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Abstract

We introducea computationadesignfor patterndetectionbasedon a tree-structurechetwork of
supportvectormachineSVMs). An SVM is associatedvith eachcell in arecursve partitioning
of the spaceof patterns(hypothesesjnto increasingly ner subsets.The hierarcly is traversed
coarse-to- neandeachchainof positive responsefrom theroot to a leaf constitutesa detection.
Ourobjective is to designandbuild a network which balancesverall errorandcomputation.

Initially, SVMs are constructedor eachcell with no constraints.This “free network” is then
perturbed,cell by cell, into anothernetwork, which is “graded” in two ways: rst, the number
of supportvectorsof eachSVM is reducedby clustering)in orderto adjustto a pre-determined,
increasingunctionof cell depth;secondthedecisionboundariesreshiftedto presere all positive
responsedrom the original set of training data. The limits on the numbersof clusters(virtual
supportvectors)resultfrom minimizing the meancomputationatostof collectingall detections
subjectto aboundon the expectedhumberof falsepositives.

Whenappliedto detectingfacesin clutteredscenesthe patternscorrespondo posesandthe
free network is alreadyfasterand more accurateghanapplyinga single pose-speci cSVM mary
times. The gradednetwork promotesvery rapid processingf backgroundegionswhile maintain-
ing thediscriminatorypower of thefree network.

Keywords: statisticalearning,hierarcly of classi ers,coarse-to- necomputationsupportvector
machinesfacedetection

1. Intr oduction

Ourobjectiveis to designandbuild a“patterndetection”systembasedn atree-structuredetwork
of increasinglycomplex supportvectormachine{SVMs) (Boseret al., 1992;Osunaet al., 1997).
The methodologyis generalandcould be appliedto ary classi cationtaskin machinelearningin
which therearenaturalgroupingsamongthe patterngclasseshypotheses)The applicationwhich
motivatesthis work is to detectandlocalize all occurrencesn a sceneof someparticularobject
category basedon a single, grey-level image. The particularexample of detectingfacesagainst
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clutteredbackgroundgrovidesarunningillustrationof theideaswherethe groupingsarebasedn
posecontinuity

Our optimizationframework is motivated by naturaltrade-ofs amonginvariance,selectvity
(backgroundejectionrate) andthe costof processinghe datain orderto determineall detected
patterns.In particular it is motivatedby the amountof computatiorinvolved whena single SVM,
dedicatedo a referencepattern(e.g.,faceswith a nearly x ed position, scaleandtilt), is applied
to mary datatransformationge.g.,translationsscalingsandrotations). This is illustratedfor face
detectionin Fig 1; a gradednetwork of SVMs achieres approximatelythe sameaccurag as a
pattern-speci cSVM but with order100to 1000timesfewer kernelevaluationsresultingfrom the
network architectureaswell asthereducechumberof supportvectors.

To designandconstructsucha gradednetwork, we begin with a hierarchicalrepresentationf
the spaceof patternge.g.,posesof aface)in the form of a sequencef nestedpartitions,onefor
eachlevel in abinarytree(FleuretandGeman2001;Fleuret,1999;Sahbietal., 2002;Jung,2001;
BlanchardandGeman2005;Amit etal., 2004;GangputraandGeman 2006a).Eachcell - distin-
guishedsubsebf patterns encodes simpler sub-classi cationtaskandis assigned binaryclas-
si er. Theleafcellsrepresentheresolutionatwhichwe desireto “detect”thetrue pattern(s) There
is alsoa “backgroundclass, for example,a complex and heterogeneousetof non-distinguished
patternswhich is statisticallydominant(i.e., usuallytrue). A patternis “detected”if the classi er
for every cell which coversit respondgositively.

Initially, SVMs areconstructedor eachcell in the standardvay (Boseret al., 1992)basedon
a kernelandtraining data— positve examples(from a given cell) and negative examples(“back-
ground”). Thisis the“free network," or “f-network” f f;g, wheret denotesa nodein thetreehierar
chy. The“gradednetwork,” or “g-network” f g:g, is indexed by the samehierarcly, but the number
of interveningtermsin eachg; is x edin advance(by clusteringthosein f; asin Schlkopf etal.,
1998),and grows with the level of t. (From hereon, the vectorsappearingy; will be referredto
as“supportvectors”’eventhough,technically they areconstructedrom the actualsupportvectors
appearingn fi.) Moreover, the decisionboundariesare shiftedto presere all positive responses
from the original setof training data;consequentlthe falsenegative (misseddetection)ateof g;
is atmostthatof f; andary patterndetectedy thef-network is alsodetectedy theg-network. But
theg-network will befar moreef cient.

The limits on the numbersof supportvectorsresultfrom solving a constrainedptimization
problem. We minimizethe meancomputatiomnecessaryo collectall detectionssubjectto a con-
straint ontherateof falsedetections(In theapplicationto facedetectionafalsedetectiorrefersto

nding afaceamidstclutter) Meancomputatioris drivenby the backgroundlistribution. Thisalso
involvesa modelfor how theselectvity of an SVM depend®n compleity, whichis assumegbro-
portionalto thenumberof supportvectorsandinvariancereferringto the“scope”of theunderlying
cellin thehierarcly.

In the free network, the compleity of eachSVM decisionfunction dependsn the usualway
on the underlyingprobability distribution of the training data. For instance the decisionfunction
for a linearly separabldraining set might be expressedwith only two supportvectors,whereas
the SVMs inducedfrom complex tasksin objectrecognitionusuallyinvolve mary supportvectors
(Osunaetal., 1997). For the f-network, the compleity generallydeceasesasa function of depth
dueto the progressie simpli cation of the underlyingtasks. This is illustratedin Fig 2 (left) for
facedetectionithe classi ers f; wereeachtrainedon 8000positive examplesand50; 000 negative
examples.Putdifferently compleity increasesvith invariance.
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Figurel: Comparisorbetweena single SVM (top row) dedicatedo a nearly x ed poseandour
designedetwork (bottomrow) whichinvestigatesmary posessimultaneouslyThesizes
of the threeimagesare, left to right, 520 739,462 294and662 874 pixels. The
network achiezes approximatelythe sameaccurag asthe pose-speci cSVM but with
order100-1000timesfewer kernelevaluations.Somestatisticscomparingef ciency are
givenin Tablel.

Consideran SVM f in the f-network with N supportvectorsanddedicatedo a particularhy-
pothesisell; this network is slow, but hashigh selectvity andfew falsenegatives. Thecorrespond-
ing SVM g hasa speci ed numbem of supportvectorswith n N. It is intuitively apparenthat
g is lessselectve; this is the price for maintainingthe falsenegative rateandreducingthe number
of kernelevaluations.In particular if nis very small,g will have low selectvity (cf. Fig 2 (right)).
In generalof coursewith no constraintsthe fraction of supportvectorsprovidesa roughmeasure
of the dif culty of the problem;here,however, we arearti cially reducingthe numberof support
vectorstherebylimiting theselectvity of theclassi ersin theg-network.

Building expensiveclassi ers at the upperlevels (n  N) leadsto intensive early processing,
evenwhenclassifyingsimplebackgroundpatterng(e.g., at areasn images),sothe overall mean
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Figures "Mona Lisa” "Singers” "Star Trek”
1SVM f-net gnet | 1SVM fnet g-net | 1SVM f-net g-net
#SubimagesProcessed| 2:10° 2:10° 2:10°[5:10° 8:10° 8:10°[2:10° 4:10° 4:10°
# Kernel Evaluations 5:107 10’ 3:100 [ 2:10" 7:10° 10* 8:10" 2:10° 5:10°

ProcessingTime (s) 17245 2882 0:53 5587 17:.83 0:26 2701 4892 0:87
# Raw Detections 3 3 4 12 14 15 19 20 20

Tablel: Comparisongmongi) asingleSVM dedicatedo a smallsetof hypothesegin this casea
constraineghosedomain),ii) thef-network andiii) ourdesigned)-network, for theimages
in Fig 1. For the singleSVM, the positionof the faceis restrictedio a2 2 window, its
scaleto the range[10; 12] pixels andits orientationto [ 5°;+ 5°]; the original imageis
downscaled14 times by a factor of 0:83 and for eachscalethe SVM is appliedto the
imagedataaroundeachnon-overlapping2 2 block. In the caseof thef andg-networks,
we usethe coarse-to- nehierarcly andthe searclstratagy presentedhere.
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Figure2: Left: Theaveragenumberof supportvectorsfor eachlevel in anf-network built for face
detection.The numberof supportvectorsis decreasinglueto progressie simpli cation
of the original problem. Right: Falsealarmrateasa function of the numberof support
vectorsusingtwo SVM classi ersin theg-network with differentposeconstraints.

costis alsovery large (cf. Fig 3, toprows). As analternatve to building the g-network, supposave
simply replacethe SVMs in the upperlevels of f-network with very simpleclassi ers(e.g.,linear
SVMs); thenmary backgroundpatternswill reachthe lower levels, resultingin an overall loss of
ef ciency (cf. Fig 3, middlerows).

We focusin betweertheseextremesandbuild f g;g to achieve a certaintrade-of betweercost
andselectvity (cf. Fig 3, bottomrows). Of course,we cannotexplore all possibledesignsso a
model-baseapproachis necessaryThe falsealarmrate of eachSVM is assumedo vary with
compl«ity andinvariancein a certainway. This functionaldependences consistentvith the one
proposedn Blanchardand Geman(2005),wherethe computationatostof a classi er is modeled
astheproductof anincreasingunctionof scopeandanincreasingunctionof selectvity.

Finally, from the perspectie of computewision, especiallyimageinterpretationtheinterestof
this paperis theproposedarchitecturdor aggreatingbinaryclass erssuchasSVMs for organized
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Maximum Level Reached|| 1 |2 |3 | 4 |5 | 6
# Samples 1697 | 56 4 1 0 2
(f-network)

# Samples 936 555 135 17 54 63
(heuristic)

# Samples 1402 | 336 2 0 3 17
(g-network)

#Kemel Evaluations || 2 10|10 107|107 10°|10° 10*|10* 1C° | 10° 1P
# Samples 0 0 0 1697 58 5
(f-network)

# Samples 936 755 67 2 0 0
(heuristic)

# Samples 1402 | 340 18 0 0 0
(g-network)

Figure3: In orderto illustrate varying trade-ofs amongcost, selectvity and invariance,andto
demonstratehe utility of a principled,globalanalysiswe classi ed 1760subimage®f
size64 64 extractedfrom theimageshovn above usingthreedifferenttypesof SVM
hierarchiesof depthsix. In eachcase,the hierarcly wastraversedcoarse-to- ne. For
eachhierarcly type and eachsubimage the uppertable shavs the distribution of the
deepestevel visited andthe lower table shavs the distribution of costin termsof the
total numberof kernelevaluations. In both tables: Top row: The unconstrainecsVM
hierarcly (“f-network”) with a Gaussiarkernelat all levels; the SVMs nearthetop are
veryexpensve (aboutl400supportvectorsattheroot; seeFig 2) resultingin highoverall
cost. Middle row: An ad hoc solution: the samef-network, exceptwith linear SVMs
(which canbeassumedo have only two supportvectors)attheupperthreelevelsin order
to reducecomputation;mary imagesreachdeeplevels. Bottom row: The constrained
SVM hierarcly (“g-network”), globally designedo balanceerrorandcomputationihe
numberof (virtual) supportvectorsgrows with depth.
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sceneparsing. For someproblems,dedicatinga single classi er to eachhypothesisor a cascade
(linear chain)of classi ersto a small subsetf hypothesegseeSection2), andthentraining with
existing methodology(even off-the-shelfsoftware) might sufce, in fact provide state-of-the-art
performanceThis seemgo thecasefor examplewith frontalfacedetectioraslong aslargetraining
setsare available, at leastthousandf facesand sometimesbillions of negative examples,for
learninglong, powerful cascades.However, thoseapproachesre eithervery costly (seeabore)
or may not scaleto moreambitiousproblemsinvolving limited data,or morecomple« andvaried
interpretationshecausé¢hey rely tooheavily onbrute-forcdearningandlackthestructurenecessary
to hardwireef ciency by simultaneouslyxploring multiple hypotheses.

We believe that hierarchieof classi ersprovide sucha structure.In the caseof SVMs, which
may requireextensive computationwe demonstrateéhat building sucha hierarcly with a global
designwhich accountdor bothcostanderroris superiorto eithera singleclassi er applieda great
mary times(a form of template-matchingdr a hierarcly of classi ersconstructedndependently
node-by-nodewithout regard to overall performance. We suspecthat the samedemonstration
couldbe carriedout with other“baseclassi ers” aslong asthereis a naturalmethodfor adjusting
theamountof computationjn fact,the globaloptimizationframewvork couldbe appliedto improve
otherparsingstratgies,suchascascades.

The remainingsectionsare organizedasfollows: A review of coarse-to- neobjectdetection,
includingrelatedwork on cascadess presentedn Section2. In Section3, we discusshierarchical
representatiomandsearchin generaterms;decomposinghe posespaceprovidesa runningexam-
ple of the ideasand setsthe stagefor our main application- facedetection. The f-network and
g-network arede ned in Section4, again in generaltermsand the statisticalframevork and op-
timization problemarelaid out in Section5. This is followedin Section6 by a new formulation
of the “reducedset” method(Burges,1996; Schilkopf et al., 1998),which is usedto constructan
SVM of speci ed compleity. Theseideasareillustratedfor a posehierarcly in Section7, includ-
ing a speci ¢ instanceof the modelfor chainprobabilitiesandthe correspondingninimization of
costsubjectto a constrainton falsealarms. Experimentsare provided in Section8, wherethe g-
network is appliedto detectfacesn standardestdata,allowing usto compareour resultswith other
methods Finally, someconclusionsaredravn in Section9.

2. Coarse-to-FineObject Detection

Our work is motivated by dif culties encounteredn inducing semanticdescriptionsof natural
scenedrom imagedata. This is often computationallyintensve dueto the large amountof data
to be processedvith high precision. Objectdetectionis suchan exampleand hasbeenwidely
investicatedin computervision; seefor instanceOsunaet al. (1997); Fleuretand Geman(2001);
Kanade(1977); SchneidermaandKanade(2000); Sung(1996); Viola and Joneg2001)for work
onfacedetection Nonethelesghereis asyet no systemwhich matchefhiwumanaccurag; morecover,
the precisionwhich is achiered often comesat the expenseof run-time performanceor a reliance
onmassie trainingsets.

Oneapproachio computationakf ciency is coarse-to- ne processingwhich hasbeenapplied
to mary problemsin computeision, including objectdetection(FleuretandGeman2001;Viola
andJones2001; Gemanet al., 1995; Baker and Nayar,1996; Amit and Geman,1999; Rowley,
1999; Heiseleet al., 2001), matching(Borgefors,1988; Huttenlocherand Rucklidge,1993; Gee
andHaynor,1996),optical o w (Battiti andKoch,1991),tracking(SobottkaandPittas,1996)and
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Figure4: Left: Detectionsusingour system.Right: The darknesof a pixel is proportionalto the
amountof local processingnecessaryo collectall detections.

othertaskssuchascompressionegistration,noisereductionandestimatingmotionandbinocular
disparity In the caseof objectdetection,one strat@y is to focusrapidly on areasof interestby
nding characteristicsvhich arecommonto mary instantiationsin particular backgroundegions
arequickly rejectedascandidategor furtherprocessingseeFig 4).

In the context of nding facesin clutteredscenesFleuretandGeman(2001)developedafast,
coarse-to- nedetectobasen simpleedgecon gurationsanda hierarchicaldecompositiorof the
spaceof poses(location, scaleandtilt). (Similar, tree-structuredecognitionstrategiesappearn
Gemaretal. (1995);Baker andNayar(1996).) Oneconstructsa family of classi ers,onefor each
cellin arecursve partitioningof theposespaceandtrainedon asub-populatiorof facesmeetingthe
poseconstraintsA faceis declaredvith posein aleafcellif all theclassi ersalongthe chainfrom
root to leaf respondpositively. In general simpleanduniform structuresn the sceneare quickly
rejectedasfacelocations(i.e., very few classi ersareexecutedbeforeall possiblecompletechains
areeliminated)whereasnorecomple regions,for instanceexturedareasandface-like structures,
requiredeeperpenetrationinto the hierarcly. Consequentlythe overall costto processa scene
is dramaticallylower thanlooping over mary individual posesa form of template-matching(cf.
Fig 1).

Work on cascade$Viola andJones2001;Eladetal., 2002;Evelandetal., 2005;Kerenet al.,
2001;Socolinsk etal., 2003;Romdhaniet al., 2001;Kienzleet al., 2004;Wu etal., 2005)is also
motivatedby an early rejectionprinciple to exploit skewed priors (i.e., backgrounddomination).
In thatwork, asin ours,thetime requiredto classifya pattern(e.g.,aninput subimage)Xepends
on theresemblancketweenthat patternandthe objectsof interest. For example,Viola andJones
(2001)developedanaccuratereal-timefacedetectioralgorithmin theform of acascadef boosted
classi ers and computationallyef cient featuredetection. Othervariations,suchasthosein Wu
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etal. (2005);Romdhanietal. (2001)for facedetectionandthe cascad@f innerproductsin Keren
etal. (2001)for objectidenti cation, employ very simplelinearclassi ers. In nearlyall caseghe
individual nodelearningproblemsaretreatecdheuristically;anexceptionis Wu etal. (2005),where,
for eachnode,the classi ersare designedo solve a (local) optimizationproblemconstrainedy
desiredlocal) errorrates.

Thereareseveralimportantdifferenceetweenour work andcascadesCascadesrecoarse-
to- ne in the senseof backgroundltering whereaurapproachs coarse-to- nebothin thesense
of hierarchicalpruningof the backgroundcclassandrepresentationf the spaceof hypothesesin
particular cascadesperateén amoreor lessbrute-forcefashionbecausevery pose(e.g.,position,
scaleandtilt) mustbe examinedseparately In comparingthe two stratejies, especiallyour work
with cascadesf SVMsfor facedetectiorasin Kienzleetal. (2004);Romdhanktal. (2001),thereis
thenatrade-of betweenveryfastearlyrejectionof individual hypothese¢cascadesgndsomevhat
slower rejectionof collectionsof hypothesegtree-structuregruning).

No systematiccomparisorwith cascade$asbeenattempted. Moving beyond an empirical
studywould requirea modelfor how costscaleswith otherfactors,suchasscopeandselectvity.
Onesuchmodelwas proposedn Blanchardand Geman(2005),in which the computationaktost
C(f) of abinaryclassi er f dedicatedo a setA of hypothesegagainsta universal“background”
alternatve) is expresseds

C(f)=diA) Y@ d

whered is falsepositive rateof theclassi er f (sol dis whatwe have calledthe selectvity) and
GandY areincreasingunctionswith G subadditve andY corvex. (Someempiricaljusti cation
for this modelcanbe found in Blanchardand Geman(2005).) One canthencomparethe costof
testinga“small” setA of hypothesege.g.,all posesverasmallrangeof locations scalesandtilts,
asin cascadesyersusa “large” setB A (e.g.,mary posessimultaneouslyashere). Underthis
costmodel,andequalizingthe selectvity, the subadditvity of Gwould renderthe testdedicatedo
B cheapethandoingthetestdedicatedo A approximatelyj% times,evenignoring the inevitable
reductionin selectvity dueto repeatedests.

More importantly perhapsit is not clearthatcascadesvill scaleto moreambitiousproblems
involving mary classesandinstantiationssincerepeatedlytestinga coarsesetof hypotheseawill
lack selectvity andrepeatedlytestinga narrav onewill requirea greatmary implementations.

Finally, to our knowvledge, the work presentedn this paperis the rst to considera global
constructiorof the systemin anoptimizationframawork. In particular no global criteriaappeatin
eitherFleuretandGeman(2001)or Viola andJoneg2001);in theformer, theedge-basedlassi ers
areof roughly constantompleity whereasn the latterthe compleity of the classi ersalongthe
cascades notexplicitly controlled.

3. Hierar chical Representationand Search

Let L denotea setof “patterns”or “hypotheses’df interest. Our objectie is to determinewhich,
if ary, of thehypotheses$ 2 L is true,the alternatve beinga statisticallydominant‘background”
hypothesid 0g, meaninghatmostof thetime 0 is thetrue explanation.Let Y denotethetrue state;
Y = 0 denoteghe backgroundstate. Insteadof searchingseparatelyfor eachl 2 L, considera
coarse-to- nesearctstratgy in whichwe rst try to exploit commonpropertieq“sharedfeatures”)
of all hypothesego “test” simultaneouslyfor all | 2 L, thatis, testthe compoundhypothesisH :

Y 2 L agninstthealternatve Hy : Y = 0. If thetestis negative, we stopanddeclarebackgroundif
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thetestis positive, we separatelyesttwo disjoint subset®of L againstHg; andsoforth in a nested
fashion.

Thetestsareconstructedo be very conserative in the sensehateachfalsenegative errorrate
is very small, thatis, giventhatY 2 A, we arevery unlikely to declarebackgroundf A L isthe
subsebf hypothesesestedat a givenstage.The pricefor this smallfalsenegative erroris of course
anon-ngligible falsepositive error, particularlyfor testing“large” subset®\. However, this proce-
dureis highly ef cient, particularlyunderthe backgrounchypothesis.This “divide-and-conquer”
searchstratgyy hasbeenextensvely examined,both algorithmically (seefor exampleFleuretand
Geman,2001; Amit et al., 2004; Gan@gputraand Geman,2006a)and mathematicallyBlanchard
andGeman2005;Fleuret,1999;Jung,2001).

Note: Thereis analternateformulationin whichY is directly modeledasa subsebf L withY = 0
correspondingo the backgroundstate.In this case at eachnodeof the hierarcly, we aretestinga
hypothesiof theformH : Y\ A6 0vsthealternatveY\ A= 0. In practice thetwo formulations
areessentiallyequivalent;for instancejn facedetectionwe caneither“decompose’a setof “ref-
erence”’poseswhich canrepresenat mostone faceandthenexecutethe hierarchicalsearchover
subimage®r collectall posesinto onehierarcly with virtual testsnearthe root; seeSection7.1.
We shalladoptthe simplerformulationin whichY 2 L [ f0g.

Of coursein practicewe doall thesplittingandconstructll the“tests”in advance.(It shouldbe
emphasizethatwe arenotconstructingadecisiontree;in particular we arerecursvely partitioning
thespaceof interpretationsotfeaturesand,whenthehierarcly is processeda datapoint cantravel
down mary branchesindarrive atnoneof theleaves.) Then,online, we needonly executethetests
in theresultinghierarcly coarse-to- ne.Moreover, thetestsaresimply standarctlassi ersinduced
from trainingdata- examplesofY 2 Afor varioussubset®f A andexamplesof Y = 0. In particular
in thecaseof objectdetectiontheclassi ersareconstructedrom theusualtypesof imagefeatures,
suchasaveragesedgesandwavelets(Sahbietal., 2002).

The nestedpartitionsarenaturallyidenti ed with atreeT. Thereis asubset ; for eachnode
t of T, includingtheroot (L;oa = L) andeachleaft 2 {T. We will writet = (I;k) to denotethe
k'th nodeof T atdepthor levell. For example,in the caseof abinarytreeT with L levels,wethen
have:

8
<lm=1L

Lie = Livgoc 1 [ Lis o 12 fL:L 1g; k2 12 1o
Livgok 1\ Livgk= 0

The hierarcly canbe manuallyconstructedashere,copying the onein FleuretandGeman2001)
or, ideally, learned.

NoticethattheleafcellsL;;t 2 T, neednt correspondo individual hypothesesinstead they
representhe nest “resolution” at which we wish to estimateY. More careful disambiguation
amongcandidatenypothesesnay requiremore intenseprocessingperhapsnvolving online opti-
mization.It thenmakessensdo modify ourde nition of Y to re ect this possiblecoarseningf the
original classi cationproblem: the possible‘class” valuesarethenf 0;1; :::; 24 1g, corresponding
to “background”(f 0g) andthe2- 1 “ne” cellsattheleavesof thehierarcly.

Example: The Hierarchy for Face Detection. Here,the poseof an objectrefersto parameters
characterizingts geometricappearancén the image. Sincewe are searchingfor instanceof a
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Figure5: An illustrationof the posehierarcly shaving a sampleof facesattherootcell andatone
of theleaves.

oneobjectclass— faces- the family of hypothese®f interestis a setof posed.. Speci cally, we
focusattentionontheposition,tilt andscaleof aface,denotedy= (p;f;s), wherepisthemidpoint
betweenthe eyes, s is the distancebetweerthe eyesandf is the anglewith the line orthogonalto
thesegmentjoining theeyes.We thende ne

L= (p:f;9)2R*: p2[ 8&+8%f2[ 20%+20°;s2 [10:20] :

Thus,weregardL asa‘“referenceset” of posesn thesensef possiblenstantiation®f asingle
facewithin agiven64 64 imageassuminghatthe positionis restrictedto a subwindav (e.g.,an
16 16 centeredn the subimagepndthe scaleto the statedrange. The “backgroundhypothesis”
is “no face” (with posein L). Thelearesof T do not correspondo individual posesq 2 L; for
instancethe nal resolutionon positionisa2 2 window. Hence,each“object hypothesis”is a
smallcollectionof ne poses.

Thespeci c hierarcly usedin our experimentds illustratedin Fig (5). It hassix levels(L = 6),
correspondindo threequaternarysplitsin location(four 8 8 blocks, etc.) andone binary split
bothontilt andscale. Thereforewriting n; for thenumberof cellsin T atdepthl: ny = 1,n, = 4%,
ng= 4%2= 16,n4 = 43 = 64,n5= 24%= 128andng = 22 4° = 256.

Thisis thesamemanually-designeghosehierarcly thatwasusedn FleuretandGeman2001).
The partitioningbasedon individual componentsaswell asthe splitting order is entirely ad hoc.
Theimportantissueof how to automaticallydesignor learnthe “divide-and-conquerarchitecture
is not consideredhere. Very recentwork on this topic appearsn Fan (2006)and Gan@gputraand
Geman(2006a).

Search Strategy:

Considercoarse-to- nesearchin moredetail. Let X; be the testor classi er associatedvith
nodet, with X = 1 signalingthe acceptancef H; : Y 2 L; andX; = 0 signalingthe acceptance
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of Hp : Y = 0. Also, let w 2 Wrepresenthe underlyingdataor “pattern” uponwhich the testsare
basedhencethetrueclassof wisY(w) andX; : W ! f0;1g.

Theresultof coarse-to- nesearchappliedto w is asubseD(w) L of “detections”,possibly
empty de nedtobeall | 2 L for whichX;(w) = 1 for everytestwhich“covers”l , thatis, for which
| 2 L. Equivalently D is theunionoverall L;t 2 T suchthatX; = 1 andthetestcorresponding
to everyancestoroft 2 T is positive thatis, all “completechainsof ones”(cf. Fig 6, B).

Both breadth- rst and depth- rst coarse-to- nesearchleadto the samesetD. Breadth- rst
searchis illustratedin Fig (6, C): PerformXy.1; if X3.1 = O, stopanddeclareD = 0; if X34 = 1,
performboth X1 and X,.2 andstoponly if both arenegative; etc. Depth- rst searchexploresthe
sub-hierarci rootedatanodet beforeexploringthebrotheroft. In otherwords,if X; = 1, we visit
recussivelythe sub-hierarchiesootedatt; if X; = 0 we “cancel” all thetestsin this sub-hierarci.
In both casesa testis performedif and only if all its ancestos are performedand are positive
(Thesestratgyiesare not the sameif our objective is only to determinewhetheror notD = 0; see
theanalysisn Jung(2001).)

Noticethat D = 0 if andonly if thereis a “null covering” of the hierarcly in the senseof a
collectionof negative responsesvhosecorrespondingells cover all hypothesesn L. The search
is terminatedupon nding sucha null covering. Thus,for example,if X;.1 = 0, the searchis ter-
minatedastherecannotbe a completechainof ones;similarly, if X1 = 0 andXz3= X34 = 0, the
searchis terminated.

7

[\

O O O OO0 O
g3 Q4
(A) (8) ©

@) @)

Figure6: A hierarcly with fteen tests. (A) The responsdo an input imagewere all the tests
to be performed;the positive testsare shavn in black and negative testsin white. (B)
Therearetwo completechainsof ones;in the caseof objectdetectionthe detectegose
is the averageover thosein the two correspondindeaves. (C) The breadth- rstsearch
stratgy with the executedtestsare shovn in color; noticethat only sesen of the tests
would actuallybe performed.

Example: The Search Strategy for Face Detection. Imagesw are encodedusing a vector of
wavelet coefcients; in the remainderof this paperwe will write x to denotethis vectorof coef-
cientscomputedbnagiven64 64 subimagelf D(x) 6 0, the estimatedposeof thefacedetected
in w is obtainedby averagingover the “poseprototypes’of eachleaf cell representeth D, where
the poseprototypeof L is themidpoint(cf. Fig 6, B).

A sceneis processedby visiting non-overlapping16 16 blocks, processinghe surrounding
imagedatato extract the features(wavelet coefcients) and classifyingthesefeaturesusingthe
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Figure7: Multi-scalesearch.Theoriginalimage(on theleft) is donnscaledhreetimes. For each
scale the basefacedetectowvisits eachnon-overlappingl6 16 block,andsearcheshe
surroundingimagedatafor all faceswith positionin the block, scalearywherein the
range[10; 20] andin-planeorientationin therange[ 20°;+ 20°].

searchstratgyy describeckarlierin this section. This procesamakesit possibleto detectall faces
whosescales lies in the interval [10;20] andwhosetilt belongsto [ 20°;+ 20°]. Facesat scales
[20; 16Q aredetectedy repeatedionvn-sampling(by a factorof 2) of the originalimage,oncefor
scaleq20; 4Q], twice for [40; 80] andthricefor [80; 16((cf. Fig 7). Hence dueto highinvarianceto
scalein thebasedetectoyronly four scalemeedto beinvesticatedaltogether

Alternatively, we canthink of anextendedhierarcty overall possibleposeswith initial branch-
inginto disjoint16 16 blocksanddisjointscalerangesandwith virtual testsin the rst two layers
which arepassedy all inputs. Given color or motioninformation(SahbiandBoujemaa2000),it
might be possibleto designa testwhich handlesa setof posedargerthanL ; however, our testat
theroot (accountingsimultaneouslyor all posedn L) is alreadyquite coarse.

4. Two SVM Hierar chies

w is some64 64 subimagedaken, for example,from the Web, and eitherbelongsto the “object
examples’L (subimagesvfor whichY(w) 6 0) or “backgroundexamples”B (subimage$or which
Y(w) = 0).

All testsX;;t 2 T, arebasedn SVMs. We build onehierarcly, thefreenetworkor f-networkfor
short,with no constraintsthatis, in theusualway from thetrainingdataonceakernelandary other
parameterarespeci ed (Boseretal., 1992). The otherhierarcly, thegradednetworkor g-network
is designedo meetcertainerrorandcomplexity speci cations.
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4.1 The f-network

Let f; bean SVM dedicatedo separatinggxamplesof Y 2 L from examplesof Y = 0. (In our ap-

plicationto facedetectionwe train f; basedn faceimagesw with posein L;.) Thecorresponding
testis simply 1f > . Wereferto f fi;t 2 Tg asthef-network In practice,the numberof support
vectorsdecreasewith thedepthin the hierarcly sincethe classi cationtasksareincreasinglysim-

pli ed; seeFig 2, left. We assumehe falsenegative rateof f; is very smallfor eacht; in other

words, fi(w) > 0 for nearlyall patternsw for whichY(w) 2 L;. Finally, denotethe corresponding
data-dependersietof detectionf thef-network by D+.

4.2 The g-network

The g-networkis basedon the samehierarcly f L;g asthe f-network. However, for eachcell L,
a simpli ed SVM decisionfunction g; is built by reducingthe compleity of the corresponding
classier fi. The setof hypothesesletectedby the g-network is denotedby Dgy. The tamgeted
complity of g; is determinedy solvinga constrainedninimizationproblem(cf. Section5).

We want g; to be both ef cient and respectthe constraintof a negligible false negative rate.
As aresult,for nodest neartheroot of T the falsepositive rate of g; will be higherthanthat of
the correspondingf; sincelow costcomesat the expenseof a wealenedbackgroundlter. Put
differently, we arewilling to sacri ce selectvity for ef ciency, but not at the expenseof missing
(mary) instance®f our tamgetedhypothesesThus,for both networks, a positive testby no means
signalsthe presencef atargetedhypothesisgspeciallyfor the very computationallyef cient tests
in theg-network nearthetop of the hierarcly.

Insteadof imposinganabsoluteconstrainion thefalsenegative error, we imposeonerelativeto
thef-network, referredto asthe conservatiorhypothesisFor eacht 2 T andw 2 W

fi(w) > 0) gi(w) > 0
Thisimpliesthatanhypothesigletectedy thef-network is alsodetectedy the g-network, namely
Dt(w) Dg(w); 8w2 W

Considenwo classi ersg; andgs in the g-network andsupposenodes is deepetthannodet.
With the samenumberof supportvectors,g: will generallyproducemorefalsealarmsthangs since
moreinvarianceis expectedof g; (cf. Fig 2, right). In constructingthe g-network, all classi ers
at the samelevel will have the samenumberof supportvectorsand are then expectedto have
approximatelythe samefalsealarmrate(cf. Fig 8).

In the following sectionswe will introducea modelwhich accountdor boththe overall mean
costandthe falsealarmrate. This modelis inspiredby the trade-ofs amongselectvity, costand
invariancediscussedbove. The proposedanalysisis performedunderthe assumptiorthat there
exists a corvex functionwhich modelsthe falsealarmrateasa function of the numberof support
vectorsandthe degreeof “poseinvariance”.

5. Designingthe g-network

Let P be a probability distribution on W. Write W= L [ B, whereL denoteghe setof all possi-
ble patternsfor which Y(w) > 0, thatis, Y 2 f1;:::;2L 1g, hencea tametedpattern,andB = L¢
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Figure8: For theroot cell, a particularcell in the fth level andthreeparticularposecellsin the
sixth level of the g-network, we built SVMs with varying numbersof (virtual) support
vectors.All curvesshaw falsealarmrateswith respecto the numberof (virtual) support
vectors.For the sixth level, andin the regime of fewer than 10 (virtual) supportvectors,
thefalsealarmratesshov considerablevariation,but have the sameorderof magnitude.
Theseexperimentswere run on backgroundpatternstaken from 200 imagesincluding
highly texturedareaq o wers,housestrees.etc.)

containsall the backgroundoatterns.De ne Py(:) = P(;jY = 0) andPy(:) = P(;jY > 0), thecon-
ditional probability distributionson backgroundandobjectpatternsyespectiely. Throughouthis
paperweassumehatP(Y = 0) >> P(Y > 0), whichmeanghatthepresencef thetargetedpattern
is consideredo bearareeventin datasampledunderP.

Face Detection Example (cont): We might take P to be the empiricaldistribution on a hugeset
of 64 64 subimagegakenfrom the Weh Noticethat, given a subimageselectedcat random,the
probabilityto have afacepresentith locationnearthe centeris very small.

Relative to the problemof decidingY = 0vsY & 0, thatis, decidingbetween‘background”
and“object” (somehypothesisn L), thetwo errorratesfor thef-network arePy (D¢ 6 0), thefalse
positiverate,andP; (D; = 0), thefalsenegativerate. Thetotalerrorrateis, Py (D 6 0) P(Y = 0) +
P (Df = 0) P(Y > 0). Clearlythistotal erroris largely dominatedy thefalsealarmrate.

Recallthatfor eachnodet 2 T thereis asubseL ; of hypothesesndan SVM classi er g; with
n, supportvectors.The correspondingestfor checkingY 2 L; againstthe backgroundalternatie
is 1fg>0g- OUrobjectiveis to provide anoptimizationframevork for specifyingf n.g.

5.1 Statistical Model

We now introducea statisticalmodelfor the behaior of the g-network. Capsiderthe eventthata
backgroundpatterntraversesthe hierarcly up to nodet, namelythe event o4 fgs > Og, where
A denoteghe setof ancestor®f t — the nodesfrom the parentof t to theroot, inclusive. We will

2100



A HIERARCHY OF SUPPORT VECTOR MACHINES FOR PATTERN DETECTION

assumehatthe probability of this eventunderPy, namely

Po(gs> 0;52 A); (1)

dependonly on the level of t in the hierarcly (andnot on the particularsetA;) aswell ason the
numbersny;:::;;n 1 of supportvectorsat levels onethroughl 1, wheret is at level I. These
assumptiongrereasonablandroughlysatis edin practice;seeSahbi(2003).

The probability in (1) that a backgroundpatternreachegdepthl, thatis, thereis a chain of
positive response®f lengthl 1, is thendenotedby d(I 1;n), wheren denoteshe sequence
(ng;:::;ny). Naturally, we assumehatd(l; n) is decreasingn I. In addition,it is naturalto assume
thatd(l;n) is adecreasindunctionof eachnj;1 | I. In Section7 we will presentanexample
of atwo-dimensionaparametridamily of suchmodels.

Thereis anequivalent,anduseful,reformulationof thesegjoint statisticsin termsof conditional
falsealarmrates(or conditionalselectvity). Onespeci esamodelby prescribingthe quantities

Po(roat > 0); Po(g > 0jgs> 0;82 Ay) 2)

for all nodest with 2 I(t) L. Clearly the probabilitiesin (1) determinethosein (2) andvice-
versa.

Note: We arenot specifyinga probability distribution on the entirefamily of variablesf gi;t 2 Tg,
equialently on all labeledtrees. However, it canbe shovn that ary (decreasingsequencef
positive numberspy; :::; p. for thechainprobabilitiess “consistent’in thesensef providing awell-
de ned distribution on traces the labeledsubtreedhat canresultfrom coarse-to- neprocessing,
which necessarilyarelabeled‘l” atall internalnodesseeGangputraandGeman(2006b).

In orderto achieve ef cient computation(at the expenseof extra falsealarmsrelative to the

meantotal computatiorin evaluatingtheg-network andaboundontheexpectechumberof detected
backgroungatterns:
mnin C(ny;:zny)
s.t. Eo(jDgl) M

wherekEg refersto expectatiorwith respecto the probability measurd?,. We rst computethis ex-
pectedcost,thenconsiderthe constraintn moredetailand nally turnto the problemof choosing
themodel.

3)

Note: In our formulation,we areassuminghat overall averagecomputations well-approximated
by estimatingtotal computatiorunderthe backgroundprobability by itself ratherthanwith respect
to a mixture model which accountsfor objectinstances.In otherwords, we are assumingthat
backgroundprocessingaccountsfor most of the work. Of course,in reality, this is not strictly
the case,especiallyat the lower levels of the hierarcly, at which point evidencehasaccruedfor
the presenceof objectsand the conditionallikelihoodsof objectand backgroundare no longer
extremelyskewedin favor of thelatter However, computingunderamixturemodelwould severely
complicateheanalysis.Moreover, sinceextensive computatioris rarely performedwe believe our
approximationis valid; whereasan expandedanalysismight someavhat changethe designof the
lower levels, it would notappreciablyreduceoverall cost.
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5.2 Costof the g-network

Let ¢; indicatethe costof performingg; andassume
Gg=an+ b

Herea representthecostof kernelevaluationandb representghecostof “preprocessing™ mainly
extractingfeaturesrom a patternw (e.g.,computingwavelet coefcients in a subimage) We will
alsoassumethat all SVMs at the samelevel of the hierarcly have the samenumberof support
vectors,andhenceapproximatelithe samecost.

Recallthatn is the numberof nodesin T atlevel |; for example,for abinarytree,n; = 2' 1,
Theglobalcostis then:

Cog = Lt 4 is performed G

o (4)

o

a a lig, isperformed Cik
I=1k=1

o — Q_)o

sinceg; is performedin the coarse-to- nestrat@y if andonly if gs> 0 8s2 A, we have, from
equation(4), with d(O;n) = 1,

C(ny;in)) = Eg(Cog)

L
o

n
a é Py (f Ok is performedg) Cl:k

I=1k=1
g 2
= aadl 1n)cx
I=1k=1
L
= andl 1ng
=1
L L
= agd ndl Lnnm+b g ndl 1;n):

=1

w
=

The rst termis the SVM costand the secondterm is the total preprocessingost. In the
applicationto face detectionwe shall assumehe preprocessingost— the computationof Haar
waveletcoefcients for agivensubimage- is smallcomparedvith kernelevaluationsandseta= 1
andb= 0. Hence,

L
C(ny;in) = nmp+ é_ nondl  1;n):
=2

5.3 Penalty for FalseDetections

RecallthatDg(w) — the setof detections- is the union of the setsL ; over all terminalnodest for
which thereis a completechainof positive responsefrom theroottot. For simplicity, we assume
thatjLyj is the samefor all terminalnodest. HencejDgj is proportionalto the total numberof
completechains:

jDgj 1 é. Lig>0g @) Lt g 0g°
29T 2 A
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It follows that

EOJDgJ H Eo é 1fgt>Og é 1fgs>09
t29T 2A

a dL;n)

t29T

n.d(L;n)

By the Markov inequality
Po(Dg 6 0) = Po(jDgj 1)  EqjDyj:

Henceboundingthe meansize of Dy alsoyields the sameboundon the falsepositive probability.
However, we cannotcalculatePy(jDgj 1) basedbnly onourmodelf d(l;n)g; sincethiswouldre-
quirecomputingtheprobabilityof aunionof eventsandhenceamodelfor thedependengstructure
amongchains.

Finally, sincewe aregoingto usethe SVMs in the f-network to build thosein the g-network,
the numberof supportvectorsn, for eachSVM in the g-network atlevel | is boundedby the corre-
spondinghumber N, for thef-network. (Here,for simplicity, we assumehatN; is roughlyconstant
in eachlevel; otherwisewe take the minimumoverthelevel.)

Summarizingpur constraineaptimizationproblem(3) becomes

nd(L;n)

L
min i+ mnd(l 1;n) st o<n N: ®)

ng;nng =2

5.4 Choiceof Model

In practice,one usually stipulatesa parametric family of statisticalmodels(in our casethe chain
probabilities)andestimateshe parameterfrom data.Let f d(I; n; b)g; b 2 Bg denotesuchafamily
whereb denotes parametewrector andletn = n (b) denotethe solutionof (5) for modelb. We
proposdo chooséh by comparingoopulationandempiricalstatistics For example we mightselect
themodelfor which the chainprobabilitiesbestmatchthe correspondingelative frequenciesvhen
the g-network is constructedvith n (b) andrun on samplebackgroundiata. Or, we might simply
comparepredictedandobsered numbersof backgroundietections:

b = agminjEo (jDgi:n (b)) flo(n (b))}

whereflp(n (b)) is theaveragenumberof detection®bsenedwith theg-network constructedrom
n (b). In Section7 we provide a concretesxampleof this modelestimationprocedure.

6. Building the g-network

Sincethe constructionis node-by-nodeywe canassumehroughoutthis sectionthatt is x edand
thatL = Ly andf = f; aregiven,wheref is anSVM with N; supportvectors.Our objectveis to
build anSVM g = g; with two properties:

g is to have Ng < Nf supportvectors,whereNg = n, andn = (n;;::;n.) is the optimal
designresultingfrom the upcomingreformulation(8) of (5) which incorporatesour model
for fd(l : n)g; and
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The“consenationhypothesis’is satis ed; roughlyspeakinghis meanghatdetectionsunder
f arepreseredunderg.

Let x(w) 2 RY be the featurevector; for simplicity, we suppresshe dependencen w. The
SVM f is constructedas usualbasedon a kernel K which implicitly de nes a mappingF from
the input spaceRY into a high-dimensionaHilbert spaceH with inner productdenotedby hi.
Supportvectortraining (Boseret al., 1992) builds a maximummaigin hyperplane(ws;bs) in H.

spectvely, the supportvectorsandthe training parameters.The normalw; of the hyperplaneis
wi = A a;yd F(D),
Thedecisionfunctionin R% is non-linear:

Nt
f(x) = hwe;F()i + br= g ai Y KM);x) + by:
i=1

Theparameter§a;g andbs canbeadjustedo ensurethatkwk? = 1.

Theobjective now is to determing(wg; bg), where

Ng
g(¥) = hwgF()i + by = & & K(@¥;x) + by
k=1

HereZ = ZY;::;2ZN) isthereducedsetof supportvectors(cf. Fig 9, right), g=  ai;:::;ay, the
underlyingweights,andthelabelsy®¥ have beenabsorbednto g

Correlation

0.4 7-“ Clustering for initialization
i Random initialization -

0.2 - -

o u ] ] ] ] ] ] ] ]
10 20 30 40 50 60 70 80 90 100

Reduction factor (%) faces non-faces

Figure9: Left: Thecorrelationis illustratedwith respecto thereductionfactor(,':'l—f 100). These
experimentsare performedon a root SVM classi er usingthe Gaussiarkernel(s is set
to 100 using cross-alidation). Right: Visual appearancef somefaceand“non-face”
virtual supportvectors.
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6.1 Determining wy: ReducedSetTechnique

Themethodwe useis amodi cation of thereducedsettechnique(RST) (Burges,1996;Burgesand
Schblkopf, 1997). Choosehe newv normalvectorto satisfy:

W, = a min  hwg  Wg; Wy Wyl s
9 rgWg:kwgk=1 g 9

Usingthekerneltrick, andsincewg = éEﬁ & F (Z), the new optimizationproblembecomes:

min - 3 g K920 + daiajy0 ¥ KOO 28 gaiy K@) @)
9 kil it ki

For somekernels(for instancethe Gaussian)the functionto be minimizedis not corvex; con-
sequently with standardoptimizationtechniquessuch as conjugate gradient,the normal vector
resultingfrom the nal solution(Z;g) is a poor approximationto w; (cf. Fig 9, left). This prob-
lem wasanalyzedn Sahbi(2003),whereit is shavn that, in the contet of facedetectiona good
initialization of the minimizationprocess<anbe obtainedasfollows: First clustertheinitial setof

densdistribution of theoriginal supportvectors.Next, eachcentroid whichis expressedsalinear
combinatiorof original supportvectors,s replacedy onesupportvectorwhich bestapproximates
thislinearcombination Finally, this nen reducedsetis usedto initialize thesearchin (6) in orderto
improvethe nal solution.Detailsmaybefoundin Sahbi(2003)andthewholeprocesssillustrated
in Section?.

6.2 Determining by: Consewvation Hypothesis

Regardlessof how by is selectedg is clearly lesspowerful than f. However, in the hierarchical
frameawork, particularlynearthe root, the two typesof mistales (namelynot detectingpatternsn
L anddetectingbackgroundjprenot equallyproblematic.Oncea distinguishedatternis rejected
from the hierarcly it is lost forever. Hencewe preferto severely limit the numberof missedde-
tectionsat the expenseof additionalfalsepositives; hopefully thesebackgroundpatternswill be
Itered outbeforereachingheleaves.

We make the assumptiorthat the classi ersin the f-network have a very low false negative
rate. Ideally, we would chooseby suchthatg(x(w)) > 0 for every w 2 Wfor which f(x(w)) > 0.
However, thisresultsin anunacceptablyigh falsepositive rate. Alternatively, we seekio minimize

Po(g 0jf < 0)

subjectto
Pi(g< 0jf 0) e

Sincewe do notknow thejoint law of (f;g) undereitherPy or Py, theseprobabilitiesareestimated
empirically: for eachby calculatethe conditionalrelative frequenciesusingthe training dataand
thenchoosethe optimalby basedn theseestimates.

7. Application to FaceDetection

We applythe generalkonstructiorof the previous sectiongo a particulartwo-classproblem-— face
detection— which hasbeenwidely investicated,especiallyin the lastten years. Existing methods
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include arti cial neuralnetworks (Schneidermarmand Kanade,2000; Sung,1996; Rowley et al.,

1998;Féeraudet al., 2001; Garciaand Delakis,2004),networks of linear units (Yangetal., 2000),

supportvectormachinegOsunaetal., 1997;Evgeniouetal., 2000;Heiseleetal., 2001;Romdhani
etal., 2001;Kienzle et al., 2004),Bayesianinference(Cooteset al., 2000), deformabletemplates
(Miao etal., 1999),graph-matchingLeungetal., 1995),skin colorlearning(Hsuetal.,2001;Sahbi
andBoujemaa2000),andmorerapid techniquesuchasboostinga cascadef classi ers (Viola

andJones2001;Li andZhang,2004;Wu et al., 2005; Socolinsly et al., 2003;Elad et al., 2002)

andhierarchicakoarse-to- neprocessindFleuretandGeman2001).

Thefacehierarcly wasdescribedn Section3. We now introducea speci ¢ modelfor (1), the
probability of a chainunderthe backgroundhypothesis,and nally the solutionto the resulting
instanceof the constrainedptimizationproblemexpressedn (8) below. The probability model
links the costof the SVMs to their underlyinglevel of invarianceand selectvity. Afterwords,in
Section8, we illustratethe performanceof the designedy-network in termsof speedanderroron
bothsimpleandchallengingfacedatabasemcludingthe CMU andthe MIT datasets.

7.1 Chain Model

Our modelfamily is fd(l; n; b); b 2 Bg, whered(l;n;b) is the probability of a chainof “ones” of
depthl 1. Theseprobabilitiesaredeterminedy the conditionalprobabilitiesin (2). Denotethese
by

d(1;n;b) = Po(Groat > 0)

and
d(lj 11 1;n;b) = Py(gr > 0jgs> 0;52 Ay):
Speci cally, we take:
d(1;n;b) = Tlnl b1>0
dij Ll Lmb) = b+ 4+ b _ahy 1 . by;inb > 0

bini+ i+ by 1 1+ biny

Looselyspeakingthecoefcients b= fb; j= 1;:::;Lgareinverselyproportionakto thedegree
of “poseinvariance”expectedfrom the SVMs at differentlevels. At the upper highly invariant,
levelsl of theg-network, minimizing computatioryieldsrelatively smallvaluesof by andvice-versa
atthe lower, pose-dedicatedevels. The motivationfor this functionalform is thatthe conditional
falsealarmrated(l j 1;:::;;1 1;n;b) shouldbe increasingasthe numberof supportvectorsin
the upstreamlevels 1;::;;1 1 increases.Indeed,whengs > 0 for all nodess upstreamof node
t, andwhentheseSVMs have a large numberof supportvectorsandhencearevery selectve, the
backgroungatterngeachinghodet resembldacesvery closelyandarelik ely to beacceptedby the
testatt. Of course,xing thenumbersof supportvectorsupstreamthe conditionalselectvity (that
is, oneminusthefalsepositive errorrate)atlevel | growvs with n;. Noticealsothatthe modeldoes
notanticipateexponentialdecay correspondingo independentests(underPy) alongthe branches
of thehierarchy.

Usingthe mamginal andthe conditionalprobabilitiesexpressedibove, the probability d(1; n; b)
to have achainof onesfrom theroot cell to ary particularcell atlevel | is easilycomputed:

1 by ng b]_ n+ i+ b g

d(l;n;b) biny bim+bony™  bam+ i+ biny
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b

|
= Qabn (7)
j=1
Clearly, for ary n andb, theseprobabilitiesdecreasasl increases.

7.2 The Optimization Problem

Using(7), the constrainedninimizationproblem(5) becomes:

2 ! 3
g Iol Col
mn 4m+ 3 abn nnd
ng;:sne 8 1=2  i=1
[
Py
2 & o
sit. Lo abin g
> =1
" 0< n N,

This problemis solvedin two steps:

Stepl: Startwith thesolutionfor abinarynetwork (i.e.,nj+1 = 2n;). Thissolutionis provided
in AppendixA.

Stepll: Passto adyadicnetwork usingthesolutionto the binarynetwork, asshavn in Sahbi
(2003,p. 127).

7.3 Model Selection

We usea simplefunctionwith two degreesof freedomto characterizéhe growth of bq;:::; by :
bi=Y, expfYa(l 1)g 9)

whereY = (Y 1;Y ) arepositive. HereY 1 representshe degreeof poseinvarianceat theroot cell
andY ; is therateof thedecreasef thisinvariance Letn (Y) denotethesolutionto (8) for b given
by (9) andsupposeaverestrictY 2 Q, adiscreteset. (In our experimentsjQj = 100corresponding
to tenchoicesfor eachparametely 1 andY », namelyY 1 rangesrom 0:0125to 0:2 andY , ranges
from 0:1 to 1.0, bothin equalsteps.) In otherwords,n (Y) arethe optimal numbersof support
vectorsfoundwhenminimizing total computation(8) underthe falsepositive constraintfor a given

themodelandempiricalconditionalfalsepositive rates:

L N
miné dilj Lzl Lin (Y)Y) d(jLzsl Lin(Y)) (10)
Y2Q)-;

wherea(l i Ln1 1;n (Y)) istheunderlyingempiricalprobabilityof observingg; > 0 giventhat

gs> 0 for all ancestors of t, averagedover all noded atlevel |, whenthe g-network is built with
n (Y) supportvectors.

In practice,it takes3 days(on a 1-Ghzpentium-IIl) to implementthis design,which includes
building thef-network (SVM training),solvingtheminimizationproblem(8) for differentinstances
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Algorithm: Designof the g-network
- Build thef-network usingstandardSVM trainingandlearningsetL [ B
-for (Y1;Y2) 2 Qdo
-b Y texpfYa(l Dg =1L
- Computen (Y) using(8).
- Build theg-network usingthereducedsetmethodandthe speci ed

costsn (b).
- Computethe modelandempiricalconditionalprobabilities
dilj1:510 Lin(Y)Y) anda(l iLanl Lin(Y)).
end
-Y (10)

- Thespeci cationfor theg-networkisn (Y )

of Y = (Y 1,;Y2) andapplyingthe reducedsettechnique(6) for eachsequencef costsn (Y) in
orderto build theg-network.

Whensolvingthe constrainedninimizationproblem(8) (cf. AppendixA), we nd theoptimal
numbers,; :::; ng of supportvectors roundedo the neareseveninteger, aregivenby:

n =12 2, 2 4; 8, 22g;
(cf. table2), correspondingo Y = ((Yll) ;Y ,) = (7:27,0:55), resultingin
b = 7:27, 2521, 87:39;, 30295, 52509; 910.11g. For example ,we estimate

1

> 727 0069

Po(Groat > 0) =

thefalsepositive rateat theroot.

The empiricalconditionalfalsealarmswereestimatedn backgrouncpatterngaken from 200
imagesincluding highly texturedareaq o wers,housestrees,etc.). The conditionalfalsepositive
ratesfor the model and the empirical resultsare quite similar, so that the costin the objective
function (8) approximateseffectively the obsered cost. In fact, when evaluatingthe objectve
functionin (8), the averagecostwas 3:379 kernelevaluationsper patternwhereasn practicethis
averagecostwas3:196 per patterntakenfrom scenesncludinghighly texturedareas.

Again, thecoefcients b, andthecompleity n, of the SVM classi ersareincreasingaswe go
down the hierarcly, which demonstratethat the bestarchitectureof the g-network is low-to-high
in compl«ity.

7.4 Featuresand Parameters

Many factorsintervenein tting our cost/errormodelto real obserations(the conditionalfalse
alarms),includingthesizeof thetraining setsandthe choiceof featureskernelsandotherparame-
ters,suchastheboundontheexpectechumberof falsealarms.Obviously the natureof theresulting
g-network canbe sensitve to variationsof thesefactors. We have only usedwaveletfeaturesthe
Gaussiarkernel,selectinghe parameterdy cross-alidation,andthevery smallORL database.
Whereawve have notdonesystemati@xperimentgo analyzesensitvity, it is reasonabléo sup-
posethat having more dataor more powerful featureswould increaseperformance.For instance,
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[ 2 Y2 [ Lierror] Numberof supportvectorsperlevel
Y,=:70| 0:980 | 1.03|1.08| 1.42 | 1.87 | 498 | 16.375
Y,1=:2000| Y,=:55| 0:809 |1.49|235| 3.69 | 499 | 11.64| 32.12
Y,=:30| 1:207 | 2.70| 8.13| 17.45| 24.36 | 42.89| 93.50
Y,=:70| 1:129 | 1.00|1.08| 1.46 | 1.98 | 5.40 | 18.12
Y,=:1875|Y,=:55| 0:750 | 1.39| 2.20| 3.46 | 4.68 | 10.91| 30.12
Y,=:30| 1:367 | 2.53| 7.62| 16.36| 22.83| 40.20| 87.62
Y,=:70| 0995 | 1.00|1.18| 1.70 | 2.46 | 7.20 | 25.50
Y,=:1750| Y,=:55| 0766 | 1.30| 2.05| 3.23 | 4.37 | 10.19| 28.12
Y,=:30| 1:401 | 2.36| 7.12| 15.27| 21.32| 37.56| 81.87
Y,=:70| 0981 | 1.00|1.29| 2.00 | 3.13 | 9.84 | 37.00
Y1=:1625|Y,=:55| 0:752 |1.21|191| 3.00 | 4.06 | 9.46 | 26.12
Y,=:30| 1:428 | 2.19| 6.61| 14.18| 19.80| 34.86| 76.00
Y,=:70| 0:839 |1.00|141| 2.38 | 4.03 | 13.74| 55.12
Y,=:1500| Y,=:55| 0605 |1.11|1.76| 2.77 | 3.75 | 8.74 | 24.12
Y,=:30| 1:339 | 2.02| 6.10| 13.09| 18.27| 32.17| 70.12
Y,=:70| 1:137 | 1.00| 1.56| 2.87 | 530 | 19.72| 85.12
Y1=.1375 | Y,=.55 0.557 | 1.02|161| 254 | 343 | 8.01 | 22.12
Y,=:30| 1:580 | 1.85| 5.59| 11.99| 16.74| 29.47 | 64.25
Yo,=:70| 1:230 | 1.00| 1.75| 3.53 | 7.16 | 29.29| 137.12
Y,=:1250|Y,=:55| 0:808 |1.00|1.71| 2.89 | 4.21 | 10.56| 30.62
Y,=:30| 1:441 | 1.69| 5.08| 10.91| 15.23| 26.83| 58.50
Yo,=:70 NS - - - - - -
Y;=:1000| Y,=:55| 0958 |1.00|2.21| 4.69 | 8.60 | 27.23| 93.37
Y,=:30| 0:687 | 1.35|4.06| 8.72 | 12.18| 21.44| 46.75
Yo,=:70 NS - - - - - -
Y1=:0750| Y,=:55 NS - - - - - -
Y,=:30| 1242 |1.01| 3.05| 6.55 | 9.14 | 16.11| 35.12

Table2: A sampleof the simulationresults. Shavn, for selectedvaluesof (Y 1, Y5), aretheL;
errorin (10) andalsothe numbersof supportvectorswhich minimize cost. In practice
10 10 possiblevaluesof Y ; andY , areconsideredY ; 2 [0;0:2] andY » 2 [0:1; 1:0]).
(NSstanddor “no solution”, L refersto thesumof absolutaifferencesandtheboldline

is theoptimalsolution.)

with highly discriminatingfeaturesthe separatiobetweerthe positive andnegative examplesused
for training the f-network might be sufcient to allow evenlinear SVMs to produceaccuratedeci-
sion boundariesin which casevery few supportvectorsmight be requiredin the f-network. The
leave-one-outkerrorbound(seefor instanceVapnik, 1998)would thensuggestow errorrates.Ac-
cordingly; in principle, the g-network could be designedwith few (virtual) supportvectorswhile
satisfyingthe falsealarmboundin (3). The featureswe use— the Haarwavelet coefcients — are
genericandnotespeciallypowerful. Theonly otheroneswe tried wereDaubechiesvavelets,which
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wereabandonediueto extensive computationtheir performanceds unknavn. Similar aguments
apply to the choiceof kernelsandtheir parametersfor instancethe scaleof the Gaussiarkernel
controlsin uencesboththeerrorrateandthe numberof supportvectorsin thef-network (andalso
in theg-network.)

8. Experiments

All the training imagesof facesarebasedon the Olivetti databas@f 400 gray level pictures—ten
frontal imagesfor eachof forty individuals. The coordinatesof the eyesandthe mouth of each
picture were labeledmanually Most other methods(seebelown) usea far larger training set, in
fact, usuallytento one hundredtimeslarger. In our view, the smallerthe betterin the sensethat
the numberof examplesis a measuref performancelongwith speedandaccurag. Nonetheless,
this criterionis rarely takeninto accountin the literatureon facedetection(andmoregenerallyin
machindearning).

In orderto samplethe posevariationwithin L, for eachfaceimagein the original Olivetti
databasewe synthesize20 imagesof 64 64 pixels with randomlychosenposesin L. Thus,a
setof 8;000 facesis synthesizedor eachposecell in the hierarcly. Backgroundinformationis
collectedfrom a setof 1;000 imagestaken from 28 differenttopical databasesincluding auto-
racing,beachesguitars,paintings,shirts, telephonescomputersanimals, o wers,housestennis,
treesandwatches)from which 50; 000subimage®f 64 64 pixelsarerandomlyextracted.

Given coarse-to- nesearchthe “right” alternatve hypothesisat a nodeis “path-dependent”.
Thatis, the appropriateé'negative” examplesto train againstat a given nodearethosedatapoints
which passall the testsfrom theroot to the parentof the node. As with cascadeshis is whatwe
do in practice;more precisely we memge a x ed collection of backgroundmageswith a “path-
dependentset(for detailsseeSahbi,2003,chap.4).

Eachsubimageeitherafaceor backgroundis encodedisingthe16 16 low frequeng coef-
cients of the Haarwavelettransformcomputedef ciently usingthe integral image(Sahbi,2003;
Viola andJones2001). Thus,only the coefcients of thethird layer of the wavelettransformare
used;seeChapter2 of Sahbi(2003). The setof faceandbackgroundpatternshelongingto L ; are
usedto traintheunderlyingSVM f; in thef-network (usinga Gaussiarkernel).

8.1 Clustering Detections

Generally afacewill be detectecat several posessimilarly, falsepositiveswill oftenbefoundin
small clusters.In fact, every methodfacesthe problemof clusteringdetectionsn orderto provide
areasonablestimateof the“f alsealarmrate’] renderingcomparisonsomeavhatdif cult.

The searchprotocolwasdescribedn Section7.1. It resultsin a setof detectiondDg for each
non-overlappingl6 16blockin theoriginalimageandeachsuchblockin eachof threedovnsam-
pledimages(to detectlargerfaces).All thesedetectionsareinitially collected.Evidently, thereare
mary instance®f two “nearby” posesvhich cannotbelongto two distinct,fully visible faces.Marny
adhocmethodsave beendesignedo amelioratethis problem.We useonesuchmethodadaptedo
our situation:For eachhierarcly, we sumtheresponsesf the SVMs attheleavesof eachcomplete
chain(i.e., eachdetectionin Dg) andremove all the detectiondrom the aggreatedlist unlessthis
sumexceedsa learnedthresholdt, in which caseDy is representetdy a single“average”pose.In
otherwords,we declarethata block containsthe locationof a faceif the aggregate SVMscoe of
theclassi ersin theleaf-cellsof completechainsis abovet. In thisway, thefalsenegative ratedoes
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notincreasalueto pruningandyet somefalsepositvesareremoved. Incompatibledetectionsan
anddoremain.

Note: Onecanalsoimplementa“voting” procedurdo arbitrateamongsuchremainingbut incom-
patibledetectionsThiswill furtherreducethefalsepositive ratebut atthe expenseof somemissed
detections.We shall not reportthoseresults;additionaldetailscanbe foundin Sahbi(2003). Our
mainintentionis toillustratetheperformancef theg-network onarealpatternrecognitionproblem
ratherthanto provide a detailedstudyof facedetectionor to optimizeour errorrates.

8.2 Evaluation

We evaluatedthe g-network in term of precisionandrun-timein several large scaleexperiments
involving still images,video frames(TF1) and standarddatasetsf varying dif culty , including
the CMU+MIT imageset; someof theseareextremelychallenging.All our experimentsvererun
undera 1-Ghzpentium-lll mono-processarontaininga 256 MB SDRM memory whichis todaya
standardnachinen digital imageprocessing.

The Recever OperatorCharacteristifROC) cure is a standardevaluationmechanisnin ma-
chineperceptiongeneratedby varyingsomefreeparametefe.g.,athreshold)jn orderto investicate
thetrade-of betweerfalsepositvesandfalsenegatives. In our casethis parameteis thethreshold
t for theaggreate SVM scoreof completechainsdiscussedn previoussection.Several pointson
theROC curve aregivenfor theTF1LandCMU+MIT testsetswherea®nly asinglepointis reported
for easydatabaseésuchasFERET).

8.2.1 FERET AND TF1 DATASETS

The FERET databas¢FA andFB combined)contains3; 280imagesof singleandfrontal views of
faces.It is notvery dif cult: Thedetectionrateis 98:8 % with 245falsealarmsandexamplesare
shawn in thetop of Fig 10. The averagerun time on this setusinga 1Ghzis 0.28(s) for imagesof
size256 384.

The TF1 corpusinvolves a News-videostreamof 50 minutesbroadcastedby the FrenchTV
channelTF1 on May 5th, 2002. (It wasusedfor a video segmentationand annotationprojectat
INRIA andis not publicly available.) We samplethe video at oneframe each4(s), resultinginto
750 good quality imagescontainingl077faces. Someresultsare shavn on the bottomof Fig 10
andthe performances describedn Table8.2.1for threepointsonthe ROC cune. Thefalsealarm
rateis thetotal numberof falsedetectiongivided by thetotal numberof hierarchiesraversedthat
is, thetotalnumberof 16 16 blocksvisitedin processinghe entiredatabase.

8.2.2 ARF DATABASE AND SENSITIVITY ANALYSIS

Thefull ARF databaseontains4000imageson ten DVDs; eight of theseDVDs — 3;200images
with faces of 100 individuals against uniform backgrounds— are publicly available at
(http://rvil.ecn.purdue.eduéleix/aleixface DB.html). This dataseis still very challengingdue
to large differencesn expressiomnandlighting, andespeciallyto partial occlusionsdueto scanes,
sunglassesetc. The g-network wasrun on this set; sampleresultsare given in the rows 2-4 of
Fig 10. Amongthe 10faceimagedor agivenpersoniwo imagesshav the persorwith sunglasses,
threewith scanesand ve with somevariationin the facial expressionand/orstronglighting ef-
fects.Ourfacedetectiorrateis only 78:79 % with 3 falsealarms.Amongthemissedaces32.12%

2111



SAHBI AND GEMAN

Figure10: Sampledetectionnthreedatabasesd-ERET (top), ARF (middle), TF1 (bottom).

aredueto occlusionof the mouth,56 % dueto occlusionof the eyes(presencef sunglassesand
11:88 % dueto faceshapevariationandlighting effects.

8.2.3 CMU+MIT DATASET

The CMU subsetontaingrontal (uprightandin-planerotated)faceswhereagshe MIT subseton-
tainslower quality faceimages.Imageswith anin-planerotationof morethan20° wereremoved,
aswell as“half-pro le” facesin which the nosecoversonecheek. This resultsin a subsebf 141
imagesfrom the CMU databasend 23 imagesfrom the MIT testset. Thesel64 imagescontain
556faces.A smallersubsetvasconsideredn Rowley etal. (1998)andin Viola andJoneq2001),
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Threshold| # Missed | Detection|| # False| Falsealarm | Average

faces rate alarms | rate run-time
t=20 017 98.4% 333 1/9,632 0.351(s)
t=1 109 89.8% 143 1/22,430 0.357(s)
t=2 151 85.9% 096 1/33,411 0.343(s)

Table3: Performanceon the TF1 databasef 750 frameswith 1077 faces. The threerows cor-
respondto threechoicesof the thresholdfor clusteringdetections.The falsealarmrate
is given asthe numberof backgroundpatterndeclaredasfacesover the total numberof
backgroundpatterns.The averagerun-timeis reportedfor this corpuson imagesof size
500 409.

namelyl30imagescontainings07 facesalthoughin theformerstudyothersubsetssomeaccount-
ing for half-pro les, werealsoconsideredqseeTable4).

| Sahbi& Geman| Viola andJoneg2001) | Rowley etal. (1998)

# of images 164 130 130

# of faces 556 507 507
Falsealarms 112 95 95
Detectionrate 89.:61% 90:8 % 892 %
Time (384 288) | 0:20(s) 3 0:20(9) 5 0:20(5

Table4: Comparisorof our work with othermethodswvhich achiese high performance.

Theresultsaregivenin Table4. The g-network achieresa detectionrateof 89:61 % with 112
falsealarmsonthe 164images.Theseresultsarevery comparabldo thosein Rowley etal. (1998);
ViolaandJoneg2001):for 95falsealarms thedetectiorratein Viola andJoneg2001)was90:8 %
andin Rowley etal. (1998)it was89:2 %. Putanothemway, we have anequivalentnumberof false
alarmswith alargertestsetbut aslightly smallerdetectiorrate;seeTable4. Our performanceould
very likely beimprovedby utilizing alargertrainingset,exhibiting morevariationthanthe Olivetti
set,asin Viola andJoneg2001);Rowley et al. (1998); Schneidermamand Kanade(2000),where
training setsof sizes4916,1048and991imagesrespectiely, areused.

Scenesare processeafciently; seeFig 11. Therun-timedependgnainly on the size of the
imageand its compleity (numberof faces,presenceof face-like structurestexture, etc). Our
systemprocesseanimageof 384 288 pixels (the dimensiongeportedin citedwork) in 0:20(s);
thisis anaverageobtainedoy measuringhetotal runtime on a sampleof twentyimagesof varying
sizesandcomputingthe equivalentnumberof images(approximately68) of size384 288. This
averageis aboutthreetimesslower thanin Viola andJoneg2001),approximately ve timesfaster
thanthefastversionin Rowley etal. (1998)and200timesfasterthanin SchneidermaandKanade
(2000).Noticethat,for tilted facesthefastversionof Rowley's detectorspendsl4(s)onimagesof
320 240pixels.
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255 365,0.14(s) 305 421,0.26(s) 228 297,0.14(s) 640 480,0.50(s) 320 240,0.16(s) 320 240,0.12(s) 320 240,0.16(s) 592 654,0.54(s)
250 329,0.14(s) 462 294,027(s) 320 240,0.16(s) 126 210,0.07(s) 640 480,0.41(s) 627 441,0.60(s) 275 369,0.22(s)
555 768,0.57(s) 520 739,0.53(s) 623 805,0.79(s) 500 622,0.57(s) 576 776,0.50(s) 539 734,0.79(s)
336 484,0.30(s) 256 256,0.70(s) 250 361,0.16(s) 775 1024,1.23(s) 340 350,0.17(s)
469 375,0.36(s) 628 454,0.49(s) 271 300,0.16(s) 367 364,0.19(s) 259 324,0.18(s) 271 403,0.19(s)
660 656,0.58(s) 352 352,0.20(s) 490 338,0.27(s) 233 174,0.09(s) 628 454,0.58(s) 601 444,0.52(s)

Figurell: Detectionsusingthe CMU+MIT testset. More resultscan be found on http://www-
rocqg.inria.fr/iwho/Hichem.Sahbi/@/faceresults/
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Threshold| Detection|| # False | Falsealarms
rate alarms | rate

t=0 92.95% 312 1/2,157

t=05 89.61% 112 1/6,011

t=1 87.2% 096 1/7,013

t=10 34.94% || 004 1/168,315

Table5: Evaluationof our facedetectoronthe CMU+MIT databases.

8.2.4 HALLUCINATIONSIN TEXTURE

Performancelegradessomavhaton highly texture scenesSomeexamplesareprovidedin Fig 12.
Many featuresaredetectedtriggeringfalsepositives. However, theredoesnot appeato an“explo-
sion” of hallucinatedacesatleastnotamongthe roughly 100 suchscenesve processedyf which
only afew hadordertendetectiongtwo of theseareshown in Fig 12).

9. Summary

We presentec generalmethodfor exploring a spaceof hypothesedasedon a coarse-to- nehier
archy of SVM classi ersandappliedit to thespecialcaseof detectingacesn clutteredimages.As
opposedo asingleSVM dedicatedo atemplate or evena hierarchicablatformfor coarse-to- ne
template-matchinghut with no restrictionson the individual classi ers (the f-network), the pro-
posedramenvork (theg-network) allows oneto achiere adesirecbalanceébetweercomputatiorand
error. Thisis accomplishedby controllingthe numberof supportvectorsfor eachSVM in the hier
arcly; we usedthe reducedsettechniquehere,but othermethodscould be ervisioned. The design
of the network is basedon a modelwhich accountdor cost,selectvity andinvariance.Naturally,
this requiresassumptionaboutthe costof an SVM andthe probabilitythatary givenSVM will be
evaluatedduringthe search.

We usedone particularstatisticalmodelfor the likelihoodof a backgroundpatternreachinga
givennodein thehierarcly, andonetypeof errorconstraintput mary otherscouldbeconsideredin
particularthemodelwe usedis notrealisticwhenthelik elihoodof an“object” hypothesidbecomes
comparablewvith thatof the “background”hypothesis.This is in factthe caseat deeplevels of the
hierarcly, at which point the conditionalselectvity of the classi ersshouldideally be calculated
with respectto both object and backgroundprobabilities. A more theoreticalapproachto these
issues,especiallythe cost/selectiity/invariancetradeof, canbe foundin Blanchardand Geman
(2005),including conditionsunderwhich coarse-to- nesearchs optimal.

Extensve experimentson facedetectiondemonstratéhe hugegain in ef ciency relative to ei-
ther a dedicatedSVM or an unrestrictechierarcly of SVMs, while at the sametime maintaining
precision. Ef ciency is dueto both the coarse-to- nenatureof sceneprocessingrejectingmost
backgroundegionsvery quickly with highly invariantSVMs, andto therelatively low costof most
of the SVMswhich areever evaluated.
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Figurel2: Left: Detectionsonhighly texturedscenes(WethankLarry Jackalfor thesecondf ace
in atree”) image.)Right: Thedarknes®f a pixel is proportionalto the amountof local
processingnecessario collectall detectionsTheaveragenumberof kernelevaluations,
perblock visited,arerespectiely 11,6, 14 and4.
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Appendix A.

In this appendixwe will shav how anapproximatesolutionof the constrainedninimizationprob-
lem (8) canbe obtainedfor the caseof a binary hierarcly (i.e., n, = 2' 1). An extensionto ary
arbitraryhierarcly canbefoundin Sahbi(2003).

Supposeb is x ed and considerthe optimizationproblemin (8). Clearly the unconstained
problemis degenerateminimized by choosingn,  0; indeedthis minimizescost. We startby
minimizing costfor a xed valueof n_ andfor real-valuedn;;l = 1;:::;n_ ;. In thiscasethevalues
of ni;ny; N 1whichsatisfy'”C o,l=1;::;;L 1, areglvenby

i
80 1 149
% @"%" C)b nA if 1=1
nEL L s k (11)
g 2 2 Ob binft@mn 21 12120 19
i=1
ne | = L:
Theproofis straightforvard:
2 3
L |1
E -1 ég b12 n
(a biny)
i=1 2 3 (12)
C 21 1 s ap2 ing .
%:71_1 8 poc L '%;JZfZ;L 1g:
J o =+ o
(& bin) T (A bimy)?
i=1 i=1
We have:
2
c _ é’Ll g 2 n 2 2 1
e I= 2 d jr1
(a bin)%> (& biny)
i=1 2 3
iCc _ 2i 1 2nje1 & 2 17
T[_nj -0 ) jo1 bJ oj bjI:a'+2 Iol 2 -0
(& bin) (4 bim)? A bim)
i=1 i=1 i=1
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Theabove two equationsmply:

j1 in j

1.21 b; ZJ LSS Zj =0 j6 1 (13)
(a bin) (& bin)? bj+1 (& bin)

i=1 i=1 i=1

Suppose; is known; we shav by arecursionthatthe generatermn, is givenby (11):

CombiningE = OandE = 0, weobtain:
Ny nz
b]_ 2 np 2 b]_ _ _ 1 bl .
1 b% nf b2 b1 Ny - ) M2 = 2 b2 ™ (b2n1 2)'
Assumefor2 | I(12f2L 29)
) !
60 s 11 1
nj = 2 2 Obi bj Ny (bjnl 2! ): (14)
i=1
We now demonstrat¢hat:
!
ok 1 |
N+ = 2 2 Ob| b|+1 ny (b|+1n1 2): (15)
i=1

j 1 1
é blnl — blnl + b2 é blb21 ny (bznl 2) + b3 é b1b2b31 n% (b3nl 4) +
i=1
_ !
(nia 1 1 2 j 2
i=1
!
y ! . .
+ b2 Qb bl tom 21
i=1
Hence8j 2 f2;::;lg: , ! .
J 0y A i
a bi n = 2 2 O bi nl: (16)
i=1 i=1

4
Letp; = O bi. Using(16) andfor j = |, we rewrite (13) as:
i=1

|
2! b 2Ni+1 by 2 _5
(RN r1 0 2 [(RETR

2 pam 2 7 pny Pre1 2 % py )

N(1+1)
) me1=2 z pbhn (b 2)
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which proves(15). As for n, using(12)for j= L 1,

1 ~ 1=L
1c =0 ) ng= —_— 2L(L D=2 n.

.1 pL 1

We cannow rewrite (8) as:

1 L, b o
minL —— 24t D2 a =——
o gPL1 | =2 D

o
2 4
st Moabin H
> i=1
" 0< n N

Using (11), this canbe written entirely in termsof n.. We usea “generate-and-test(brute-
force search)stratgy: First, the parameten, is variedfrom 1 to its upperboundN_ (with some
guantization). Then, for eachvalue of this parameterwe checkthe consisteng of the candidate
solution,thatis, whetherthe rst constrainfon expectedfalsealarms)is satis edandwhethereach
n; is bounded\,. Thevaluen. minimizing the costfunctionis retained.

| | |
0 500 1000 1500 2000
n.

P N W A~ 01O N

Average cost (kernel evaluations)

Figure13: TheaveragecostC(ny;:::;n.) is anincreasingunctionof ny.

For small valuesof n., the objective functionin (8) (the averagecost) typically takes small
values(cf. Fig 13) andthe upperboundconstraintselatedto f ng aregenerallysatis ed, but the
meanfalsealarmconstraintmight notbesatis ed. For largevaluesof n,, theboundsonf njg might
notbesatis edandthe averagecostincreasesalthoughthe meanfalsealarmconstrainis typically
satis ed.

Finally, we allow b to vary with Y accordingto (9). Noticethat(8) might not have a solution
for arny Y ; obviously we only considewvaluesfor which the constraintsaaresatis edfor somen,.
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