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Abstract
We introducea computationaldesignfor patterndetectionbasedon a tree-structurednetwork of
supportvectormachines(SVMs). An SVM is associatedwith eachcell in a recursive partitioning
of the spaceof patterns(hypotheses)into increasingly�ner subsets.The hierarchy is traversed
coarse-to-�neandeachchainof positive responsesfrom theroot to a leaf constitutesa detection.
Ourobjective is to designandbuild anetwork whichbalancesoverall errorandcomputation.

Initially, SVMs areconstructedfor eachcell with no constraints.This “free network” is then
perturbed,cell by cell, into anothernetwork, which is “graded” in two ways: �rst, the number
of supportvectorsof eachSVM is reduced(by clustering)in orderto adjustto a pre-determined,
increasingfunctionof cell depth;second,thedecisionboundariesareshiftedto preserveall positive
responsesfrom the original set of training data. The limits on the numbersof clusters(virtual
supportvectors)result from minimizing the meancomputationalcostof collectingall detections
subjectto aboundon theexpectednumberof falsepositives.

Whenappliedto detectingfacesin clutteredscenes,thepatternscorrespondto posesandthe
freenetwork is alreadyfasterandmoreaccuratethanapplyinga singlepose-speci�cSVM many
times.Thegradednetwork promotesvery rapidprocessingof backgroundregionswhile maintain-
ing thediscriminatorypowerof thefreenetwork.
Keywords: statisticallearning,hierarchy of classi�ers,coarse-to-�necomputation,supportvector
machines,facedetection

1. Intr oduction

Ourobjective is to designandbuild a“patterndetection”systembasedonatree-structurednetwork
of increasinglycomplex supportvectormachines(SVMs) (Boseret al., 1992;Osunaet al., 1997).
Themethodologyis general,andcouldbeappliedto any classi�cationtaskin machinelearningin
which therearenaturalgroupingsamongthepatterns(classes,hypotheses).Theapplicationwhich
motivatesthis work is to detectand localizeall occurrencesin a sceneof someparticularobject
category basedon a single,grey-level image. The particularexampleof detectingfacesagainst
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clutteredbackgroundsprovidesa runningillustrationof theideaswherethegroupingsarebasedon
posecontinuity.

Our optimizationframework is motivatedby naturaltrade-offs amonginvariance,selectivity
(backgroundrejectionrate)andthe costof processingthe datain orderto determineall detected
patterns.In particular, it is motivatedby theamountof computationinvolvedwhena singleSVM,
dedicatedto a referencepattern(e.g.,faceswith a nearly�x ed position,scaleandtilt), is applied
to many datatransformations(e.g.,translations,scalingsandrotations).This is illustratedfor face
detectionin Fig 1; a gradednetwork of SVMs achieves approximatelythe sameaccuracy as a
pattern-speci�cSVM but with order100to 1000timesfewerkernelevaluations,resultingfrom the
network architectureaswell asthereducednumberof supportvectors.

To designandconstructsucha gradednetwork, we begin with a hierarchicalrepresentationof
thespaceof patterns(e.g.,posesof a face)in the form of a sequenceof nestedpartitions,onefor
eachlevel in a binarytree(FleuretandGeman,2001;Fleuret,1999;Sahbietal., 2002;Jung,2001;
BlanchardandGeman,2005;Amit etal., 2004;GangaputraandGeman,2006a).Eachcell - distin-
guishedsubsetof patterns- encodesa simpler, sub-classi�cationtaskandis assigneda binaryclas-
si�er. Theleafcellsrepresenttheresolutionatwhichwedesireto “detect” thetruepattern(s).There
is alsoa “backgroundclass,” for example,a complex andheterogeneoussetof non-distinguished
patterns,which is statisticallydominant(i.e., usuallytrue). A patternis “detected”if theclassi�er
for everycell whichcoversit respondspositively.

Initially, SVMs areconstructedfor eachcell in thestandardway (Boseret al., 1992)basedon
a kernelandtraining data– positive examples(from a given cell) andnegative examples(“back-
ground”).This is the“free network,” or “f-network” f ftg, wheret denotesanodein thetreehierar-
chy. The“gradednetwork,” or “g-network” f gtg, is indexedby thesamehierarchy, but thenumber
of interveningtermsin eachgt is �x ed in advance(by clusteringthosein ft asin Scḧolkopf et al.,
1998),andgrows with the level of t. (From hereon, the vectorsappearinggt will be referredto
as“supportvectors”eventhough,technically, they areconstructedfrom theactualsupportvectors
appearingin ft .) Moreover, the decisionboundariesareshiftedto preserve all positive responses
from theoriginal setof trainingdata;consequently, thefalsenegative (misseddetection)rateof gt

is atmostthatof ft andany patterndetectedby thef-network is alsodetectedby theg-network. But
theg-network will befarmoreef�cient.

The limits on the numbersof supportvectorsresult from solving a constrainedoptimization
problem. We minimizethemeancomputationnecessaryto collectall detectionssubjectto a con-
straint ontherateof falsedetections.(In theapplicationto facedetection,a falsedetectionrefersto
�nding afaceamidstclutter.) Meancomputationis drivenby thebackgrounddistribution. Thisalso
involvesa modelfor how theselectivity of anSVM dependson complexity, which is assumedpro-
portionalto thenumberof supportvectors,andinvariance,referringto the“scope”of theunderlying
cell in thehierarchy.

In the free network, the complexity of eachSVM decisionfunctiondependsin the usualway
on theunderlyingprobabilitydistribution of the trainingdata. For instance,thedecisionfunction
for a linearly separabletraining set might be expressedwith only two supportvectors,whereas
theSVMs inducedfrom complex tasksin objectrecognitionusuallyinvolve many supportvectors
(Osunaet al., 1997). For thef-network, thecomplexity generallydecreasesasa functionof depth
dueto the progressive simpli�cation of the underlyingtasks.This is illustratedin Fig 2 (left) for
facedetection;theclassi�ers ft wereeachtrainedon 8000positive examplesand50;000negative
examples.Putdifferently, complexity increaseswith invariance.
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Figure1: Comparisonbetweena singleSVM (top row) dedicatedto a nearly �x ed poseandour
designednetwork (bottomrow) which investigatesmany posessimultaneously. Thesizes
of the threeimagesare, left to right, 520� 739, 462� 294 and662� 874 pixels. The
network achievesapproximatelythe sameaccuracy asthe pose-speci�cSVM but with
order100-1000timesfewer kernelevaluations.Somestatisticscomparingef�ciency are
givenin Table1.

ConsideranSVM f in the f-network with N supportvectorsanddedicatedto a particularhy-
pothesiscell; thisnetwork is slow, but hashighselectivity andfew falsenegatives.Thecorrespond-
ing SVM g hasa speci�ednumbern of supportvectorswith n � N. It is intuitively apparentthat
g is lessselective; this is thepricefor maintainingthefalsenegative rateandreducingthenumber
of kernelevaluations.In particular, if n is very small,g will have low selectivity (cf. Fig 2 (right)).
In general,of course,with no constraints,thefractionof supportvectorsprovidesa roughmeasure
of thedif�culty of theproblem;here,however, we arearti�cially reducingthenumberof support
vectors,therebylimiting theselectivity of theclassi�ersin theg-network.

Building expensiveclassi�ers at the upperlevels (n � N) leadsto intensive early processing,
evenwhenclassifyingsimplebackgroundpatterns(e.g.,�at areasin images),so theoverall mean
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Figures ”Mona Lisa” ”Singers” ”StarTrek”
1 SVM f-net g-net 1 SVM f-net g-net 1 SVM f-net g-net

# SubimagesProcessed 2 : 105 2 : 103 2 : 103 5 : 104 8 : 102 8 : 102 2 : 105 4 : 103 4 : 103

# Kernel Evaluations 5 : 107 107 3 : 104 2 : 107 7 : 106 104 8 : 107 2 : 107 5 : 104

ProcessingTime (s) 172:45 28:82 0:53 55:87 17:83 0:26 270:1 48:92 0:87
# Raw Detections 3 3 4 12 14 15 19 20 20

Table1: Comparisonsamongi) asingleSVM dedicatedto asmallsetof hypotheses(in thiscasea
constrainedposedomain),ii) thef-network andiii) ourdesignedg-network, for theimages
in Fig 1. For thesingleSVM, thepositionof the faceis restrictedto a 2� 2 window, its
scaleto the range[10;12] pixels andits orientationto [� 50;+ 50]; the original imageis
downscaled14 times by a factorof 0:83 and for eachscalethe SVM is appliedto the
imagedataaroundeachnon-overlapping2� 2 block. In thecaseof thef andg-networks,
weusethecoarse-to-�nehierarchy andthesearchstrategy presentedhere.
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Figure2: Left: Theaveragenumberof supportvectorsfor eachlevel in anf-network built for face
detection.Thenumberof supportvectorsis decreasingdueto progressive simpli�cation
of theoriginal problem. Right: Falsealarmrateasa functionof thenumberof support
vectorsusingtwo SVM classi�ersin theg-network with differentposeconstraints.

costis alsovery large(cf. Fig 3, top rows). As analternative to building theg-network, supposewe
simply replacetheSVMs in theupperlevelsof f-network with verysimpleclassi�ers(e.g.,linear
SVMs); thenmany backgroundpatternswill reachthe lower levels, resultingin anoverall lossof
ef�ciency (cf. Fig 3, middlerows).

We focusin betweentheseextremesandbuild f gtg to achieve a certaintrade-off betweencost
andselectivity (cf. Fig 3, bottomrows). Of course,we cannotexplore all possibledesignsso a
model-basedapproachis necessary:The falsealarmrateof eachSVM is assumedto vary with
complexity andinvariancein a certainway. This functionaldependenceis consistentwith theone
proposedin BlanchardandGeman(2005),wherethecomputationalcostof a classi�er is modeled
astheproductof anincreasingfunctionof scopeandanincreasingfunctionof selectivity.

Finally, from theperspectiveof computervision,especiallyimageinterpretation,theinterestof
thispaperis theproposedarchitecturefor aggregatingbinaryclass�erssuchasSVMsfor organized
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Maximum Level Reached 1 2 3 4 5 6

# Samples 1697 56 4 1 0 2
(f-network)
# Samples 936 555 135 17 54 63
(heuristic)
# Samples 1402 336 2 0 3 17
(g-network)

# Kernel Evaluations 2� 10 10� 102 102 � 103 103 � 104 104 � 105 105 � 106

# Samples 0 0 0 1697 58 5
(f-network)
# Samples 936 755 67 2 0 0
(heuristic)
# Samples 1402 340 18 0 0 0
(g-network)

Figure3: In order to illustrate varying trade-offs amongcost, selectivity and invariance,and to
demonstratetheutility of a principled,globalanalysis,we classi�ed 1760subimagesof
size64� 64 extractedfrom the imageshown above usingthreedifferenttypesof SVM
hierarchiesof depthsix. In eachcase,the hierarchy wastraversedcoarse-to-�ne. For
eachhierarchy type and eachsubimage,the uppertable shows the distribution of the
deepestlevel visited andthe lower tableshows the distribution of cost in termsof the
total numberof kernelevaluations. In both tables: Top row: The unconstrainedSVM
hierarchy (“f-network”) with a Gaussiankernelat all levels; theSVMs nearthe top are
veryexpensive(about1400supportvectorsat theroot;seeFig 2) resultingin highoverall
cost. Middle row: An ad hoc solution: the samef-network, exceptwith linear SVMs
(whichcanbeassumedto haveonly two supportvectors)at theupperthreelevelsin order
to reducecomputation;many imagesreachdeeplevels. Bottom row: The constrained
SVM hierarchy (“g-network”), globally designedto balanceerrorandcomputation;the
numberof (virtual) supportvectorsgrowswith depth.
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sceneparsing. For someproblems,dedicatinga singleclassi�er to eachhypothesis,or a cascade
(linearchain)of classi�ersto a small subsetof hypotheses(seeSection2), andthentrainingwith
existing methodology(even off-the-shelfsoftware) might suf�ce, in fact provide state-of-the-art
performance.Thisseemsto thecasefor examplewith frontal facedetectionaslongaslargetraining
setsare available, at least thousandsof facesand sometimesbillions of negative examples,for
learninglong, powerful cascades.However, thoseapproachesareeithervery costly (seeabove)
or maynot scaleto moreambitiousproblemsinvolving limited data,or morecomplex andvaried
interpretations,becausethey rely tooheavily onbrute-forcelearningandlackthestructurenecessary
to hardwireef�ciency by simultaneouslyexploringmultiplehypotheses.

We believe thathierarchiesof classi�ersprovide sucha structure.In thecaseof SVMs, which
may requireextensive computation,we demonstratethat building sucha hierarchy with a global
designwhichaccountsfor bothcostanderroris superiorto eithera singleclassi�er applieda great
many times(a form of template-matching)or a hierarchy of classi�ersconstructedindependently,
node-by-node,without regard to overall performance.We suspectthat the samedemonstration
couldbecarriedout with other“baseclassi�ers” aslong asthereis a naturalmethodfor adjusting
theamountof computation;in fact,theglobaloptimizationframework couldbeappliedto improve
otherparsingstrategies,suchascascades.

The remainingsectionsareorganizedasfollows: A review of coarse-to-�neobjectdetection,
includingrelatedwork on cascades,is presentedin Section2. In Section3, we discusshierarchical
representationandsearchin generalterms;decomposingtheposespaceprovidesa runningexam-
ple of the ideasandsetsthe stagefor our main application- facedetection. The f-network and
g-network arede�ned in Section4, again in generaltermsandthe statisticalframework andop-
timization problemarelaid out in Section5. This is followed in Section6 by a new formulation
of the “reducedset” method(Burges,1996;Scḧolkopf et al., 1998),which is usedto constructan
SVM of speci�edcomplexity. Theseideasareillustratedfor a posehierarchy in Section7, includ-
ing a speci�c instanceof themodelfor chainprobabilitiesandthecorrespondingminimizationof
costsubjectto a constrainton falsealarms. Experimentsareprovided in Section8, wherethe g-
network is appliedto detectfacesin standardtestdata,allowing usto compareourresultswith other
methods.Finally, someconclusionsaredrawn in Section9.

2. Coarse-to-FineObject Detection

Our work is motivatedby dif�culties encounteredin inducing semanticdescriptionsof natural
scenesfrom imagedata. This is often computationallyintensive dueto the large amountof data
to be processedwith high precision. Object detectionis suchan exampleand hasbeenwidely
investigatedin computervision; seefor instanceOsunaet al. (1997);FleuretandGeman(2001);
Kanade(1977);SchneidermanandKanade(2000);Sung(1996);Viola andJones(2001)for work
onfacedetection.Nonetheless,thereis asyetnosystemwhichmatcheshumanaccuracy; moreover,
theprecisionwhich is achievedoftencomesat theexpenseof run-timeperformanceor a reliance
onmassive trainingsets.

Oneapproachto computationalef�ciency is coarse-to-�neprocessing, which hasbeenapplied
to many problemsin computervision, includingobjectdetection(FleuretandGeman,2001;Viola
andJones,2001;Gemanet al., 1995;Baker andNayar,1996;Amit andGeman,1999;Rowley,
1999;Heiseleet al., 2001),matching(Borgefors,1988;HuttenlocherandRucklidge,1993;Gee
andHaynor,1996),optical �o w (Battiti andKoch,1991),tracking(SobottkaandPittas,1996)and
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Figure4: Left: Detectionsusingour system.Right: Thedarknessof a pixel is proportionalto the
amountof localprocessingnecessaryto collectall detections.

othertaskssuchascompression,registration,noisereductionandestimatingmotionandbinocular
disparity. In the caseof objectdetection,onestrategy is to focusrapidly on areasof interestby
�nding characteristicswhich arecommonto many instantiations;in particular, backgroundregions
arequickly rejectedascandidatesfor furtherprocessing(seeFig 4).

In thecontext of �nding facesin clutteredscenes,FleuretandGeman(2001)developeda fast,
coarse-to-�nedetectorbasedonsimpleedgecon�gurationsandahierarchicaldecompositionof the
spaceof poses(location,scaleandtilt). (Similar, tree-structuredrecognitionstrategiesappearin
Gemanet al. (1995);Baker andNayar(1996).)Oneconstructsa family of classi�ers,onefor each
cell in arecursivepartitioningof theposespaceandtrainedonasub-populationof facesmeetingthe
poseconstraints.A faceis declaredwith posein a leafcell if all theclassi�ersalongthechainfrom
root to leaf respondpositively. In general,simpleanduniform structuresin thescenearequickly
rejectedasfacelocations(i.e.,very few classi�ersareexecutedbeforeall possiblecompletechains
areeliminated)whereasmorecomplex regions,for instancetexturedareasandface-like structures,
requiredeeperpenetrationinto the hierarchy. Consequently, the overall cost to processa scene
is dramaticallylower thanloopingover many individual poses,a form of template-matching(cf.
Fig 1).

Work on cascades(Viola andJones,2001;Eladet al., 2002;Evelandet al., 2005;Kerenet al.,
2001;Socolinsky et al., 2003;Romdhaniet al., 2001;Kienzleet al., 2004;Wu et al., 2005)is also
motivatedby an early rejectionprinciple to exploit skewed priors (i.e., backgrounddomination).
In that work, asin ours,the time requiredto classifya pattern(e.g.,an input subimage)depends
on theresemblancebetweenthatpatternandtheobjectsof interest.For example,Viola andJones
(2001)developedanaccurate,real-timefacedetectionalgorithmin theform of acascadeof boosted
classi�ers andcomputationallyef�cient featuredetection. Othervariations,suchasthosein Wu
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et al. (2005);Romdhaniet al. (2001)for facedetection,andthecascadeof innerproductsin Keren
et al. (2001)for objectidenti�cation, employ very simplelinearclassi�ers. In nearlyall casesthe
individualnodelearningproblemsaretreatedheuristically;anexceptionis Wu etal. (2005),where,
for eachnode,the classi�ersaredesignedto solve a (local) optimizationproblemconstrainedby
desired(local)errorrates.

Thereareseveral importantdifferencesbetweenour work andcascades.Cascadesarecoarse-
to-�ne in thesenseof background�ltering whereasourapproachis coarse-to-�nebothin thesense
of hierarchicalpruningof thebackgroundclassandrepresentationof thespaceof hypotheses.In
particular, cascadesoperatein amoreor lessbrute-forcefashionbecauseeverypose(e.g.,position,
scaleandtilt) mustbeexaminedseparately. In comparingthe two strategies,especiallyour work
with cascadesof SVMsfor facedetectionasin Kienzleetal. (2004);Romdhanietal. (2001),thereis
thenatrade-off betweenvery fastearlyrejectionof individualhypotheses(cascades)andsomewhat
slower rejectionof collectionsof hypotheses(tree-structuredpruning).

No systematiccomparisonwith cascadeshasbeenattempted. Moving beyond an empirical
studywould requirea modelfor how costscaleswith otherfactors,suchasscopeandselectivity.
Onesuchmodelwasproposedin BlanchardandGeman(2005),in which the computationalcost
C( f ) of a binaryclassi�er f dedicatedto a setA of hypotheses(againsta universal“background”
alternative) is expressedas

C( f ) = G(jAj) � Y (1� d)

whered is falsepositive rateof theclassi�er f (so1� d is whatwe have calledtheselectivity) and
GandY areincreasingfunctionswith Gsubadditive andY convex. (Someempiricaljusti�cation
for this modelcanbe found in BlanchardandGeman(2005).) Onecanthencomparethe costof
testinga“small” setA of hypotheses(e.g.,all posesoverasmallrangeof locations,scalesandtilts,
asin cascades)versusa “large” setB � A (e.g.,many posessimultaneously, ashere). Underthis
costmodel,andequalizingtheselectivity, thesubadditivity of Gwould renderthetestdedicatedto
B cheaperthandoing the testdedicatedto A approximatelyjAj

jBj times,even ignoring the inevitable
reductionin selectivity dueto repeatedtests.

More importantly, perhaps,it is not clearthatcascadeswill scaleto moreambitiousproblems
involving many classesandinstantiationssincerepeatedlytestinga coarsesetof hypotheseswill
lackselectivity andrepeatedlytestinganarrow onewill requireagreatmany implementations.

Finally, to our knowledge,the work presentedin this paperis the �rst to considera global
constructionof thesystemin anoptimizationframework. In particular, no globalcriteriaappearin
eitherFleuretandGeman(2001)or Viola andJones(2001);in theformer, theedge-basedclassi�ers
areof roughlyconstantcomplexity whereasin thelatter thecomplexity of theclassi�ersalongthe
cascadeis notexplicitly controlled.

3. Hierar chical Representationand Search

Let L denotea setof “patterns”or “hypotheses”of interest.Our objective is to determinewhich,
if any, of thehypothesesl 2 L is true,thealternative beinga statisticallydominant“background”
hypothesisf 0g, meaningthatmostof thetime0 is thetrueexplanation.LetY denotethetruestate;
Y = 0 denotesthe backgroundstate. Insteadof searchingseparatelyfor eachl 2 L , considera
coarse-to-�nesearchstrategy in whichwe�rst try to exploit commonproperties(“sharedfeatures”)
of all hypothesesto “test” simultaneouslyfor all l 2 L , that is, testthecompoundhypothesisH :
Y 2 L againstthealternative H0 : Y = 0. If thetestis negative,we stopanddeclarebackground;if
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thetestis positive,we separatelytesttwo disjoint subsetsof L againstH0; andsoforth in a nested
fashion.

Thetestsareconstructedto bevery conservative in thesensethateachfalsenegative errorrate
is very small, that is, giventhatY 2 A, we arevery unlikely to declarebackgroundif A � L is the
subsetof hypothesestestedatagivenstage.Thepricefor thissmallfalsenegativeerroris of course
anon-negligible falsepositiveerror, particularlyfor testing“large” subsetsA. However, thisproce-
dureis highly ef�cient, particularlyunderthebackgroundhypothesis.This “divide-and-conquer”
searchstrategy hasbeenextensively examined,both algorithmically(seefor exampleFleuretand
Geman,2001;Amit et al., 2004;GangaputraandGeman,2006a)andmathematically(Blanchard
andGeman,2005;Fleuret,1999;Jung,2001).

Note: Thereis analternateformulationin whichY is directly modeledasa subsetof L with Y = /0
correspondingto thebackgroundstate.In this case,at eachnodeof thehierarchy, we aretestinga
hypothesisof theform H : Y \ A 6= /0 vs thealternativeY \ A = /0. In practice,thetwo formulations
areessentiallyequivalent;for instance,in facedetection,we caneither“decompose”a setof “ref-
erence”poseswhich canrepresentat mostonefaceandthenexecutethehierarchicalsearchover
subimagesor collect all posesinto onehierarchy with virtual testsnearthe root; seeSection7.1.
Weshalladoptthesimplerformulationin whichY 2 L [ f 0g.

Of coursein practicewedoall thesplittingandconstructall the“tests” in advance.(It shouldbe
emphasizedthatwearenotconstructingadecisiontree;in particular, wearerecursively partitioning
thespaceof interpretationsnot featuresand,whenthehierarchy is processed,adatapointcantravel
down many branchesandarriveatnoneof theleaves.)Then,on line, weneedonly executethetests
in theresultinghierarchy coarse-to-�ne.Moreover, thetestsaresimplystandardclassi�ersinduced
from trainingdata- examplesof Y 2 A for varioussubsetsof A andexamplesof Y = 0. In particular,
in thecaseof objectdetection,theclassi�ersareconstructedfrom theusualtypesof imagefeatures,
suchasaverages,edgesandwavelets(Sahbietal., 2002).

Thenestedpartitionsarenaturallyidenti�ed with a treeT. Thereis a subsetL t for eachnode
t of T, including the root (L root = L) andeachleaf t 2 ¶T. We will write t = (l ;k) to denotethe
k' th nodeof T atdepthor level l . For example,in thecaseof abinary treeT with L levels,we then
have:

8
<

:

L 1;1 = L
L l ;k = L l+ 1;2k� 1 [ L l+ 1;2k
L l+ 1;2k� 1 \ L l+ 1;2k = /0

l 2 f 1; :::;L � 1g; k 2
�

1; :::;2l � 1
	

:

Thehierarchy canbemanuallyconstructed(ashere,copying theonein FleuretandGeman,2001)
or, ideally, learned.

Noticethattheleaf cellsL t ; t 2 ¶T, needn't correspondto individual hypotheses.Instead,they
representthe �nest “resolution” at which we wish to estimateY. More careful disambiguation
amongcandidatehypothesesmay requiremoreintenseprocessing,perhapsinvolving onlineopti-
mization.It thenmakessenseto modify ourde�nition of Y to re�ect thispossiblecoarseningof the
original classi�cationproblem:thepossible“class” valuesarethenf 0;1; :::;2L� 1g, corresponding
to “background”(f 0g) andthe2L� 1 “�ne” cellsat theleavesof thehierarchy.

Example: The Hierar chy for FaceDetection. Here,the poseof an objectrefersto parameters
characterizingits geometricappearancein the image. Sincewe aresearchingfor instancesof a
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�
( p; f ;s) 2 R4 : p 2 [� 8;+ 8]2; f 2 [� 200;+ 200];s2 [10;20]

	

�
(p; f ;s) 2 R4 : p 2 [� 1;+ 1]2; f 2 [00;+ 200];s2 [15;20]

	

Figure5: An illustrationof theposehierarchy showing asampleof facesat therootcell andatone
of theleaves.

oneobjectclass– faces– thefamily of hypothesesof interestis a setof posesL . Speci�cally, we
focusattentionontheposition,tilt andscaleof aface,denotedq = (p; f ;s), wherep is themidpoint
betweentheeyes,s is thedistancebetweentheeyesandf is theanglewith the line orthogonalto
thesegmentjoining theeyes.We thende�ne

L =
�

(p; f ;s) 2 R4 : p 2 [� 8;+ 8]2; f 2 [� 200;+ 200];s2 [10;20]
	

:

Thus,weregardL asa“referenceset”of posesin thesenseof possibleinstantiationsof asingle
facewithin a given64� 64 imageassumingthat thepositionis restrictedto a subwindow (e.g.,an
16� 16 centeredin thesubimage)andthescaleto thestatedrange.The“backgroundhypothesis”
is “no face” (with posein L ). The leavesof T do not correspondto individual posesq 2 L ; for
instance,the �nal resolutionon positionis a 2� 2 window. Hence,each“object hypothesis”is a
smallcollectionof �ne poses.

Thespeci�c hierarchy usedin ourexperimentsis illustratedin Fig (5). It hassix levels(L = 6),
correspondingto threequaternarysplits in location(four 8� 8 blocks,etc.) andonebinary split
bothon tilt andscale.Therefore,writing nl for thenumberof cellsin T atdepthl : n1 = 1, n2 = 41,
n3 = 42 = 16,n4 = 43 = 64,n5 = 2 43 = 128andn6 = 22 43 = 256.

Thisis thesame,manually-designed,posehierarchy thatwasusedin FleuretandGeman(2001).
Thepartitioningbasedon individual components,aswell asthesplitting order, is entirelyadhoc.
Theimportantissueof how to automaticallydesignor learnthe“divide-and-conquer”architecture
is not consideredhere. Very recentwork on this topic appearsin Fan(2006)andGangaputraand
Geman(2006a).

Search Strategy:
Considercoarse-to-�nesearchin moredetail. Let Xt be the testor classi�er associatedwith

nodet, with Xt = 1 signalingthe acceptanceof Ht : Y 2 L t andXt = 0 signalingthe acceptance
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of H0 : Y = 0. Also, let w 2 Wrepresenttheunderlyingdataor “pattern” uponwhich thetestsare
based;hencethetrueclassof w is Y(w) andXt : W� ! f 0;1g.

Theresultof coarse-to-�nesearchappliedto w is a subsetD(w) � L of “detections”,possibly
empty, de�ned to beall l 2 L for whichXt(w) = 1 for everytestwhich“covers” l , thatis, for which
l 2 L t . Equivalently, D is theunionover all L t ; t 2 ¶T suchthatXt = 1 andthetestcorresponding
to everyancestorof t 2 ¶T is positive, thatis, all “completechainsof ones”(cf. Fig 6, B).

Both breadth-�rst and depth-�rst coarse-to-�nesearchlead to the sameset D. Breadth-�rst
searchis illustratedin Fig (6, C): PerformX1;1; if X1;1 = 0, stopanddeclareD = /0; if X1;1 = 1,
performbothX2;1 andX2;2 andstoponly if botharenegative; etc. Depth-�rst searchexploresthe
sub-hierarchy rootedatanodet beforeexploring thebrotherof t. In otherwords,if Xt = 1, wevisit
recursivelythesub-hierarchiesrootedat t; if Xt = 0 we “cancel” all thetestsin this sub-hierarchy.
In both cases,a test is performedif and only if all its ancestors are performedand are positive.
(Thesestrategiesarenot thesameif our objective is only to determinewhetheror not D = /0; see
theanalysisin Jung(2001).)

Notice that D = /0 if andonly if thereis a “null covering” of the hierarchy in the senseof a
collectionof negative responseswhosecorrespondingcellscover all hypothesesin L . Thesearch
is terminatedupon�nding sucha null covering. Thus,for example,if X1;1 = 0, the searchis ter-
minatedastherecannotbea completechainof ones;similarly, if X2;1 = 0 andX3;3 = X3;4 = 0, the
searchis terminated.

(A) (B) (C)

q3 q4

Figure6: A hierarchy with �fteen tests. (A) The responseto an input imagewere all the tests
to be performed;the positive testsareshown in black andnegative testsin white. (B)
Therearetwo completechainsof ones;in thecaseof objectdetection,thedetectedpose
is the averageover thosein the two correspondingleaves. (C) The breadth-�rstsearch
strategy with the executedtestsareshown in color; notice that only seven of the tests
wouldactuallybeperformed.

Example: The Search Strategy for Face Detection. Imagesw are encodedusing a vector of
waveletcoef�cients; in the remainderof this paperwe will write x to denotethis vectorof coef�-
cientscomputedon a given64� 64 subimage.If D(x) 6= /0, theestimatedposeof thefacedetected
in w is obtainedby averagingover the“poseprototypes”of eachleaf cell representedin D, where
theposeprototypeof L t is themidpoint(cf. Fig 6, B).

A sceneis processedby visiting non-overlapping16� 16 blocks,processingthe surrounding
imagedatato extract the features(wavelet coef�cients) and classifyingthesefeaturesusing the
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Figure7: Multi-scalesearch.Theoriginal image(on theleft) is downscaledthreetimes.For each
scale,thebasefacedetectorvisits eachnon-overlapping16� 16 block,andsearchesthe
surroundingimagedatafor all faceswith position in the block, scaleanywherein the
range[10;20] andin-planeorientationin therange[� 20o;+ 20o].

searchstrategy describedearlierin this section.This processmakesit possibleto detectall faces
whosescales lies in the interval [10;20] andwhosetilt belongsto [� 20o;+ 20o]. Facesat scales
[20;160] aredetectedby repeateddown-sampling(by a factorof 2) of theoriginal image,oncefor
scales[20;40], twice for [40;80] andthricefor [80;160](cf. Fig 7). Hence,dueto high invarianceto
scalein thebasedetector, only four scalesneedto beinvestigatedaltogether.

Alternatively, wecanthink of anextendedhierarchy overall possibleposes,with initial branch-
ing into disjoint16� 16blocksanddisjointscaleranges,andwith virtual testsin the�rst two layers
which arepassedby all inputs.Givencolor or motioninformation(SahbiandBoujemaa,2000),it
might bepossibleto designa testwhich handlesa setof poseslarger thanL ; however, our testat
theroot (accountingsimultaneouslyfor all posesin L ) is alreadyquitecoarse.

4. Two SVM Hierar chies

Supposewe have a training setT = f (w1;y1); :::; (wn;yn)g. In the caseof objectdetection,each
w is some64� 64 subimagetaken, for example,from the Web,andeitherbelongsto the “object
examples”L (subimagesw for whichY(w) 6= 0) or “backgroundexamples”B (subimagesfor which
Y(w) = 0).

All testsXt ; t 2 T, arebasedonSVMs. Webuild onehierarchy, thefreenetworkor f-networkfor
short,with noconstraints,thatis, in theusualwayfrom thetrainingdataonceakernelandany other
parametersarespeci�ed(Boseretal.,1992).Theotherhierarchy, thegradednetworkor g-network,
is designedto meetcertainerrorandcomplexity speci�cations.
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4.1 The f-network

Let ft beanSVM dedicatedto separatingexamplesof Y 2 L t from examplesof Y = 0. (In our ap-
plicationto facedetection,we train ft basedon faceimagesw with posein L t .) Thecorresponding
testis simply 1f ft> 0g. We refer to f ft ; t 2 Tg asthe f-network. In practice,thenumberof support
vectorsdecreaseswith thedepthin thehierarchy sincetheclassi�cationtasksareincreasinglysim-
pli�ed; seeFig 2, left. We assumethe falsenegative rateof ft is very small for eacht; in other
words, ft(w) > 0 for nearlyall patternsw for whichY(w) 2 L t . Finally, denotethecorresponding
data-dependentsetof detectionsof thef-network by D f .

4.2 The g-network

The g-networkis basedon the samehierarchy f L tg asthe f-network. However, for eachcell L t ,
a simpli�ed SVM decisionfunction gt is built by reducingthe complexity of the corresponding
classi�er ft . The set of hypothesesdetectedby the g-network is denotedby Dg. The targeted
complexity of gt is determinedby solvingaconstrainedminimizationproblem(cf. Section5).

We want gt to be both ef�cient and respectthe constraintof a negligible falsenegative rate.
As a result, for nodest nearthe root of T the falsepositive rateof gt will be higherthanthat of
the correspondingft sincelow costcomesat the expenseof a weakenedbackground�lter . Put
differently, we arewilling to sacri�ce selectivity for ef�ciency, but not at the expenseof missing
(many) instancesof our targetedhypotheses.Thus,for bothnetworks,a positive testby no means
signalsthepresenceof a targetedhypothesis,especiallyfor thevery computationallyef�cient tests
in theg-network nearthetopof thehierarchy.

Insteadof imposinganabsoluteconstrainton thefalsenegativeerror, we imposeonerelativeto
thef-network, referredto astheconservationhypothesis: For eacht 2 T andw 2 W:

ft(w) > 0 ) gt(w) > 0:

This impliesthatanhypothesisdetectedby thef-network is alsodetectedby theg-network, namely

D f (w) � Dg(w); 8w 2 W:

Considertwo classi�ersgt andgs in the g-network andsupposenodes is deeperthannodet.
With thesamenumberof supportvectors,gt will generallyproducemorefalsealarmsthangs since
moreinvarianceis expectedof gt (cf. Fig 2, right). In constructingthe g-network, all classi�ers
at the samelevel will have the samenumberof supportvectorsand are then expectedto have
approximatelythesamefalsealarmrate(cf. Fig 8).

In thefollowing sections,we will introducea modelwhich accountsfor boththeoverall mean
costandthe falsealarmrate. This modelis inspiredby the trade-offs amongselectivity, costand
invariancediscussedabove. The proposedanalysisis performedunderthe assumptionthat there
existsa convex functionwhich modelsthe falsealarmrateasa functionof thenumberof support
vectorsandthedegreeof “poseinvariance”.

5. Designingthe g-network

Let P bea probabilitydistribution on W. Write W= L [ B, whereL denotesthesetof all possi-
ble patternsfor which Y(w) > 0, that is, Y 2 f 1; :::;2L� 1g, hencea targetedpattern,andB = L c
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Figure8: For the root cell, a particularcell in the �fth level andthreeparticularposecells in the
sixth level of the g-network, we built SVMs with varying numbersof (virtual) support
vectors.All curvesshow falsealarmrateswith respectto thenumberof (virtual) support
vectors.For thesixth level, andin theregimeof fewer than10 (virtual) supportvectors,
thefalsealarmratesshow considerablevariation,but have thesameorderof magnitude.
Theseexperimentswererun on backgroundpatternstaken from 200 imagesincluding
highly texturedareas(�o wers,houses,trees,etc.)

containsall thebackgroundpatterns.De�ne P0(:) = P(:jY = 0) andP1(:) = P(:jY > 0), thecon-
ditional probabilitydistributionson backgroundandobjectpatterns,respectively. Throughoutthis
paper, weassumethatP(Y = 0) >> P(Y > 0), whichmeansthatthepresenceof thetargetedpattern
is consideredto bea rareeventin datasampledunderP.

FaceDetection Example (cont): We might take P to be the empiricaldistribution on a hugeset
of 64� 64 subimagestaken from theWeb. Notice that,givena subimageselectedat random,the
probabilityto havea facepresentwith locationnearthecenteris verysmall.

Relative to the problemof decidingY = 0 vs Y 6= 0, that is, decidingbetween“background”
and“object” (somehypothesisin L ), thetwo errorratesfor thef-network areP0 (D f 6= /0), thefalse
positiverate,andP1 (D f = /0), thefalsenegativerate.Thetotalerrorrateis,P0 (D f 6= /0) P(Y = 0) +
P1 (D f = /0) P(Y > 0). Clearlythis total erroris largelydominatedby thefalsealarmrate.

Recallthatfor eachnodet 2 T thereis asubsetL t of hypothesesandanSVM classi�er gt with
nt supportvectors.Thecorrespondingtestfor checkingY 2 L t againstthebackgroundalternative
is 1f gt> 0g. Ourobjective is to provideanoptimizationframework for specifyingf ntg.

5.1 Statistical Model

We now introducea statisticalmodelfor thebehavior of theg-network. Considertheevent thata
backgroundpatterntraversesthe hierarchy up to nodet, namelythe event

T
s2At

f gs > 0g, where
At denotesthesetof ancestorsof t – thenodesfrom theparentof t to theroot, inclusive. We will
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assumethattheprobabilityof thiseventunderP0, namely

P0(gs > 0;s2 At); (1)

dependsonly on the level of t in thehierarchy (andnot on theparticularsetAt) aswell ason the
numbersn1; :::;nl � 1 of supportvectorsat levels one throughl � 1, wheret is at level l . These
assumptionsarereasonableandroughlysatis�edin practice;seeSahbi(2003).

The probability in (1) that a backgroundpatternreachesdepthl , that is, thereis a chain of
positive responsesof length l � 1, is thendenotedby d(l � 1;n), wheren denotesthe sequence
(n1; :::;nL). Naturally, we assumethatd(l ;n) is decreasingin l . In addition,it is naturalto assume
thatd(l ;n) is a decreasingfunctionof eachn j ;1 � j � l . In Section7 we will presentanexample
of a two-dimensionalparametricfamily of suchmodels.

Thereis anequivalent,anduseful,reformulationof thesejoint statisticsin termsof conditional
falsealarmrates(or conditionalselectivity). Onespeci�esamodelby prescribingthequantities

P0(groot > 0); P0(gt > 0jgs > 0;s2 At) (2)

for all nodest with 2 � l (t) � L. Clearly, theprobabilitiesin (1) determinethosein (2) andvice-
versa.

Note: We arenot specifyinga probabilitydistribution on theentirefamily of variablesf gt ; t 2 Tg,
equivalently, on all labeledtrees. However, it can be shown that any (decreasing)sequenceof
positivenumbersp1; :::; pL for thechainprobabilitiesis “consistent”in thesenseof providingawell-
de�ned distribution on traces, the labeledsubtreesthat canresult from coarse-to-�neprocessing,
whichnecessarilyarelabeled“1” atall internalnodes;seeGangaputraandGeman(2006b).

In order to achieve ef�cient computation(at the expenseof extra falsealarmsrelative to the
f-network), we choosen = (n1; :::;nL) to solve a constrainedminimizationproblembasedon the
meantotalcomputationin evaluatingtheg-network andaboundontheexpectednumberof detected
backgroundpatterns:

min
n

C(n1; :::;nL)

s.t. E0 (jDgj) � µ
(3)

whereE0 refersto expectationwith respectto theprobabilitymeasureP0. We �rst computethisex-
pectedcost,thenconsidertheconstraintin moredetailand�nally turn to theproblemof choosing
themodel.

Note: In our formulation,we areassumingthatoverall averagecomputationis well-approximated
by estimatingtotal computationunderthebackgroundprobabilityby itself ratherthanwith respect
to a mixture model which accountsfor object instances. In other words, we are assumingthat
backgroundprocessingaccountsfor most of the work. Of course,in reality, this is not strictly
the case,especiallyat the lower levels of the hierarchy, at which point evidencehasaccruedfor
the presenceof objectsand the conditional likelihoodsof object and backgroundare no longer
extremelyskewedin favor of thelatter. However, computingunderamixturemodelwouldseverely
complicatetheanalysis.Moreover, sinceextensivecomputationis rarelyperformed,webelieveour
approximationis valid; whereasan expandedanalysismight somewhat changethe designof the
lower levels,it wouldnotappreciablyreduceoverall cost.
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5.2 Costof the g-network

Let ct indicatethecostof performinggt andassume

ct = a nt + b:

Herea representsthecostof kernelevaluationandb representsthecostof “preprocessing”– mainly
extractingfeaturesfrom a patternw (e.g.,computingwaveletcoef�cients in a subimage).We will
also assumethat all SVMs at the samelevel of the hierarchy have the samenumberof support
vectors,andhenceapproximatelythesamecost.

Recallthatnl is thenumberof nodesin T at level l ; for example,for a binary tree,nl = 2l � 1.
Theglobalcostis then:

Cost = å
t

1f gt is performedg ct

=
L

å
l= 1

nl

å
k= 1

1f gl ;k is performedg cl ;k

(4)

sincegt is performedin the coarse-to-�nestrategy if andonly if gs > 0 8s 2 At , we have, from
equation(4), with d(0;n) = 1,

C(n1; :::;nL) = E0 (Cost)

=
L

å
l= 1

nl

å
k= 1

P0 (f gl ;k is performedg) cl ;k

=
L

å
l= 1

nl

å
k= 1

d(l � 1;n) cl ;k

=
L

å
l= 1

nl d(l � 1;n) cl

= a
L

å
l= 1

nl d(l � 1;n) nl + b
L

å
l= 1

nl d(l � 1;n):

The �rst term is the SVM cost and the secondterm is the total preprocessingcost. In the
applicationto facedetectionwe shall assumethe preprocessingcost – the computationof Haar
waveletcoef�cients for agivensubimage– is smallcomparedwith kernelevaluations,andseta= 1
andb = 0. Hence,

C(n1; :::;nL) = n1 +
L

å
l= 2

nl nl d(l � 1;n):

5.3 Penalty for FalseDetections

RecallthatDg(w) – thesetof detections– is theunionof thesetsL t over all terminalnodest for
which thereis a completechainof positive responsesfrom theroot to t. For simplicity, we assume
that jL t j is the samefor all terminalnodest. HencejDgj is proportionalto the total numberof
completechains:

jDgj µ å
t2¶T

1f gt> 0g Õ
s2At

1f gs> 0g:
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It follows that

E0jDgj µ E0 å
t2¶T

1f gt> 0g Õ
s2At

1f gs> 0g

= å
t2¶T

d(L;n)

= nLd(L;n)

By theMarkov inequality,

P0(Dg 6= /0) = P0(jDgj � 1) � E0jDgj:

Henceboundingthemeansizeof Dg alsoyields thesameboundon the falsepositive probability.
However, wecannotcalculateP0(jDgj � 1) basedonly onourmodelf d(l ;n)gl sincethiswould re-
quirecomputingtheprobabilityof aunionof eventsandhenceamodelfor thedependency structure
amongchains.

Finally, sincewe aregoing to usetheSVMs in the f-network to build thosein theg-network,
thenumberof supportvectorsnl for eachSVM in theg-network at level l is boundedby thecorre-
spondingnumber, Nl , for thef-network. (Here,for simplicity, weassumethatNt is roughlyconstant
in eachlevel; otherwisewe take theminimumover thelevel.)

Summarizing,ourconstrainedoptimizationproblem(3) becomes

min
n1;:::;nL

n1 +
L

å
l= 2

nl nl d(l � 1;n) s.t.
�

nLd(L;n) � µ
0 < nl � Nl :

(5)

5.4 Choiceof Model

In practice,oneusuallystipulatesa parametricfamily of statisticalmodels(in our casethe chain
probabilities)andestimatestheparametersfrom data.Let f d(l ;n;b)g;b 2 Bg denotesucha family
whereb denotesa parametervector, andlet n� = n� (b) denotethesolutionof (5) for modelb. We
proposeto chooseb by comparingpopulationandempiricalstatistics.For example,wemightselect
themodelfor which thechainprobabilitiesbestmatchthecorrespondingrelative frequencieswhen
theg-network is constructedwith n� (b) andrun on samplebackgrounddata.Or, we might simply
comparepredictedandobservednumbersof backgrounddetections:

b� := argmin
b2B

jE0 (jDgj;n� (b)) � µ̂0(n� (b)) j

whereµ̂0(n� (b)) is theaveragenumberof detectionsobservedwith theg-network constructedfrom
n� (b). In Section7 weprovideaconcreteexampleof thismodelestimationprocedure.

6. Building the g-network

Sincethe constructionis node-by-node,we canassumethroughoutthis sectionthat t is �x ed and
thatL = L t and f = ft aregiven,where f is anSVM with Nf supportvectors.Our objective is to
build anSVM g = gt with two properties:

� g is to have Ng < Nf supportvectors,whereNg = n�
l (t) andn� = (n�

1; :::;n�
L) is the optimal

designresultingfrom the upcomingreformulation(8) of (5) which incorporatesour model
for f d(l : n)g; and

2103



SAHBI AND GEMAN

� The“conservationhypothesis”is satis�ed;roughlyspeakingthismeansthatdetectionsunder
f arepreservedunderg.

Let x(w) 2 Rq be the featurevector; for simplicity, we suppressthe dependenceon w. The
SVM f is constructedasusualbasedon a kernelK which implicitly de�nes a mappingF from
the input spaceRq into a high-dimensionalHilbert spaceH with inner productdenotedby h i .
Supportvectortraining (Boseret al., 1992)builds a maximummargin hyperplane(w f ;bf ) in H .
Re-orderingthe training setasnecessary, let

�
F (v(1)); :::;F (v(Nf ))

	
andf a1; :::;aNf g denote,re-

spectively, the supportvectorsand the training parameters.The normalw f of the hyperplaneis

wf = å
Nf
i= 1 a i y(i) F (v(i)).

Thedecisionfunctionin Rq is non-linear:

f (x) = hwf ;F (x)i + bf =
Nf

å
i= 1

a i y(i) K(v(i) ;x) + bf :

Theparametersf a ig andbf canbeadjustedto ensurethatkw f k2 = 1.
Theobjectivenow is to determine(wg;bg), where

g(x) = hwg;F (x)i + bg =
Ng

å
k= 1

gk K(z(k) ;x) + bg:

HereZ =
�

z(1) ; :::;z(Ng)
	

is thereducedsetof supportvectors(cf. Fig 9, right), g=
�

g1; :::;gNg

	
the

underlyingweights,andthelabelsy(k) havebeenabsorbedinto g.
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6.1 Determining wg: ReducedSetTechnique

Themethodweuseis amodi�cation of thereducedsettechnique(RST)(Burges,1996;Burgesand
Scḧolkopf, 1997).Choosethenew normalvectorto satisfy:

w�
g = arg min

wg:kwgk= 1
hwg � wf ;wg � wf i :

Usingthekerneltrick, andsincewg = å
Ng
k= 1gk F (z(k)), thenew optimizationproblembecomes:

min
Z;g

å
k;l

gkgl K(z(k) ;z(l )) + å
i; j

a ia j y(i) y( j) K(v(i) ;v( j)) � 2å
k;i

gka i y(i) K(z(k) ;v(i)): (6)

For somekernels(for instancetheGaussian),thefunctionto beminimizedis not convex; con-
sequently, with standardoptimizationtechniquessuchas conjugate gradient,the normal vector
resultingfrom the �nal solution(Z;g) is a poorapproximationto w f (cf. Fig 9, left). This prob-
lem wasanalyzedin Sahbi(2003),whereit is shown that, in thecontext of facedetection,a good
initialization of theminimizationprocesscanbeobtainedasfollows: First clusterthe initial setof
supportvectorsf F (v(1)); :::;F (v(Nf ))g, resultingin Ng centroids,eachof which thenrepresentsa
densedistributionof theoriginalsupportvectors.Next, eachcentroid,whichis expressedasalinear
combinationof originalsupportvectors,is replacedby onesupportvectorwhichbestapproximates
this linearcombination.Finally, thisnew reducedsetis usedto initialize thesearchin (6) in orderto
improvethe�nal solution.Detailsmaybefoundin Sahbi(2003)andthewholeprocessis illustrated
in Section7.

6.2 Determining bg: Conservation Hypothesis

Regardlessof how bg is selected,g is clearly lesspowerful than f . However, in the hierarchical
framework, particularlynearthe root, the two typesof mistakes(namelynot detectingpatternsin
L anddetectingbackground)arenot equallyproblematic.Oncea distinguishedpatternis rejected
from the hierarchy it is lost forever. Hencewe preferto severely limit the numberof missedde-
tectionsat the expenseof additionalfalsepositives; hopefully thesebackgroundpatternswill be
�ltered outbeforereachingtheleaves.

We make the assumptionthat the classi�ers in the f-network have a very low falsenegative
rate. Ideally, we would choosebg suchthatg(x(w)) > 0 for every w 2 Wfor which f (x(w)) > 0.
However, this resultsin anunacceptablyhighfalsepositiverate.Alternatively, weseekto minimize

P0 ( g � 0 j f < 0 )

subjectto
P1 ( g < 0 j f � 0 ) � e:

Sincewe do not know thejoint law of ( f ;g) undereitherP0 or P1, theseprobabilitiesareestimated
empirically: for eachbg calculatethe conditionalrelative frequenciesusingthe training dataand
thenchoosetheoptimalbg basedon theseestimates.

7. Application to FaceDetection

We applythegeneralconstructionof theprevioussectionsto a particulartwo-classproblem– face
detection– which hasbeenwidely investigated,especiallyin the last tenyears.Existingmethods
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include arti�cial neuralnetworks (Schneidermanand Kanade,2000; Sung,1996; Rowley et al.,
1998;Féraudet al., 2001;GarciaandDelakis,2004),networksof linearunits (Yanget al., 2000),
supportvectormachines(Osunaet al., 1997;Evgeniouet al., 2000;Heiseleet al., 2001;Romdhani
et al., 2001;Kienzleet al., 2004),Bayesianinference(Cooteset al., 2000),deformabletemplates
(Miao etal.,1999),graph-matching(Leungetal.,1995),skincolor learning(Hsuetal.,2001;Sahbi
andBoujemaa,2000),andmorerapid techniquessuchasboostinga cascadeof classi�ers (Viola
andJones,2001;Li andZhang,2004;Wu et al., 2005;Socolinsky et al., 2003;Elad et al., 2002)
andhierarchicalcoarse-to-�neprocessing(FleuretandGeman,2001).

Thefacehierarchy wasdescribedin Section3. We now introducea speci�c modelfor (1), the
probability of a chainunderthe backgroundhypothesis,and �nally the solution to the resulting
instanceof the constrainedoptimizationproblemexpressedin (8) below. The probability model
links the costof the SVMs to their underlyinglevel of invarianceandselectivity. Afterwords, in
Section8, we illustratetheperformanceof thedesignedg-network in termsof speedanderroron
bothsimpleandchallengingfacedatabasesincludingtheCMU andtheMIT datasets.

7.1 Chain Model

Our modelfamily is f d(l ;n;b);b 2 Bg, whered(l ;n;b) is the probability of a chainof “ones” of
depthl � 1. Theseprobabilitiesaredeterminedby theconditionalprobabilitiesin (2). Denotethese
by

d(1;n;b) = P0(groot > 0)

and
d(l j 1; :::; l � 1;n;b) = P0(gt > 0jgs > 0;s2 At):

Speci�cally, we take:

d(1;n;b) = 1
b1n1

b1 > 0

d(l j 1; :::; l � 1;n;b) = b1n1 + ::: + bl � 1nl � 1
b1n1 + ::: + bl � 1nl � 1 + bl nl

; b1; :::;bl > 0:

Looselyspeaking,thecoef�cients b = f b j j = 1; :::;Lg areinverselyproportionalto thedegree
of “poseinvariance”expectedfrom the SVMs at different levels. At the upper, highly invariant,
levelsl of theg-network,minimizingcomputationyieldsrelatively smallvaluesof bl andvice-versa
at the lower, pose-dedicated,levels. Themotivationfor this functionalform is that theconditional
falsealarm rate d(l j 1; :::; l � 1;n;b) shouldbe increasingas the numberof supportvectorsin
the upstreamlevels 1; :::; l � 1 increases.Indeed,whengs > 0 for all nodess upstreamof node
t, andwhentheseSVMs have a largenumberof supportvectorsandhencearevery selective, the
backgroundpatternsreachingnodet resemblefacesverycloselyandarelikely to beacceptedby the
testat t. Of course,�xing thenumbersof supportvectorsupstream,theconditionalselectivity (that
is, oneminusthefalsepositive errorrate)at level l grows with nl . Noticealsothat themodeldoes
notanticipateexponentialdecay, correspondingto independenttests(underP0) alongthebranches
of thehierarchy.

Usingthemarginal andtheconditionalprobabilitiesexpressedabove, theprobabilityd(l ;n;b)
to haveachainof onesfrom theroot cell to any particularcell at level l is easilycomputed:

d(l ;n;b) =
1

b1n1

b1 n1

b1 n1 + b2 n2
:::

b1 n1 + ::: + bl � 1nl � 1

b1n1 + ::: + blnl
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=

 
l

å
j= 1

b jn j

! � 1

: (7)

Clearly, for any n andb, theseprobabilitiesdecreaseasl increases.

7.2 The Optimization Problem

Using(7), theconstrainedminimizationproblem(5) becomes:

min
n1;:::;nL

2

4n1 +
L

å
l= 2

 
l � 1

å
i= 1

bini

! � 1

nl nl

3

5

s.t.

8
><

>:

nL

 
L

å
i= 1

bini

! � 1

� µ

0 < nl � Nl :

(8)

Thisproblemis solvedin two steps:

� StepI: Startwith thesolutionfor abinarynetwork (i.e.,nl+ 1 = 2nl ). Thissolutionis provided
in AppendixA.

� StepII: Passto adyadicnetwork usingthesolutionto thebinarynetwork, asshown in Sahbi
(2003,p. 127).

7.3 Model Selection

Weuseasimplefunctionwith two degreesof freedomto characterizethegrowth of b1; :::;bL:

bl = Y � 1
1 expf Y 2(l � 1)g (9)

whereY = (Y 1;Y 2) arepositive. HereY 1 representsthedegreeof poseinvarianceat theroot cell
andY 2 is therateof thedecreaseof this invariance.Let n� (Y ) denotethesolutionto (8) for b given
by (9) andsupposewe restrictY 2 Q, a discreteset.(In our experiments,jQj = 100corresponding
to tenchoicesfor eachparameterY 1 andY 2, namelyY 1 rangesfrom 0:0125to 0:2 andY 2 ranges
from 0:1 to 1:0, both in equalsteps.) In otherwords,n� (Y ) arethe optimal numbersof support
vectorsfoundwhenminimizing total computation(8) underthefalsepositiveconstraintfor agiven
�x edb = f b1; :::;bLg determinedby (9). ThenY � is selectedto minimizethediscrepancy between
themodelandempiricalconditionalfalsepositive rates:

min
Y2Q

L

å
l= 1

�
�
�d(l j 1; :::; l � 1;n� (Y );Y ) � d̂(l j 1; :::; l � 1;n� (Y ))

�
�
� (10)

whered̂(l j 1; :::; l � 1;n� (Y )) is theunderlyingempiricalprobabilityof observinggt > 0 giventhat
gs > 0 for all ancestorss of t, averagedover all nodest at level l , whentheg-network is built with
n� (Y ) supportvectors.

In practice,it takes3 days(on a 1-Ghzpentium-III) to implementthis design,which includes
building thef-network (SVM training),solvingtheminimizationproblem(8) for differentinstances
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Algorithm: Designof theg-network.

- Build thef-network usingstandardSVM trainingandlearningsetL [ B
- for (Y 1;Y 2) 2 Q do

- bl  Y � 1
1 expf Y 2(l � 1)g, l = 1; :::;L

- Computen� (Y ) using(8).
- Build theg-network usingthereducedsetmethodandthespeci�ed

costsn� (b).
- Computethemodelandempiricalconditionalprobabilities

d(l j 1; :::; l � 1;n� (Y );Y ) andd̂(l j 1; :::; l � 1;n� (Y )) .
end
- Y �  (10)
- Thespeci�cationfor theg-network is n� (Y � )

of Y = (Y 1;Y 2) andapplyingthe reducedsettechnique(6) for eachsequenceof costsn� (Y ) in
orderto build theg-network.

Whensolvingtheconstrainedminimizationproblem(8) (cf. AppendixA), we �nd theoptimal
numbersn�

1; :::;n�
6 of supportvectors,roundedto thenearesteveninteger, aregivenby:

n� = f 2; 2; 2; 4; 8; 22g;

(cf. table2), correspondingto Y � = ((Y � 1
1 ) � ;Y �

2) = (7:27;0:55), resultingin
b� = f 7:27; 25:21; 87:39; 302:95; 525:09; 910:11g. For example,weestimate

P0(groot > 0) =
1

2� 7:27
= 0:069

thefalsepositive rateat theroot.
Theempiricalconditionalfalsealarmswereestimatedon backgroundpatternstakenfrom 200

imagesincludinghighly texturedareas(�o wers,houses,trees,etc.). Theconditionalfalsepositive
ratesfor the model and the empirical resultsare quite similar, so that the cost in the objective
function (8) approximateseffectively the observed cost. In fact, when evaluatingthe objective
function in (8), theaveragecostwas3:379kernelevaluationsperpatternwhereasin practicethis
averagecostwas3:196perpatterntakenfrom scenesincludinghighly texturedareas.

Again, thecoef�cients b�
l andthecomplexity n�

l of theSVM classi�ersareincreasingaswego
down thehierarchy, which demonstratesthat thebestarchitectureof theg-network is low-to-high
in complexity.

7.4 Featuresand Parameters

Many factorsintervenein �tting our cost/errormodel to real observations(the conditionalfalse
alarms),includingthesizeof thetrainingsetsandthechoiceof features,kernelsandotherparame-
ters,suchastheboundontheexpectednumberof falsealarms.Obviouslythenatureof theresulting
g-network canbesensitive to variationsof thesefactors.We have only usedwavelet features,the
Gaussiankernel,selectingtheparametersby cross-validation,andtheverysmallORL database.

Whereaswehavenotdonesystematicexperimentsto analyzesensitivity, it is reasonableto sup-
posethat having moredataor morepowerful featureswould increaseperformance.For instance,
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Y 1 Y 2 L1 error Numberof supportvectorsperlevel

Y 2 = :70 0:980 1.03 1.08 1.42 1.87 4.98 16.375
Y 1 = :2000 Y 2 = :55 0:809 1.49 2.35 3.69 4.99 11.64 32.12

Y 2 = :30 1:207 2.70 8.13 17.45 24.36 42.89 93.50
Y 2 = :70 1:129 1.00 1.08 1.46 1.98 5.40 18.12

Y 1 = :1875 Y 2 = :55 0:750 1.39 2.20 3.46 4.68 10.91 30.12
Y 2 = :30 1:367 2.53 7.62 16.36 22.83 40.20 87.62
Y 2 = :70 0:995 1.00 1.18 1.70 2.46 7.20 25.50

Y 1 = :1750 Y 2 = :55 0:766 1.30 2.05 3.23 4.37 10.19 28.12
Y 2 = :30 1:401 2.36 7.12 15.27 21.32 37.56 81.87
Y 2 = :70 0:981 1.00 1.29 2.00 3.13 9.84 37.00

Y 1 = :1625 Y 2 = :55 0:752 1.21 1.91 3.00 4.06 9.46 26.12
Y 2 = :30 1:428 2.19 6.61 14.18 19.80 34.86 76.00
Y 2 = :70 0:839 1.00 1.41 2.38 4.03 13.74 55.12

Y 1 = :1500 Y 2 = :55 0:605 1.11 1.76 2.77 3.75 8.74 24.12
Y 2 = :30 1:339 2.02 6.10 13.09 18.27 32.17 70.12
Y 2 = :70 1:137 1.00 1.56 2.87 5.30 19.72 85.12

Y 1=.1375 Y 2=.55 0.557 1.02 1.61 2.54 3.43 8.01 22.12
Y 2 = :30 1:580 1.85 5.59 11.99 16.74 29.47 64.25
Y 2 = :70 1:230 1.00 1.75 3.53 7.16 29.29 137.12

Y 1 = :1250 Y 2 = :55 0:808 1.00 1.71 2.89 4.21 10.56 30.62
Y 2 = :30 1:441 1.69 5.08 10.91 15.23 26.83 58.50
Y 2 = :70 NS - - - - - -

Y 1 = :1000 Y 2 = :55 0:958 1.00 2.21 4.69 8.60 27.23 93.37
Y 2 = :30 0:687 1.35 4.06 8.72 12.18 21.44 46.75
Y 2 = :70 NS - - - - - -

Y 1 = :0750 Y 2 = :55 NS - - - - - -
Y 2 = :30 1:242 1.01 3.05 6.55 9.14 16.11 35.12

Table2: A sampleof the simulationresults. Shown, for selectedvaluesof (Y 1, Y 2), arethe L1

error in (10) andalsothe numbersof supportvectorswhich minimize cost. In practice
10� 10 possiblevaluesof Y 1 andY 2 areconsidered(Y 1 2 [0;0:2] andY 2 2 [0:1;1:0]).
(NSstandsfor “no solution”,L1 refersto thesumof absolutedifferences,andthebold line
is theoptimalsolution.)

with highly discriminatingfeatures,theseparationbetweenthepositiveandnegativeexamplesused
for trainingthef-network might besuf�cient to allow evenlinearSVMs to produceaccuratedeci-
sion boundaries,in which casevery few supportvectorsmight be requiredin the f-network. The
leave-one-outerrorbound(seefor instanceVapnik,1998)would thensuggestlow errorrates.Ac-
cordingly, in principle, the g-network could be designedwith few (virtual) supportvectorswhile
satisfyingthe falsealarmboundin (3). The featureswe use– theHaarwavelet coef�cients – are
genericandnotespeciallypowerful. Theonly otheroneswetriedwereDaubechieswavelets,which
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wereabandoneddueto extensive computation;their performanceis unknown. Similar arguments
apply to the choiceof kernelsandtheir parameters;for instancethe scaleof the Gaussiankernel
controlsin�uencesboththeerrorrateandthenumberof supportvectorsin thef-network (andalso
in theg-network.)

8. Experiments

All the training imagesof facesarebasedon theOlivetti databaseof 400gray level pictures– ten
frontal imagesfor eachof forty individuals. The coordinatesof the eyesandthe mouthof each
picturewere labeledmanually. Most othermethods(seebelow) usea far larger training set, in
fact, usuallyten to onehundredtimeslarger. In our view, the smallerthe betterin the sensethat
thenumberof examplesis a measureof performancealongwith speedandaccuracy. Nonetheless,
this criterion is rarely taken into accountin the literatureon facedetection(andmoregenerallyin
machinelearning).

In order to samplethe posevariation within L t , for eachfaceimagein the original Olivetti
database,we synthesize20 imagesof 64� 64 pixels with randomlychosenposesin L t . Thus,a
setof 8;000 facesis synthesizedfor eachposecell in the hierarchy. Backgroundinformation is
collectedfrom a set of 1;000 imagestaken from 28 different topical databases(including auto-
racing,beaches,guitars,paintings,shirts,telephones,computers,animals,�o wers,houses,tennis,
treesandwatches),from which50;000subimagesof 64� 64pixelsarerandomlyextracted.

Given coarse-to-�nesearch,the “right” alternative hypothesisat a nodeis “path-dependent”.
That is, theappropriate“negative” examplesto train againstat a givennodearethosedatapoints
which passall the testsfrom theroot to theparentof thenode.As with cascades,this is whatwe
do in practice;moreprecisely, we merge a �x ed collectionof backgroundimageswith a “path-
dependent”set(for detailsseeSahbi,2003,chap.4).

Eachsubimage,eithera faceor background,is encodedusingthe16� 16 low frequency coef-
�cients of theHaarwavelet transformcomputedef�ciently usingthe integral image(Sahbi,2003;
Viola andJones,2001). Thus,only thecoef�cients of the third layerof thewavelet transformare
used;seeChapter2 of Sahbi(2003). Thesetof faceandbackgroundpatternsbelongingto L t are
usedto train theunderlyingSVM ft in thef-network (usingaGaussiankernel).

8.1 Clustering Detections

Generally, a facewill bedetectedat severalposes;similarly, falsepositiveswill oftenbe found in
smallclusters.In fact,every methodfacestheproblemof clusteringdetectionsin orderto provide
a reasonableestimateof the“f alsealarmrate,” renderingcomparisonssomewhatdif�cult.

Thesearchprotocolwasdescribedin Section7.1. It resultsin a setof detectionsDg for each
non-overlapping16� 16blockin theoriginal imageandeachsuchblockin eachof threedownsam-
pledimages(to detectlargerfaces).All thesedetectionsareinitially collected.Evidently, thereare
many instancesof two “nearby”poseswhichcannotbelongto two distinct,fully visiblefaces.Many
adhocmethodshavebeendesignedto amelioratethisproblem.Weuseonesuchmethodadaptedto
oursituation:For eachhierarchy, wesumtheresponsesof theSVMsat theleavesof eachcomplete
chain(i.e., eachdetectionin Dg) andremove all thedetectionsfrom theaggregatedlist unlessthis
sumexceedsa learnedthresholdt , in which caseDg is representedby a single“average”pose.In
otherwords,we declarethata block containsthe locationof a faceif theaggregateSVMscore of
theclassi�ersin theleaf-cellsof completechainsis abovet . In thisway, thefalsenegativeratedoes
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not increasedueto pruningandyet somefalsepositivesareremoved. Incompatibledetectionscan
anddo remain.

Note: Onecanalsoimplementa “voting” procedureto arbitrateamongsuchremainingbut incom-
patibledetections.Thiswill furtherreducethefalsepositive ratebut at theexpenseof somemissed
detections.We shallnot reportthoseresults;additionaldetailscanbefound in Sahbi(2003). Our
mainintentionis to illustratetheperformanceof theg-network onarealpatternrecognitionproblem
ratherthanto provideadetailedstudyof facedetectionor to optimizeourerrorrates.

8.2 Evaluation

We evaluatedthe g-network in term of precisionandrun-timein several large scaleexperiments
involving still images,video frames(TF1) and standarddatasetsof varying dif�culty , including
theCMU+MIT imageset;someof theseareextremelychallenging.All our experimentswererun
undera1-Ghzpentium-IIImono-processorcontaininga256MB SDRMmemory, which is todaya
standardmachinein digital imageprocessing.

TheReceiver OperatorCharacteristic(ROC) curve is a standardevaluationmechanismin ma-
chineperception,generatedby varyingsomefreeparameter(e.g.,athreshold)in orderto investigate
thetrade-off betweenfalsepositivesandfalsenegatives.In ourcase,thisparameteris thethreshold
t for theaggregateSVM scoreof completechainsdiscussedin previoussection.Severalpointson
theROCcurvearegivenfor theTF1andCMU+MIT testsetswhereasonly asinglepoint is reported
for easydatabases(suchasFERET).

8.2.1 FERET AND TF1 DATASETS

TheFERETdatabase(FA andFB combined)contains3;280imagesof singleandfrontal views of
faces.It is not very dif�cult: Thedetectionrateis 98:8 % with 245falsealarmsandexamplesare
shown in thetop of Fig 10. Theaveragerun time on this setusinga 1Ghzis 0.28(s) for imagesof
size256� 384.

The TF1 corpusinvolvesa News-videostreamof 50 minutesbroadcastedby the FrenchTV
channelTF1 on May 5th, 2002. (It wasusedfor a video segmentationandannotationprojectat
INRIA andis not publicly available.) We samplethevideoat oneframeeach4(s), resultinginto
750goodquality imagescontaining1077faces.Someresultsareshown on thebottomof Fig 10
andtheperformanceis describedin Table8.2.1for threepointson theROCcurve. Thefalsealarm
rateis thetotalnumberof falsedetectionsdividedby thetotalnumberof hierarchiestraversed,that
is, thetotal numberof 16� 16blocksvisitedin processingtheentiredatabase.

8.2.2 ARF DATABASE AND SENSITIVITY ANALYSIS

The full ARF databasecontains4000imageson tenDVDs; eightof theseDVDs – 3;200 images
with faces of 100 individuals against uniform backgrounds– are publicly available at
(http://rvl1.ecn.purdue.edu/� aleix/aleix faceDB.html). This datasetis still very challengingdue
to largedifferencesin expressionandlighting, andespeciallyto partialocclusionsdueto scarves,
sunglasses,etc. The g-network was run on this set; sampleresultsaregiven in the rows 2-4 of
Fig 10. Amongthe10faceimagesfor agivenperson,two imagesshow thepersonwith sunglasses,
threewith scarvesand� ve with somevariationin the facial expressionand/orstronglighting ef-
fects.Ourfacedetectionrateis only 78:79% with 3 falsealarms.Amongthemissedfaces,32:12%
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Figure10: Sampledetectionson threedatabases:FERET(top),ARF (middle),TF1 (bottom).

aredueto occlusionof themouth,56 % dueto occlusionof theeyes(presenceof sunglasses)and
11:88% dueto faceshapevariationandlighting effects.

8.2.3 CMU+MIT DATASET

TheCMU subsetcontainsfrontal (uprightandin-planerotated)faceswhereastheMIT subsetcon-
tainslower quality faceimages.Imageswith anin-planerotationof morethan200 wereremoved,
aswell as“half-pro�le” facesin which thenosecoversonecheek.This resultsin a subsetof 141
imagesfrom the CMU databaseand23 imagesfrom the MIT testset. These164 imagescontain
556faces.A smallersubsetwasconsideredin Rowley et al. (1998)andin Viola andJones(2001),
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Threshold # Missed Detection # False Falsealarm Average
faces rate alarms rate run-time

t = 0 017 98.4% 333 1/9,632 0.351(s)
t = 1 109 89.8% 143 1/22,430 0.357(s)
t = 2 151 85.9% 096 1/33,411 0.343(s)

Table3: Performanceon the TF1 databaseof 750 frameswith 1077 faces. The threerows cor-
respondto threechoicesof the thresholdfor clusteringdetections.The falsealarmrate
is given asthe numberof backgroundpatterndeclaredasfacesover the total numberof
backgroundpatterns.Theaveragerun-timeis reportedfor this corpuson imagesof size
500� 409.

namely130imagescontaining507faces,althoughin theformerstudyothersubsets,someaccount-
ing for half-pro�les, werealsoconsidered(seeTable4).

Sahbi& Geman Viola andJones(2001) Rowley etal. (1998)

# of images 164 130 130
# of faces 556 507 507
Falsealarms 112 95 95
Detectionrate 89:61% 90:8 % 89:2 %
Time(384� 288) 0:20(s) 1

3 � 0:20(s) 5� 0:20(s)

Table4: Comparisonof ourwork with othermethodswhichachievehighperformance.

Theresultsaregivenin Table4. Theg-network achievesa detectionrateof 89:61 % with 112
falsealarmson the164images.Theseresultsareverycomparableto thosein Rowley etal. (1998);
Viola andJones(2001):for 95falsealarms,thedetectionratein Viola andJones(2001)was90:8 %
andin Rowley et al. (1998)it was89:2 %. Putanotherway, we have anequivalentnumberof false
alarmswith alargertestsetbut aslightly smallerdetectionrate;seeTable4. Ourperformancecould
very likely beimprovedby utilizing a largertrainingset,exhibiting morevariationthantheOlivetti
set,asin Viola andJones(2001);Rowley et al. (1998);SchneidermanandKanade(2000),where
trainingsetsof sizes4916,1048and991images,respectively, areused.

Scenesareprocessedef�ciently; seeFig 11. The run-timedependsmainly on the sizeof the
imageand its complexity (numberof faces,presenceof face-like structures,texture, etc). Our
systemprocessesanimageof 384� 288pixels(thedimensionsreportedin citedwork) in 0:20(s);
this is anaverageobtainedby measuringthetotal run timeonasampleof twentyimagesof varying
sizesandcomputingtheequivalentnumberof images(approximately68) of size384� 288. This
averageis aboutthreetimesslower thanin Viola andJones(2001),approximately� ve timesfaster
thanthefastversionin Rowley etal. (1998)and200timesfasterthanin SchneidermanandKanade
(2000).Noticethat,for tilted faces,thefastversionof Rowley'sdetectorspends14(s)on imagesof
320� 240pixels.
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255� 365,0.14(s) 305� 421,0.26(s) 228� 297,0.14(s) 640� 480,0.50(s) 320� 240,0.16(s) 320� 240,0.12(s) 320� 240,0.16(s) 592� 654,0.54(s)

250� 329,0.14(s) 462� 294,0.27(s) 320� 240,0.16(s) 126� 210,0.07(s) 640� 480,0.41(s) 627� 441,0.60(s) 275� 369,0.22(s)

555� 768,0.57(s) 520� 739,0.53(s) 623� 805,0.79(s) 500� 622,0.57(s) 576� 776,0.50(s) 539� 734,0.79(s)

336� 484,0.30(s) 256� 256,0.70(s) 250� 361,0.16(s) 775� 1024,1.23(s) 340� 350,0.17(s)

469� 375,0.36(s) 628� 454,0.49(s) 271� 300,0.16(s) 367� 364,0.19(s) 259� 324,0.18(s) 271� 403,0.19(s)

660� 656,0.58(s) 352� 352,0.20(s) 490� 338,0.27(s) 233� 174,0.09(s) 628� 454,0.58(s) 601� 444,0.52(s)

Figure11: Detectionsusing the CMU+MIT testset. More resultscanbe found on http://www-
rocq.inria.fr/who/Hichem.Sahbi/Web/faceresults/
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Threshold Detection # False Falsealarms
rate alarms rate

t = 0 92.95% 312 1/2,157
t = 0:5 89.61% 112 1/6,011
t = 1 87.2% 096 1/7,013
t = 10 34.94% 004 1/168,315

Table5: Evaluationof our facedetectoron theCMU+MIT databases.

8.2.4 HALLUCINATIONS IN TEXTURE

Performancedegradessomewhaton highly texturescenes.Someexamplesareprovidedin Fig 12.
Many featuresaredetected,triggeringfalsepositives.However, theredoesnotappearto an“explo-
sion” of hallucinatedfaces,at leastnotamongtheroughly100suchscenesweprocessed,of which
only a few hadordertendetections(two of theseareshown in Fig 12).

9. Summary

We presenteda generalmethodfor exploring a spaceof hypothesesbasedon a coarse-to-�nehier-
archy of SVM classi�ersandappliedit to thespecialcaseof detectingfacesin clutteredimages.As
opposedto a singleSVM dedicatedto a template,or evena hierarchicalplatformfor coarse-to-�ne
template-matching,but with no restrictionson the individual classi�ers (the f-network), the pro-
posedframework (theg-network) allowsoneto achieveadesiredbalancebetweencomputationand
error. This is accomplishedby controllingthenumberof supportvectorsfor eachSVM in thehier-
archy; we usedthereducedsettechniquehere,but othermethodscouldbeenvisioned.Thedesign
of thenetwork is basedon a modelwhich accountsfor cost,selectivity andinvariance.Naturally,
this requiresassumptionsaboutthecostof anSVM andtheprobabilitythatany givenSVM will be
evaluatedduringthesearch.

We usedoneparticularstatisticalmodelfor the likelihoodof a backgroundpatternreachinga
givennodein thehierarchy, andonetypeof errorconstraint,but many otherscouldbeconsidered.In
particular, themodelweusedis not realisticwhenthelikelihoodof an“object” hypothesisbecomes
comparablewith thatof the“background”hypothesis.This is in fact thecaseat deeplevelsof the
hierarchy, at which point the conditionalselectivity of the classi�ersshouldideally be calculated
with respectto both object and backgroundprobabilities. A more theoreticalapproachto these
issues,especiallythe cost/selectivity/invariancetradeoff, can be found in Blanchardand Geman
(2005),includingconditionsunderwhichcoarse-to-�nesearchis optimal.

Extensive experimentson facedetectiondemonstratethehugegain in ef�ciency relative to ei-
ther a dedicatedSVM or an unrestrictedhierarchy of SVMs, while at the sametime maintaining
precision. Ef�ciency is dueto both the coarse-to-�nenatureof sceneprocessing,rejectingmost
backgroundregionsveryquickly with highly invariantSVMs,andto therelatively low costof most
of theSVMswhichareeverevaluated.
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Figure12: Left: Detectionsonhighly texturedscenes.(WethankLarry Jackalfor thesecond(“f ace
in a tree”) image.)Right: Thedarknessof a pixel is proportionalto theamountof local
processingnecessaryto collectall detections.Theaveragenumberof kernelevaluations,
perblockvisited,arerespectively 11,6, 14and4.
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Appendix A.

In this appendix,we will show how anapproximatesolutionof theconstrainedminimizationprob-
lem (8) canbe obtainedfor the caseof a binary hierarchy (i.e., nl = 2l � 1). An extensionto any
arbitraryhierarchy canbefoundin Sahbi(2003).

Supposeb is �x ed andconsiderthe optimizationproblemin (8). Clearly, the unconstrained
problemis degenerate,minimizedby choosingnl � 0; indeedthis minimizescost. We start by
minimizingcostfor a �xed valueof nL andfor real-valuednl ; l = 1; :::;nL� 1. In thiscase,thevalues
of n1;n2; :::;nL� 1 whichsatisfy ¶C

¶nl
= 0, l = 1; :::;L � 1, aregivenby:
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Theproof is straightforward:
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Theabove two equationsimply:
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bini)

= 0; j 6= 1: (13)

Supposen1 is known; weshow by a recursionthatthegeneraltermnl is givenby (11):

Combining
¶C
¶n1

= 0 and
¶C
¶n2

= 0, weobtain:

1 �
b1 2 n2

b2
1 n2

1
�

2 b1

b2 b1 n1
= 0 ) n2 =

1
2

b1

b2
n1 (b2n1 � 2):

Assumefor 2 � j � l (l 2 f 2;L � 2g)

n j = 2� j( j � 1)
2

 
j � 1

Õ
i= 1

bi

!

b� 1
j n j � 1

1 (b jn1 � 2 j � 1): (14)

Wenow demonstratethat:

nl+ 1 = 2� (l+ 1)l
2

 
l

Õ
i= 1

bi

!

b� 1
l+ 1 nl

1 (bl+ 1n1 � 2l ): (15)

By (14),8 j 2 f 2; :::; lg, wehave:
 

j

å
i= 1

bini

!

= b1n1 + b2
1
2

b1b� 1
2 n1 (b2n1 � 2) + b3

1
8

b1b2b� 1
3 n2

1 (b3n1 � 4) + :::

+ b j � 1

�
2� ( j � 1)( j � 2)

2

�
 

j � 2

Õ
i= 1

bi

!

b� 1
j� 1 n j � 2

1

�
b j � 1n1 � 2 j � 2

�

+ b j

�
2� j( j � 1)

2

�
 

j � 1

Õ
i= 1

bi

!

b� 1
j n j � 1

1

�
b jn1 � 2 j � 1

�
:

Hence,8 j 2 f 2; :::; lg:  
j

å
i= 1

bini

!

= 2� j( j � 1)
2

 
j

Õ
i= 1

bi

!

n j
1: (16)

Let p j =
j

Õ
i= 1

bi . Using(16)andfor j = l , we rewrite (13)as:

2l � 1

2� (l � 1)( l � 2)
2 pl � 1 nl � 1

1

� bl
2l nl+ 1�

2� l (l � 1)
2 pl nl

1

� 2 � bl
bl+ 1

2l

2� l (l � 1)
2 pl nl

1

= 0

) nl+ 1 = 2� (l )( l+ 1)
2 pl b� 1

l+ 1 nl
1 (bl+ 1n1 � 2l )
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whichproves(15). As for n1, using(12) for j = L � 1,

¶C
¶nL� 1

= 0 ) n1 =
��

1
pL� 1

�
2L(L� 1)=2 nL

� 1=L

�

Wecannow rewrite (8) as:

min
nL

L
�

1
pL� 1

2L(L� 1)=2 nL

� 1=L

�
L

å
l= 2

�
2l � 1

bl

�

s.t.

8
><

>:

nL

 
L

å
i= 1

bini

! � 1

� µ

0 < nl � Nl :

Using (11), this canbe written entirely in termsof nL. We usea “generate-and-test”(brute-
force search)strategy: First, the parameternL is variedfrom 1 to its upperboundNL (with some
quantization).Then,for eachvalueof this parameter, we checkthe consistency of the candidate
solution,thatis, whetherthe�rst constraint(onexpectedfalsealarms)is satis�edandwhethereach
nl is boundedNl . ThevaluenL minimizing thecostfunctionis retained.
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Figure13: TheaveragecostC(n1; :::;nL) is anincreasingfunctionof nL.

For small valuesof nL, the objective function in (8) (the averagecost) typically takes small
values(cf. Fig 13) andtheupperboundconstraintsrelatedto f nl g aregenerallysatis�ed, but the
meanfalsealarmconstraintmightnotbesatis�ed.For largevaluesof nL, theboundsonf nl g might
notbesatis�edandtheaveragecostincreases,althoughthemeanfalsealarmconstraintis typically
satis�ed.

Finally, we allow b to vary with Y accordingto (9). Notice that (8) might not have a solution
for any Y; obviouslyweonly considervaluesfor which theconstraintsaresatis�edfor somenL.
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