œ

•

�$#�%'&

Ë$#�%'&

(10)

Attainmentof theminimumin (10), andtheuniqueness
of the minimizer, is guaranteedby

´

#

 

�\& beingclosed
andconvex andby theconvexity of

Ò

#ÔÓ‘¾
Õ—& [9, Theorem
2.1].

Now, if Ë is the uniform pmf on � , then the crite-
rion (10) for selecting

 

�

Ì

Í is simply maximumentropy.
Note further that the K-L divergenceis well de�ned,
and retains its convexity, even if Ë doesnot sum to
unity. This enablesencodingprior knowledgeaboutthe

relative probabilitiesof words in Ë with considerable
ease. Finally,
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#;%4& . This resultsin greatsimpli�cations in
thenumericalcomputationof

 

�

Ì

Í in ourexperiments.

3. Applications to Statistical Language
Modeling

Statisticallanguagemodelsareakey componentin NLP
applicationssuchasautomaticspeechrecognition,ma-
chinetranslation,spellingcorrection,anddocumentre-
trieval. Languagemodelingentailsestimatinga proba-
bility distribution over word-sequences,andthis is typi-
cally doneby modelingthesequenceof wordsin a sen-
tenceby a �nite memory Markov chain. An n-gram
modelis asetof conditionalpmfs �$#

�¢×

d

���—�
�
�����ƒ�g×

x

�

& ,
one for every conditioningevent. In applicationssuch
as document retrieval, where word-order is not of
paramountimportanceand a bag-of-words representa-
tion is adequate,i.i.d. models,calledunigrammodels,
areused.In all cases,thereis a needto estimatea pmf,
marginalor conditional,on thevocabulary.

In thissection,wepresentexperimentalresultsfor the
estimationof unigrammodelsaswell asjoint probabil-
ities for pairsof consecutive words,or bigrams.We be-
gin, for thesake of completeness,with a brief review of
standardunigramandbigramestimationusingasmooth-
ing techniquepopular both in languagemodeling and
elsewherein statistics.

3.1 Good-Turing Estimation of Probability Mass
Functions

Given a training sample� for the estimationof a un-
igram model, let Ø

t

denotethe numberof words with
countvalue

)

. Note that
~

¦

Ø

t

¦

�

for
~

¦
)

¦

,

and Ø

t

is zerootherwise.TheGood-Turing estimateof
�^������	 [10], which maybeheuristicallyjusti�ed in many
ways,is givenby
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TheGood-Turingformulamaybewrittenas
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andsincethetermin front of

 

�$#�%'& is typically lessthan
1, particularlyfor small

)
+

, thetechniqueis calledGood-
Turing “discounting.” We will comparethe empirical
performanceof (11) with thecorrespondingestimateof
(10) for severaldifferentchoicesof Ë .

Note thatall wordswhich have thesamecountin the
trainingcorpusgetthesameprobabilityin (11)and(12).
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In particular, the Good-Turing estimate(11) resembles
themaximumlikelihoodestimate(1), exceptthat it uses
smoothedcounts
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insteadof theoriginal counts
)
+

. This view permitsex-
tensionof theGood-Turingformulato joint probabilities
of word-pairs,word-triplesetc. E.g., if

) « +

denotesthe
numberof times ¨ wasfollowedby % in a trainingcor-
pus,thenGood-Turingbigramestimateis
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Other methodsfor smoothingbigram distributions are
discussedat lengthelsewhere[3].

3.2 ReferenceDistrib utions for MLS-BasedEstima-
tion of Word Probabilities

If obtainingsmoothestimateswastheprimarygoal,one
would naturally use the uniform distribution on � for

Ë in (10). We obtain empirical resultsfor this (max-
imum entropy estimation)caseas a �rst step. How-
ever, all wordsarenot equally likely a priori , and it is
known from several studiesthat the count

)y+

and the
rankof a word % , whenthevocabulary is sortedin order
of decreasingcounts,hasa roughly inverserelationship
namedZipf 's law [11]. Thisprovidesanaturalreference
pmf Ë for (10). Speci�cally, empiricalstudiessuggest
that

Ë$#;%4&(�

�

rankà�#;%4&

(15)

holdswith áâ�

�

for unigramsand áã�

~

� ä�å

for bigrams
[12]. Notethat thenormalizationconstantthatmakes Ë

a pmf neednot be computed,sinceit plays no role in
theminimizationof (10). Theresultingestimate

 

�

Ì

Í may
thenbeinterpretedasthepmfclosestto Zipf's law that is
supportedby theevidencein � .

Givenavocabulary, however, westill havenoa priori
way of determiningthe rank-orderingof wordsneeded
for (15). We simply usethe rank-orderingempirically
observedin � to determineË . Furthermore,insteadof
breakingtiesbetweenwordswith thesamecountin � ,
all wordswhich have thesamecountgeta rankequalto
the meanof the ranksspannedby them. This last sim-
pli�cation resultsin a signi�cant reductionin complex-
ity. By assumingwordswith the sameobservedcounts
to have thesameË -probability, we areassuredthatthey
will have thesame

 

�

Ì

Í probability, reducingthenumber
of freevariablesin thenumericaloptimizationof (10)of
�nds

 

�

Ì

Í . In theunigrampmfs estimatedbelow, for in-
stance,the numberof parametersneededto specify

 

�

Ì

Í

reducesfrom 50,000to 600. The minimizer of (10) is
computedusingthenumericaloptimizationpackageCF-
SQP[13].

4. Empirical Resultsfor Language
Modeling

We have conductedexperimentson English text from
the Wall StreetJournalcorpus. A particularsubsetof
this corpus,called the UPennTreebankcorpus,widely
usedby many researchersin languagemodeling,hasa
standarddivision into Sections,named00 through24.
We useSections00-22, containingabout900K words,
as our training corpus,and Sections23-24, containing
100K wordscompriseour testcorpus. For the purpose
of studying the variability of the estimates,we divide
Sections00-22 into 10 roughly equalparts,andresults
averagedoverthesesmallertrainingcorporaarealsopre-
sented.

We make a list of all seenwords from Sections00-
22 and augmentthis vocabulary with a setof unspeci-
�ed “unseen”words.Thedecisionon how many unseen
wordsto includeis presentlyad-hoc— basedonaleave-
one-outestimate,thenumberof unseenwordsis setex-
actlyequalto thenumberof wordsseenonly oncein the
corpus. Every new word in the test set, upon �rst en-
counter, displacesoneof thehithertounspeci�edunseen
words from the vocabulary, and is treatedthereafteras
a seenword. We remarkthat the MLS of (8) and, for
suitablereferencepmfs Ë , theestimateof (10) arewell
de�ned even for an in�nite vocabulary, andwe plan to
investigatethismoreaestheticalternative in thefuture.

To measuretheef�cacy of apmfestimate,wecompute
theaveragecodeword length(in bits) thattheestimate
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permitsto achieveon thetype
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where

,

��	bcær is thesizeof thetestset
���

�
���
�����ƒ�

�

DMH�çGè

� ,
and

é

theShannonentropy.

4.1 Empirical Resultsfor Unigram Estimation

We usethe countsfrom Sections00-22 to computeV.
TheproceduredescribedaboveyieldsV=52743.Theav-
eragecodewordlength(16)of thetestset,alongwith the
standarddeviation basedon the10 smallertrainingsets,
areshown in Table1 for variouspmf estimates.

ê The Bayesestimatefor
h

�

�

is indistinguishable
from

 

�

Ì

Í with a uniform Ë .

ê Theuseof a Zipf 's referencepmf signi�cantly im-
provesover the uniform Ë , andmakes

 

�

Ì

Í almost
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competitivewith
 

�^ÙÛ� .

ê Thepopularityof theGood-Turingestimatoris evi-
dentfrom its low codewordlength.Thoughnotseen
here,

 

� Ù2� #;%4& is not guaranteedto bemonotonicin

) +

.

ê Using
 

� Ù2� as the referencepmf Ë yields an es-
timate that is consistentwith observed counts(cf
property7. in Section2.), with no lossin codeword
length. (The Good-Turing estimatewasnot inside
theMLS in any of our experiments.)

The last column suggeststhat the MLS containsvery
competitive pmfs that may be found by using the best
competitoras a reference,and getting other desirable
propertiesfor free.

4.2 Empirical Resultsfor Bigram Estimation

We report preliminary resultsfor bigram estimationin
Table2. Note that

�

�

¿

�Më�ì`����ì

¿�í
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~ íÐî

, the squareof
the unigramvocabulary size,andwe estimatethe joint
distribution

 

�‡#�¨

�

%'& for consecutivewords #;¨

�

%4& , not the
conditionaldistribution

 

�$#;%©d ¨©& of a word giventhepre-
viousone. We collectbigramcounts

)
«

+

from Sections
00-22,computetheGood-Turing estimatesof (14), and
MLS-basesestimateswith differentreferenceË 's.

ê It is clear that the Bayesestimateis dramatically
poor, primarily due to the large vocabulary and a
prior (

h

�

�

) thatresultsin over-smoothing.

ê Zipf 's law asa referenceË improves
 

�

Ì

Í dramati-
cally over theBayesianestimate.

ê

 

�

Ì

Í improvesfurtherif theGood-Turingestimateis
usedasa reference.

The MLS-basedestimates
 

�

Ì

Í arecompetitive with the
stateof the art, and do not suffer from any nonmono-
tonicity.

5. Concluding Remarks

We have outlineda new way of viewing theproblemof
pmf estimation,particularly from small samplescom-
monly encounteredin numerousapplications.Theview,
basedon the notion of the maximumlikelihoodsetde-
�ned in (8), opensmany avenuesof investigationsnot
only in languagemodelingbut in otherareasof statisti-
cal estimation. The preliminaryexperimentspresented
heredemonstratethatpmfsfrom theMLS selectedusing
theK-L divergencecriterionof (10)aretheoreticallywell
motivated,have many desirablepropertiesandcompeti-
tive performance(even in an applicationthat hasbeen
studiedfor decades).

Readersinterestedin languagemodeling may note
thatcomparisonsarecurrentlyunderwaywith otherwell
known alternativesto Good-Turing [3]. Many of these
alternatives,suchas the Katz back off model [14], fo-
cus on conditionalpmfs, e.g. �$#�%2d ¨2& . The MLS idea
extendsstraightforwardly to this situationby estimating
either(i) all conditionalpmfs from a singlebigramesti-
mateof Section4.2,or (ii) eachconditionalpmf �$#ƒ‚¸d ¨©&

separately, with a unigramestimatefrom Section4.1 as
thereferenceË . The latter is particularlyelegant,since

 

�

Ì

Í

#I‚æd ¨2& naturally revertsto thelower-orderreferenceË

for unseenconditioningevents ¨ , where
,

�

~

, and
backoff neednotbeexternallyenforced.
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